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9 �;:=<">�?A@CB;DFEHGJI�I�GK@)G
T LNM I�DPOKQ MSRUT Q6GJI R�VXWZY Q�B[OJ\ MS] I�GK@2G R^T GJI�<�GKQ_<CB[O T Q Ma` O TPb GJB;D LNc Q_DG�d

T : (1, 0) 7→ (3, 1) b (1, 1) 7→ (−1, 2) ef dhgjilk^d
T : (2, 1) 7→ (1, 0) b (0, 2) 7→ (2, 6)\�d

T : (1, 1, 0) 7→ (0, 1, 4) b (1, 0, 1) 7→ (1, 2, 4) b (0, 1, 1) 7→ (−1, 3, 2) e
m �;n!D LSopL >�D S

G R�q @AI�GK@rG V y = x
DFE c DXI�D R Q_D2sJG LN]tT_u @�Q opVFvXR�vFTPb T w DF< M E�G VxY Q M E ] @ o Q u�LSM +60◦ y YpR

WZY Q_E!G T O RzTPe|{ QZ>�?A@ W D L S vXR T
B[O T Q Ma` O T G R^T GJI�<�GKQ_< f O VFMSR f GJI~}� �;n!D LSopL >�D T1

G R�q @AI�GK@�G V x T DXI�EpD LNc Q_D b T2

G V y T DXI�EpD L0c Q_DxsJG LN]hT_u @�Q opVXvXR^vFTPb S1 vXR S2 w DX< M E�GR�q @AI�GK@�G V x MNLSL D T s!D y T DXI�EpD LNc Q�DHsJG LN] B;DFQ�� L DXEpD R s!D T_qNT�vXR�vFTPe :=<">�?A@�B;DXEtG T1 + T2 b S1 + S2 b
T1T2 b�MSLSL D T s!D S1S2 T Q6GJI R^VXWZY Q_B[OJ\ MN] @JG T }� � { Q7>�?A@ W D L G V G L O f�f M�LNM I�DPOKQ MSRUT Q6GJI R�VXWZY Q�B[OJ\ MS] @xB;O T Q M0` O T G�B;DFE!GJ< YJT�T f O VXMSR f GJI~}
G�d

T : x 7→ Ax b GJ� YpL A =





1 1 1
1 2 1
1 3 2



 b B = {(1, 2, 0), (1, 1,−1), (1, 0,−1)} b [T ]B =?

f dhgjilk^d
[T ]B =





−1 1 3
0 2 −1

−1 1 −2



 b GJ� YpL B G V G�d�Q vXR�V f DXI R�V DFQ_D w�L � f O VXMSRFe [T ]{i,j,k} =?

\�dhgjilk^d
T : (1, 2) 7→ (2, 4), (−1, 3) 7→ (1,−3) b B = {(1, 2), (−1, 3)} e [T ]B =? b T{i,j} =?� �;:=<">�?A@�BHDXE�g R�V OJB YpL O R I vXL @ u�L d�G�@ o s!D T @!D V � LNM I�DPOKQ MSR�T Q6GJI R�VXWZY Q�B[OJ\ MS] @ R G">_O T s!DF@ T�Y Q6G MNTPb|R G$>_O T y

v Q T�v @!D MNTXb B;GJE T DFQ vFTUvFR @ vFw�T D�Q vFTP�G�dxG�� e�W D L GJ<�G T f GJI R�V DFQ_D w�L � T Q6GJI R�VFWZY Q_B[OJ\ MN] @��f dhgjilk^d�G V x − y − 2z = 0 R�q @�Q6G�sKG LS]�T_u @�Q opVXvXR R
3 y f DXI~�\�dhgjilk^d�G V x T DXI�EpD L0c Q_D�sJG LN] (1, 1) M Q6OJI cA� s!D T_q0T_vXR R

2 y f DXI~�<�d
r 7→ (1, 2, 3)× r

G V R
3 y f DXI e~� { Q7>�?A@ W D L G�@ o s!D T @!D V ��B[O T Q Ma`�Y @�@KGKQ6GK@ T DFQ MSR^VFT_M @�? R�w�YpLSM I Y B�>_O TPb B[G">�< R�V OJB q0T_R ?A@ @ M G

R G">_O T_v Q T_v @!D M @!D T�vFR�R G">_O T s!D�@ T_Y Q6G M @JG T }|� D LNc DF@2< M GJE Y I�G LNMSV O L ��G T_] @ R WZopLNoJT�T,¡ gjilk � A, B, C, E
d

A =

[

2 1
1 2

]

b B =

[

3 4
5 2

]

b C =

[

3 0
9 5

]

b D =





−2 −8 −12
1 4 4
0 0 1



 b E =





1 0 −1
1 2 1
2 2 3



 e
¢ ��gjilk^d�£�GJI y D�G R�q @ f GJI YpLNc GJI LNM I�DPOKQ MNRHT Q6GJI R^VXWZY Q_B[OJ\ MN]�b GJB;D L0c I�DF@�I M I�\ R[R G$>_O T s!DF@ T_Y Q_G ¡�¤�R G

T_v Q f DXI ¡ � D LNc DF@¥G VFY @�G LSM I�DPOKQ MNRHT Q6GJI R�VFWZY Q_B[OJ\ MN] @ b GJB;D LNc DF@�I�DF@¦B M I�<�DXI¥I�DXB I�? LNL G�s!DF@ T�Y Q
R G">_O T s!DF@ T_Y Q6G ¡§ �;¨ o I T�R�u @CD Ljb � Y E c G V G L O f�f M B[O T Q Ma`�Y @;@ opVXu�L B;D LNc DF@[��G R^Y I LS] @ R WZopLSoJT�TX�
A =

[

2 1
−1 0

]

b B =

[

1 1
0 1

]

b C =

[

1 0
0 −1

]

b D =

[

0 1
−1 0

]

E =

[

0 1
1 0

]

© �;: V A =





1 1 0
1 4 3
0 3 1





B[O T Q Ma` I�GK@ MSR BHDFQ7> u @H@ v�TªWZu EpEpD T_L DXI R G$>_O T s!DF@ T_Y Q_O TP� (1, 5, 3) vFR (3, 0,−1) e
«�G T OKQ YpVFV ?A@HBHDXE A opR�R^V D RªR G">_O T s!DF@ T_Y Q6O T G¬� YpVXV O">�?A@ T GKQ T_YpVX]¬R G$>_O T�v Q T_v @!D�@�@!D L DXE cAuAT^TPb g4ilk^d vXRG�< M GJE Y I�O LSMNR G L GK@P>_G R DXE qNT�R�v E v s!D L�R�V OJB qNT_R ?A@[@ M A n y DX< M @)��G T sJOJI c O T }
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9 � f d�: LSM I�DXGKQ MNT O R�W D L ��G R�V I�O L O R O"sKG L @ MSR^V OJB qNT ��G T >�?A@ b � Y E c B M G V i b j
G L G w s!DF@ T�Y Q Y @�@ vFw D �

T (0, 1) = T ( 1

2
(0, 1)) = 1

2
T (2, 6) = (1, 3) b T (2, 0) = T ((2, 1)− (0, 1)) = T (2, 1) − T (0, 1) =

(0,−3) b�vFR T (1, 0) = 1

2
T (2, 0) = (0,− 3

2
) e|{ E c T R^T GJI�<�GKQ_<lB[O T Q M0` G �

[

0 1
− 3

2
3

]

e� O R @ vFw�w�� G VFT G V A
B[O T Q Ma`�YJT @!DFQ_D R�R�u @ b GJB;D LNc Q�D

A

[

2 0
1 2

]

=

[

1 2
0 6

]

b G V G V
[

2 1
0 2

]

AT =

[

1 0
2 6

]

e
� V�T�R�VFM B�? LNT OJI)DXE c DXI L D T Q_DXI�< R^V DFQ�@ v I T B;DFE YpL <AsKG �

[

2 1 | 1 0
0 2 | 2 6

]

7→ 7→ · · · 7→

[

1 0 | 0 − 3

2

0 1 | 1 3

]

,

T DX��O T A =

[

0 1
− 3

2
3

]

e
� � f d�:

B
D L DXB;D M f � L B M I T;YpR�VFLSYJw�Y @ f ]pL O LSLN] P

B[O T Q Ma` Q6G P−1[T ]{i,j,k}P = [T ]B bªvXR[q E c
[T ]{i,j,k} = P [T ]BP−1 =





1 1 1
2 1 0
0 −1 −1









−1 1 3
0 2 −1

−1 1 −2









1 0 1
−2 1 −2

2 −1 1



 =





−10 4 −10
0 −1 −5

13 −6 10



 e
\�d � O T ��G T >�?A@ b � Y E c G

B
f O VXMSR @ vFT D L DXB;DrG T y I�DF@ 2 b�MSLNL D T s!D −1 R G">_O T_v Q T_v @A��D VrT GKQ T_YpVX]

R G">_O T s!DF@ T_Y Q6G b q E c [T ]B =

[

2 0
0 −1

]

b G V O T�T_v Q vXR B;O T Q M0` G w DX< M E P =

[

1 −1
2 3

]

b GJB M Q�D

P−1 = 1

5

[

3 1
−2 1

]

b�q E c [T ]{i,j} = P [T ]BP−1 = 1

5

[

4 3
18 1

]

e g4¨�DlG
[T ]{i,j}

B[O T Q Ma`�YJT G V
X

[

1 −1
2 3

]

=

[

2 1
4 −3

] B;O T Q M0` DXE c DXI L D T B;DXE YpL <�O R O"sKG L~MSR B;DXEJ@KG w ��G T >�?A@ e d
� � f dH: R G">_O T s!DF@ T_Y Q Y @
G R�q @Hg4I�DXB I ? LSL G�d�s!DF@ T�Y Q6G M gjG R G$>_O T G LNT_v Q f O VXMNR G w�Lje {(1, 1, 0), (2, 0, 1)}

d
1 R G$>_O T�v Q T_v @�@!D Ljb¦vXR G R^q @ I Y Q_B[O L s!DF@ T_Y Q_G M g

(1,−1,−2)
I�DXB I ? LSL G R @KG L OKQ R^VXY Q YpR G M d −1

R G">_O T_v Q T_v @�@!D Lje : T Q_GJI R�VXWZY Q_B[OJ\ MS] B[GJE T DFQ_D {0} b @ v�w�T DFQ_D w DX< M E;G V DXE vXR�V R
3 e\�d : R G">_O T s!DF@ T�Y Q Y @ G V (1, 0) T_o f�f R�VFo Q opR D M 1 R G">_O T_v Q T_v @�@!D L4b�vXR (1, 1) T_o f�f R^VXo Q opR D M 0

R G">_O T_v Q T_v @�@!D Lje : B[GJE T�v Q span
(

(1, 1)
) b G�@ vFw�T_v Q span

(

(1, 0)
) e~��: V A

@JGKQ6GK@ T DFQ MNR�VFT�M @A? R w�YpLSM I Y B >_G |A−λI| = λ2−4λ+3 b G R G">_O T_v Q T�v @!DF@ 1 vXR 3 b G � YpVXV O">�?A@
T GKQ T�YpVX]�R G$>_O T s!DF@ T_Y Q Y @ (1,−1) bAMNLSL D T s!D (1, 1)

I�DXB I�? LNL G R @JG L OKQ R�VXY Q YpR G Mje:
B
@JGKQ_GK@ T DFQ MSR�VFT�M @A? Rªw�YpLSM I Y B�>_G |B − λI| = λ2 − 5λ − 14 b�R G">_O T_v Q T_v @!D M 7 vXR −2 b G V D V DF@���D V

T GKQ T�YpVX]�R G$>_O T s!DF@ T_Y Q Y @ (1, 1) b�MSLSL D T s!D (−4, 5)
I�DXB I�? LNL G R @JG L OKQ R�VXY Q YpR G Mje:

C
@JGKQ6GK@ T DFQ MNR�VFT_M @A? R�w�YpLSM I Y B >_G (3 − λ)(5 − λ) bªR G">_O T_v Q T_v @!D M 3 vXR 5 b G�� YpVFV O">�?A@ T GKQ T�YpVX]

R G">_O T s!DF@ T_Y Q Y @ (2,−9) b�MSLNL D T s!D (0, 1)
I�DXB I ? LSL G R @KG L OKQ R�VXY Q YpR G M4e

A b B b C B M I�<�DXE c�M @!D < M GJE Y I�G LNMSV O L ��G T_]�b B;DFQ T sKGJI R
2 y f DXI R G">_O T s!DF@ T_Y Q6G M @ f ]pL O LSLS] f O VXMNRXe

E
@KGKQ6GK@ T DFQ MNR�VFT_M @A? R|w�YpLNM I Y B >_G −λ3 +6λ2−11λ+6 = (1−λ)(2−λ)(3−λ) b R G$>_O T�v Q T_v @!D M 1 b 2 b

3 e : B[O T Q Ma` < M GJE Y I�G LSMNV O L ��G T_]�b B;DFQ T G���OKQ Y B @ u�LNo I f opV � R G">_O T_v Q T_v @A��D V T GKQ T�YpVX] R G">_O T s!DF@ T_Y Q6G
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��OKQ Y B WZu EpEpD T_L DXICs!DF@ T_Y Q b�vXR=q E c f O VXMNR^T G L @ YJT R

3 y f DXIrg (1,−1, 0) b (−2, 1, 2) bAMNLSL D T s!D (−1, 1, 2)I�DXB I�? LNL G R @JG L OKQ R�VXY Q YpR G M d e¢ �;: V�Y Q M E ] @ o Q u�LSM α R�VFo E�� WZY Q_E!G T O R I�GK@�I M I�\ R G R^q @ f GJI R G">_O T s!DF@ T_Y Q6G b ��G α
I�DXB G

π
DXE vXR�V

R�V OJB R�VXY Q YpR G e R
3 y f DXI2B M I�<�DXI T Q_GJI R�VXWZY Q_B[OJ\ MS] I�GK@HsKGJI R G">_O T s!DF@ T_Y Q6G b BHDFQ T G¬@KGKQ6GK@ T D�Q MSR�V�T_M @�? R

w�YpLNM I Y B ��GKQ_B[GJ< WZY @ �~bKq E c sKGJI�sKG LS]pR E c!o @!D e��
vFT @ u�LSo I f opV � R G$>_O T�v Q T_v @���D V�T GKQ T_YpVX]�R G">_O T s!DF@ T�Y Q
opR�R�V DXEpD�I�DFB L DX��D T=R G">_O T s!DF@ T_Y Q b�T DX��O T \ R GK@)G VXY @AI�GK@[G T Q_GJI R�VXWZY Q_B[OJ\ MS] @AI�GK@ L D R�V B M I�<�DXI2I�DXBI ? LSL G s!DF@ T_Y Q R G">_O T s!DF@ T_Y Q6G b GJB;D L0c DF@AI�D�@¬DXE c D T�L DXI λ R G">_O T_v Q T_v @!DUsKGJI b!vXR G T Q6GJI R�VXWZY Q_B;OJ\ MS] D VXV D LG

λ y sKG L sJG LN]HR�VXY Q V O RXe
© �

A





1
5
3



 =





6
30
18



 = 6 ·





1
5
3



 b�vFR A





3
0

−1



 =





3
0

−1



 b�T DX��O T G V D LSR �Hs!D�@ T_Y Q�G 6 b GHB[O R^Y < M @

1 R G">_O T_v Q T_v @���D VHT GKQ T�YpVX]tR G">_O T s!DF@ T_Y Q e � M s!D L GlB[O T Q Ma` R�VXM BHB;D T Q M @A? RXb sJGJI R G$>_O T s!DF@ T_Y Q Y @ f ]pLO LSLN]HY Q T�Y E Y I�O LSMSR f O VXMNR G b�vXR G�B;DXE!GJ< YJT�T s!DF@ T�Y Q�DFI�I�DF@C@ vFT D L DXB;D b�T DX��O T G���GKQ_B;GJ< M @KG T g R @JG L OKQ
R�VXY Q VX]JT_]pL D L0T DF@ M I T s!D�d�B;DXEJ@KG w ��G T >�?A@ � E c!b ��Grs!D R�R�VXu @ G V @ vFT s!DF@ T_Y Q[s!DF@ T�Y Q M O LNMSR;R�VFY Q V G T O TP�
(−5, 10−15) b sJGJE c G V D VXV D L w OKQ_� ? V GJB YpR (1,−2, 3)

s!DF@ T�Y Q e � M s!D L A




1
−2

3



 =





−1
2

−3



 = (−1)·





1
−2

3



 b G ��GKQ_B;GJ< M @ R G">_O T s!DF@ T�Y Q|G −1 R G">_O T_v Q T_v @A��D V�T GKQ T_YpVXM @ e � f�f � L G V�T @JG w >�?A@ b � Y E c G P =





1 3 1
5 0 −2
3 −1 3





B[O T Q Ma` Q6G P−1AP = D =





6 0 0
0 1 0
0 0 −1



 e P−1 = 1

70





2 10 6
21 0 −7
5 −10 15



 b�vXR

An = (PDP−1)n = PDnP−1 =





1 3 1
5 0 −2
3 −1 3



 ·





6n 0 0
0 1 0
0 0 (−1)n



 · 1

70





2 10 6
21 0 −7
5 −10 15





=





2 · 6n + 63 + 5 · (−1)n 10 · 6n − 10 · (−1)n 6n+1 − 21 + 15 · (−1)n

10 · 6n − 10 · (−1)n 50 · 6n + 20 · (−1)n 30 · 6n − 30 · (−1)n

6n+1 − 21 + 15 · (−1)n 30 · 6n − 30 · (−1)n 18 · 6n + 7 + 45 · (−1)n



 · 1

70
e


