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9 �;:=<?>A@CBED�D�BCF)>G<EFEHE>GIKJLJ�MONO>GJ�P�NRQ�STNUF!VOIWBEM�BE>XHCY�Y�IZF!NUS�@CHE>GS�<?MO[?J]\_^�`?`E@!NUDba!VUF�D�VUF�c
B�d

f(x, y) = x3 + 3xy + y3

YAdfehgjikd
f(x, y) = x +

y

x
+

8

yl dfehgjikd f(x, y) = xy + 2x − lnx2ym d
f(x, y) = x4 + y4 − x2 − 2xy − y2

n �;o
VUQTVOJ�Jk^pFjq;VO`rBsF!t"@!VUS�F!VUMOPu\_^�`?`E@!NOD!a!VUF)>K<EFCHE>KIGJLJkMONO>KJkP�NUQ�S�NUF!VOIGSOv
B�dwehgjikd

x2 + y2 + z2 + 2x + 2y − 6zYAdfehgjikd
yz − 2x + 3z − (x2 + y2 + z2)

l d x +
y

x
+

z

y
+

16

z
x �;:yBCS6HCQT<?MUMOzpF{q;VO`�BEM

f
\_^�`?`E@!NOD!arBCY�J�MO<?>G|pS}q~B��pIKq{z�q~HCS�NOJ�quIKD�IKq{z�q~HCS�B

T
S6BCQkST<?q~HED!a!<?DZ�?BE��<?>

B�d
f(x, y) = x2 + y2 − 2x − 2y − 3

�
T
B

(0, 0), (9, 0), (0, 9) � <?DbST<EFfHE>0S6BE>�q;VO`?��BCSTHCQT<?MO<ES�SM�HCQkS���HCQT<?quJ�MOt?`ES6BCQ�S�<?q~HEDba��
YAdfehgjikd

f(x, y) = 2x2 + y2 − 4x − 4y
�

T = {(x, y) |x ≥ 0, y ≤ 2, y ≥ 2x} �l dfehgjikd f(x, y) = 6xy − 4x3 − 3x2
�

T = {(x, y) |0 ≤ x ≤ 1, 0 ≤ y ≤ 1} �m d
f(x, y) = x2 + y2 + xy

�
T = {(x, y) |x2 + y2 ≤ 1} �V�dfehgjikd

f(x, y, z) = 2x − 2y + z
�

T = {(x, y, z) |x2 + y2 ≤ z ≤ 4} �
� ��ehgjikd�:yBCSTHCQT<?MOMOzpF�q;VO`yB

z = x2+y2−4x−4y+ 13

2

\_VO>G^�>KVUSTD�VRF{BEM�<EQTIK`?[?��<?MC�EIK>G>KVUS�@!V�B
2x+z = 0J��0Fp��<?M
>KVO`EF!t?MOVU>KVUY�Y�VUJ�P � <?DbS7�THCS � <?D!S7�THCS�v

� ����M�HEq;�0STJ�zpF�F�I~BEM�BE>XHCY�Y�IuF!VRS�STP?J���NUJ���HCQTq;BEJ�IKD!STVO`EQ6HE>G<EFEBCSOv ��Y�Q6HEMO<?> ��zpF�BEM�IGDbSTVU`EQ6HE>XHEJ�S6BCQ��
ST<?q~HED!abHCS�vLehgjiT� YAd6� l dkd

B�d ∫ ln 3

0

∫ ln 2

0

ex+2y dy dx
YAd ∫ 3

0

∫ 1

−1

∫ 4

2

y − xz dz dy dx

l d
∫ 2

0

∫ x

x2

xy2 dy dx
m d ∫ 1

−1

∫ x

0

∫ x+y

x−y

(z − 2x − y) dz dy dx

¡ ����M�HEq;�0STJ�zpF~F�I¢BEM
f
\_^�`?`E@!NODba2IGDbSTVU`EQ6HE> �THCS�B

T
S6BCQkST<?q~HED!a!<?DZ��BE��<?>

B�dwehgjikd
f(x, y) = x

√

x2 + y
�

T = {(x, y) |0 ≤ x ≤ 1, 0 ≤ y ≤ 3} �
YAd

f(x, y) =
y

x + 1

�
T
BEM

y = x
NOJ

y = x2
`?tEQ�Y�NUF)HE>GS6BE>Z��BCSTHCQT<?>GS£F!<EQT>KHCST<?J�S6BCQ�ST<?q~HED!aA�

l dfehgjikd f(x, y) = x + y
�

T = {(x, y) |1 ≤ x ≤ e, 0 ≤ y ≤ ln x} �
m dfehgjikd

f(x, y) =
1

1 + x2

��BE��<?>
T
B

(0, 0), (1, 0), (0, 1) l J�| l J�|���HCQ�<?q;J�MOt?`ES6BCQkST<?q~HED!aA�
V�d

f(x, y, z) = z
�

T
BEM

x, y, z ≥ 0
Dba!<?> l B m STNUQkYAP?>�B 2x + y + z = 4

Jk�GF¤HE>GS6BE>�F�IKq;VUS�J�MOVUS�S
F!<EQT>KHCST<?J�S6BCQ�ST<?q;HEDba

¥§¦¢¨�©bª i¬«��7��¢���"���¯®�«b������ ¨�° �

9 ��YAd
fx = 1 − y

x2
= 0

�
fy =

1

x
− 8

y2
= 0

q;VO`?<?> m HEJ�Bp�
(x, y) = (2, 4) �

∣

∣

∣

∣

fxx fxy

fyx fyy

∣

∣

∣

∣

=
∣

∣

∣

∣

2y/x3 −1/x2

−1/x2 16/y3

∣

∣

∣

∣

��NOJ�VUM
(2, 4)

�±YAVUD ∣

∣

∣

∣

1 −1/4
−1/4 1/4

∣

∣

∣

∣

= 3/16 > 0
��NOJ

fxx(2, 4) = 1 > 0
��STVU��HCS

f
�±D�VUF)B

(2, 4) � <?DbS�Y�BED²>K<EFCHE>KIKJ£q;IGD�IKq{z�q~B�@CBED �
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l d fx = y + 2 − 2/x = 0
�

fy = x − 1/y = 0
q;VO`?<?> m HEJ�B

(x, y) = ( 1

2
, 2) �

∣

∣

∣

∣

fxx fxy

fyx fyy

∣

∣

∣

∣

=
∣

∣

∣

∣

2/x2 1
1 1/y2

∣

∣

∣

∣

��NOJ]VUM
( 1

2
, 2)

�hYAVOD ∣

∣

∣

∣

8 1
1 1/4

∣

∣

∣

∣

= 1 > 0
��NUJ

fxx( 1

2
, 2) = 8 > 0

��STVO��HCS
f
�¬D�VUF�>G<EFEHE>GIKJ

q;IGD�IKq{z�q~B�@CBED
( 1

2
, 2)

�±Y�VOD �
n � B�d

f(x, y, z) = x2 + y2 + z2 + 2x + 2y − 6z
�±Q�V ∇f = (2x + 2, 2y + 2, 2z − 6) = 0

�

��B
(x, y, z) = (−1,−1, 3) �

∣

∣

∣

∣

∣

∣

fxx fxy fxz

fyx fyy fyz

fzx fzy fzz

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

2 0 0
0 2 0
0 0 2

∣

∣

∣

∣

∣

∣

��BEq;VO>Ga�D�VUF¤Bj\_P?q;IKD�<EQ7�TBEI
2 > 0

�

∣

∣

∣

∣

2 0
0 2

∣

∣

∣

∣

= 4 > 0
NOJ�BLSTVO> ��VUJ m VUSTVUQ�q;IKD�HED�J

8 > 0
�CSTVO��HCS�B

(−1,−1, 3) � <?D!S�Y�BED{BEM f
\_^�`?`E@!NOD!apD�VUF

>K<EFCHE>KIGJ£q;IKD�IGqsz�q;B�@EBED �
YAd

f(x, y, z) = yz−2x+3z− (x2 +y2 +z2)
�±QTV ∇f = (−2−2x, z−2y, y+3−2z) = 0

�

��B
(x, y, z) = (−1, 1, 2) �

∣

∣

∣

∣

∣

∣

fxx fxy fxz

fyx fyy fyz

fzx fzy fzz

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−2 0 0
0 −2 1
0 1 −2

∣

∣

∣

∣

∣

∣

��BEq;VO>Ga�D�VUFs\_P?q;IKD�<EQ_�TBEI −2 < 0
�

4 > 0
NOJ −6 < 0

�pSTVU��HCS
f
�±D�VUF)B

(−1, 1, 2) � <?DbS�Y�BED)>K<EFCHE>KIGJ]q~B��pIKq{z�q~B�@CBED �
x �£YAd ∇f(x, y) = (4x − 4, 2y − 4) = 0

��B
P1(1, 2) ∈ T

��BEq;VO>Ga l J�| l J � <?DbS_�TB;BsS6BCQkST<?q~HED!apD�BCF ��
T
S6BCQ�ST<?q~HED!a2��BCS6HCQ6BEI

x = 0
�
y = 2

��NOJ
y = 2x � � M x = 0

��BCS6HCQk@!<?D�BE>K<?D
g(y) := y2 − 4y

�
g′(y) = 2y − 4 = 0

B
P2(0, 2) � <?D!ST<?DZ�LBEq;VO>0a¯B�S6BCQ�S�<?q~HEDba�D�BCF l J�| l J � <?DbS_�TB � � M y = 2��BCS6HCQ�@!<?D�BE>G<?D

h(x) := 2x2 − 4x − 4
�

h′(x) = 4x − 4 = 0
BEM

(1, 2) � <?D!ST<?DZ�£BEq;VO>0a q~HCQJ�MOVRQTV � VU>GS � � M y = 2x
��BCS6HCQk@!<?D�BE>K<?D

k(x) = f(x, 2x) = 6x2 − 12x
�

k′(x) = 12x − 12 = 0
�

BEM
(1, 2) � <?D!ST<?DZ��VUM�q;VO`?IGDbS)D�VOq B m |"��F�QTIGS�IGFpz�J � <?D!ST<ES ��� `Ea B�F�Q�IGSTI0Fpz�J � <?D!ST<EF l JTBCF B

l J�| l J � <?D!ST<EFA� (1, 2)
�
(0, 2)

NOJ
(0, 0)

��Bs\_^�`?`E@!NODba!NRQ�STNUF)VOMOVUF!VUD −6
� −4

NOJ
0
��STVO��HCS�Buq;IGD�IKq{z�q

−6
�pBEq;VU>Ga!VUS}BEM

(1, 2) � <?DbSkY�BEDZ��B�q~B��pIKq{z�q 0
�pBEq;VU>Ga!VUS}B

(0, 0) � <?DbS�Y�BED;@!VUJ�M�\_VO>�B�\_^�`?`E@!NOD!a �
l d ∇f(x, y) = (6y − 12x2 − 6x, 6x) = 0

��B
(0, 0) � <?D!S�Y�BEDZ�}BEq;VO>Ga B�S6BCQkST<?q~HED!apD�BCFl J�| l J � <?D!S7�TB � � ��BCSTHCQ�@!<?D�BE>XBCF2BEM

x = 0
�
x = 1

�
y = 0

NUJ
y = 1

VO`Ea!VUD�VOJ�VUF���NOJ]VOMOVUF!VOD�B
(0, y)e

0 ≤ y ≤ 1
dT�

(1, 0)
�

( 1

2
, 0)

NOJ
( 1

2
, 1)

F�QTI0STIGF�z�J � <?D!ST<EFCBCS S6BE>XHE> ��zpF e4BjD�VO`Ea!V m IGF�VO`Ea!VOD�VOJ�VUD B
(−1, 1)

IGJ£F�QTIGS�IGFpz�J � <?DbSO� m V�BEM=Fp�0@p^�>AVOJkIGF2B S6BCQ�ST<?q~HED!a!<?D � � l J�| l J � <?DbS�<EF�FCBE>WVU`Eap^pS�SLB (0, y)
�

(1, 0)
�
( 1

2
, 0)

�
( 1

2
, 1)

�
(1, 1) � <?DbST<EF!<?D~F!VO>G>�t?J�JkMOVO��BEJ�<?D�>G�GS6BEDbz�DpF2B \_^�`?`E@!NOD!a~NUQ�STNRF!VOIGS���NOJ£VOMOVUF�BEMNUQ�S�NUF!VUFA�

0
� −7

� − 5

4

�
7

4

� −1
��STVO��HCS�B{q;IKD�IGqsz�q −7

ehBEM
(1, 0) � <?DbS�Y�BED�dT��B{q~B��pIKq{z�q � V m IK` 7

4BEM
( 1

2
, 0) � <?D!S�Y�BED �
V�d � \_^�`?`E@!NOD!a�`EQ6B m IKVOD�JkV�J�VU��<?>ZD�VOq

0
���K`Ea�B S6BCQ�S�<?q~HEDbarYAVO>GJ�V¬��NUY�VOD²D�IGD l J£F�QTI0STIGF�z�J � <?D!S �� ��BCS6HCQT<?>K[�\_VO>G^�>KVUS�VUF B

z = x2 + y2 � BCQ6BCY�<?>K<?I m NOJsB
z = 4

J��0F � � M�VO>KJ�PEQ�V)q;VU`?J�MO<EQT�0S�@EB�B\_^�`?`E@!NOD!a�S��
g(x, y) := f(x, y, x2 + y2) = 2x − 2y + x2 + y2

`EQ6B m IGVOD�J�V
(2 + 2x, −2 + 2y) =

0
B

(−1, 1, 2) � <?DbS�Y�BEDZ�]BEq;VO>0a¯B \_VO>G^�>KVUS m BCQ6BCY�YAVO>GJ�V¬��NUY�VwVUJ�IGF � � q~HEJ�< m I0F�Q6Bfq;VO`?J�MO<EQ��GS�@CBp�
h(x, y) = 2x − 2y + 4

`EQTB m IKVOD�J�VsJ�VO��<?>�D�VOq
0
���K`Ea�I0S�SyD�VOq FEB � z�DpF�F�QTIGSTI0Fpz�J � <?DbST<ES ��� NO`?^�>BwF!NRSu\_VO>G^�>KVUS

x2 + y2 = 4
�
z = 4

VO`Ea!VOD�>KVRS�� ��BCS6HCQk@!<?D�BE>XHED¯B
k(t) = f(2 cos t, 2 sin t, 4) =

4 cos t− 4 sin t + 4
\_^�`?`E@!NODba�QTV

k′(t) = −4 sin t− 4 cos t = 0
����B

tg t = −1
��BEM�BEM

t = 3π
4

+ kπ
�

NOJ
VOMrB
(−

√
2,
√

2, 4)
NOJ

(
√

2,−
√

2, 4)
F�QTIGS�IGFpz�J � <?DbS�<EFEBCS�B m �TB � � ��HCQ�<?q F�QTI0STIGF�z�J � <?D!ST<?D�B\_^�`?`E@!NOD!a~NUQ�S�NUF!V −2

� −4
√

2 + 4
��IK>K>GVUS�@!V

4
√

2 + 4
��STVO��HCS£B q;IGD�IKq{z�q −2

B
(−1, 1, 2) � <?DbSkY�BEDZ�Brq;B���IKq{z�q � V m IK` 4

√
2 + 4

B
(
√

2,−
√

2, 4) � <?DbSkY�BED �
� � � M�<EQTIK`?[EST[?>£@!VUS�SuS6H"@!<?>GJTHE` D�NO`Ea�MOVUSTV

g(x, y) = x2 + y2 + (x2 + y2 − 4x − 4y + 13

2
)2
�

VOD�D�VUF¯B¤\_^�`?`E@!NOD!apD�VUF¯BEM�BCY�J�MO<?>G|pS;q;IGD�IKq{z�q~HCS{F!VUQTVUJ�J�^pF �
	 MjB¤q;IGD�IKq{z�q Dba�IK>0@EHED¯>GNUSTVOMUIGFA�
q;VUQkS�B F!VUQTVOJkNOJkS£q;VO`?JkMO<EQT�GS���BCSTD�HEDpFuVU`Ea;<?>GabBED~<EQ�IK`?[ F!tEQT^�>GI�F!tEQT>KB � Q6Bp��BEquVO>Garq~BE`!HCY�BED~\_<?`?>XBE> �TB
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B�\_VO>G^�>KVUS�D�VUF;>GVO`!BE>XHCY�Y~VU`Ea � <?DbS7�THCS ��� HEJkQ�NOJ�MUS�VUM=BEM�BCY�J�MU<?>K|pS�quIKD�IKq{z�q J�MO^pF�J�NO`EF!N ��� VOD�>K<EFCHE>KIGJq;IGD�IKq{z�q IKJU��quVUQ�S]BEM�VO`?NUJ�M�J��0F�Q6B{D�NOMU@!V�q;IKD�IGqsz�q � �
gx = 2x + 2(x2 + y2 − 4x − 4y + 13

2
)(2x − 4) = 0

�
gy = 2y + 2(x2 + y2 − 4x − 4y + 13

2
)(2y − 4) = 0

VO`Ea!VOD�>GVUS�QTVUD m J�MOVUQ�quVO`?<?> m HEJTHCQTBySTVU> ��VOJ�^�>4����<?`Ea
x2 +y2−4x−4y+

13

2
= − x

2x − 4
= − y

2y − 4

�
NOJ�BEM�zpST[EY�Y�I�VO`Ea!VUD�>KP?J�NO`EY�P?>

y = x
B m [ m I0F�e4BEM
VU`Ea!VOD�>KVUSkYAP?>ZF!t$@!VRS�F!VOMOI0FA����<?`Ea2D�VOq <?J�MUST<ESkSTz�DpF

0
�h@EBE>7d � 	 MUSLYAVO��VU>Ga!VUS�S�VOJ��GSk@!V BEM
VO>KJ�PrVO`Ea!VOD�>GVUS�YAV�BEMUSLFEB � ��zpFA����<?`Ea

2x3 − 12x2 + 23x − 13 = 0 �
	 D�D�VRF >XHCST��BCST[!BED `Ea!tEF!V�BEM 1

� NUJrBEM
(x − 1)

�¬VRS FpIKVUq;VO>G@!Vu>XHCST��BCS7��zpF�����<?`Ea D�IKD l J STtEY�Y @CBE>K[?J
`Ea!tEF!V ��� VU��HCS�BEMLVO`Ea!VUST>GVOD;>KVU��VUSTJ�NO`?VUJ�J�MONO>GJ�P�NRQ�STNUF���VO>GauBEM (x, y) = (1, 1)

�!NOJ��K`EasJ�MO^pF�J�NO`EF!N ��� VODIGSkS}@!VOJ�MUIA\_t?>AB
g
\_^�`?`E@!NOD!a�B q;IGD�IKq{z�q~HCS � 	 M=BEMUSZ��VO>KVOD!STI4�p��<?`Ea~B \_VO>G^�>KVUS£<EQ�IK`?[?��<?M�>GVO`EF!t?MOVO>GVUY�Y�I

� <?D!S7�TB (1, 1, 1

2
) �

	 `Ea (x0, y0, z0) �
<?D!STD�BCF~B quVO`!B m <ES�S�J��GF�ST[?>�@CBE>K[�S6H"@!<?>GJTHE`!B |2x0 + z0|/

√
5
��STVO��HCS�B |2x+

x2+y2−4x−4y+ 13

2
| \_^�`?`E@!NOD!asBCY�J�MO<?>G|pS q;IKD�IGqsz�q;HCS¢F!VUQ�VOJ�J�^pF � 2x+x2+y2−4x−4y+ 13

2
=

(x − 1)2 + (y − 2)2 + 3

2
≥ 3

2

q;IXBCSkS]VUM Buq;IGD�IKq{z�q
3

2

��NOJ=BEM
(x, y) = (1, 2) � <?D!S�Y�BEDj@!VOJ�MUI¢\_t?>B~\_^�`?`E@!NOD!a ��� IG@!VO>�VOMuB~\_^�`?`E@!NOD!a�q;IGD m IK` � <?MOI0ST�G@��ZBEMsBCY�J�MO<?>G|pSTNUQ�STNRF!NOD�VUF�IKJyVOMsB~q;IGD�IKq{z�q~B �

� `Ea�B�\_VO>K^�>GVUSTD�VUFwB�J��GF���<?M{>KVO`EF!t?MOVU>KVUY�Y�I � <?DbS7�TB (1, 2,− 1

2
) � e�� S�SyIGJ
quVO`EF!VUQTVOJk��VUSTD�NODpFwB�>K<EFCHE>KIGJq;IGD�IKq{z�q;<ES]B � BCQ l IKHE>KIKJ m VUQTIG@CHE>GSTBCF)@�IKMOJ�`!HE>KBCS6H�@EBE>4� m V D�VO��VUMOVUY�Yf>KVOD�D�V{q;VO`?IGD m <EF!<?>KD�I4����<?`Ea)VOMq;IGNUQ�S]BCY�J�MO<?>G|pS�q;IGD�IKq{z�q � d

� � YAd ∫ 3

0

∫ 1

−1

∫ 4

2
y − xz dz dy dx =

∫ 3

0

∫ 1

−1

[

yz − 1

2
xz2

]4

2
dy dx =

∫ 3

0

∫ 1

−1
2y − 6x dy dx =

∫ 3

0

[

y2 − 6xy
]1

−1
dx =

∫ 3

0
−12x dx =

[

−6x2
]3

0
= −54 � � M IKD!STVO`EQTHE>XHEJ²S6BCQkST<?q~HED!abB VO`Ea

STNO`?>KBCSTVOJkS �
l d

∫ 2

0

∫ x

x2

xy2 dy dx =

∫ 2

0

[

1

3
xy3

]x

x2

dx =

∫ 2

0

1

3
x4 − 1

3
x7 dx

[

1

15
x5 − 1

24
x8

]

= −128

15
�

� M£IKD!STVO`EQ6HE>KHEJ�S6BCQ�ST<?q;HEDbabB=BEM
y = x2

NOJ
y = x

`?tEQkYANUF{HE>0S6BE>�F!t?MUQ�VOM�HCQ�S�S6BCQ�S�<?q~HEDba�D�BCF BEM
x = 0NOJ

x = 2
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¡ � B�d ∫ 3

0

∫ 1

0

x
√

x2 + y dx dy =

∫ 3

0

[

1

3
(x2 + y)3/2

]1

0

dy =

∫ 3

0

1

3
(y + 1)3/2 − 1

3
y3/2 dy =

[

2

15
(y + 1)5/2 − 2

15
y5/2

]3

0

=
62 − 18

√
3

15
�

l d
∫ e

1

∫ ln x

0

x + y dy dx =

∫ e

1

[

xy +
1

2
y2

]ln x

0

dx =

∫ e

1

x lnx +
1

2
(lnx)2 dx ��� IGD m F!NUS
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∫

x lnx dx =
1

2
x2 ln x−

∫

1

2
x2 ·

1

x
=

1

2
x2 ln x − 1

4
x2 + C

��NOJ ∫

1

2
(ln x)2 dx =

1

2
x(lnx)2 −

∫

1

2
x · 2

x
ln x dx =

1

2
x(ln x)2 −

∫

ln x dx =
1

2
x(lnx)2−x lnx+

∫

x · 1

x
dx =

1

2
x(lnx)2−x lnx+x+C � 	 Y�YAP?>

∫ e

1

∫ ln x

0

x+

y dy dx =

[

1

2
x2 ln x +

1

2
x(lnx)2 − x lnx − 1

4
x2 + x

]

=
1

4
e2+

1

2
e− 3

4
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∫ 1

0

∫ e

ey

x + y dx dy =

∫ 1

0

[

1

2
x2 + xy

]e

ey

dy =

∫ 1

0

1

2
e2 + ey − 1

2
e2y − yey dy =
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[

1

2
e2y + 1

2
ey2 − 1

4
e2y − yey

]1

0
+

∫ 1

0
1 · ey dy =

[

1

2
e2y + 1

2
ey2 − 1

4
e2y − yey + ey

]1

0
=

1

4
e2 + 1

2
e − 3

4
�

m d ∫ 1

0

∫ 1−x

0

1

1 + x2
dy dx =

∫ 1

0

1 − x

1 + x2
dy dx =

∫ 1

0

1

1 + x2
− x

1 + x2
dx =

[

arctg x − 1

2
ln(1 + x2)

]1

0
= π

4
− 1

2
ln 2 �


