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9 �;:=<?>A@�B�CED2FHGJILKNM�KNIPORQ�Q�SUT;OR@WVXS0YE<NDNKR@=GZI[GJT\S]T\OR@�VXS0YE<ND\B�MZ<NVXM^KR@6ORV6KE_�`�KaI[GJ`�GZ@�B�bJc?GJBJd

A =

[

2 1
4 6

]

B =

[

2 −4
1 −2

] egfihWj
C =

[

3 0
9 5

]

k �\lnm"o�CEDpT\GZcqKNM�KNIPORQ�Q�SUT;OR@�V�S0Y�<ND
LU

FHGJI0Qr<?>!@6ONBXOR@ e4fih d
B, D, E, F

j d

A =





1 2 3
0 1 4
5 6 0



 B =





6 −2 0
9 −1 1
3 7 5



 C =

[

2 8
−1 −1

]

D =





3 −1 0
3 −8 1
0 2 1



 E =





2 −1 0
−2 −1 1

2 2 1



 F =







1 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2







s �\lut�vwFHGJI[KNm�KR@�Q�KN>)D�S[B�MJONT\xy@X<N@W@=z�{}|~FHGJIyQ�<?>A@XONB�<NDNKR@�FHGJIy`�KNB�MJ>�ONIy�RKq<?Iym"o�CED)TqGJcaKNM�KNI[ORQ�Q�S�GZcN�!GJ>�I[GZ@�|
VXGJ>�m�BWMJGZVXGZD!G�@ egfih d�� j _�m j�j d

a) 2x1 + 8x2 = −2
−x1 − x2 = −2

c) x1 + x2 + x3 + x4 = 5
x1 + 2x2 + x3 + x4 = −1
x1 + x2 + 2x3 + x4 = 3
x1 + x2 + x3 + 2x4 = 7

b) x1 + 2x2 + 3x3 = −3
x2 + 4x3 = −3

5x1 + 6x2 = −4

d) 2x1 − x2 = 3
−2x1 − x2 + x3 = −4

2x1 + 2x2 + x3 = −3
��\l�M

LU
|~FHGJIyQ�<?>A@6ONB�@�FHGJIy`�KNB�MJ>�ONIy�RK�`�KR@6ORV�<?MJMJCED�T\GJc�KNM}KNIPORQ�Q�S�T;OR@�V�S0Y�<ND�S[>!�!GZVXMJbZ@J� e4fih d

A, B, D

j

A =





1 0 0
−1 1 0

0 2 1



 B =





2 1 0
0 −1 1
0 0 1



 C =





1 2 3
0 1 4
5 6 0



 D =







1 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2







� � egfihWj z�GJcN�!GZ>
A =





1 0 0
3 2 0
2 1 3





bJB
B =





2 2 3
0 1 3
0 0 1





v)��M^ONT\xy@�B�CED�DESwKNM
A
_
B
_
A + B

_
AB

_

A−1
_
B−1

_
A−1B−1

T\OR@�VXS0YE<ND;m�GZ@XG�VXT\S[>�ON>�B�OR@^v
� �\��IyGJT\S�BW<NVXT��E�!GJI[GZ@�GZD�KNIyDRKNI[T\KNM^ONBXO^�NKNI�B�M^ONT\x0@XB�CEDiD�S�KNMaKNIPORQ�Q�S�m�GZ@XG�VXT\S[>�ON>�BW<NDNKR@^� egfih d}Q j _U� j _

m j�j

K j
∣

∣

∣

∣

∣

∣

1 2 −1
1 2 4
2 3 1

∣

∣

∣

∣

∣

∣

Q j
∣

∣

∣

∣

∣

∣

∣

1 0 1 0
0 1 0 1
1 1 1 1
1 2 3 4

∣

∣

∣

∣

∣

∣

∣

� j ∣

∣

∣

∣

2 3
1 5

∣

∣

∣

∣

m j
∣

∣

∣

∣

∣

∣

1 2 3
−1 0 1

2 1 4

∣

∣

∣

∣

∣

∣

� ����M^ONT\x0@XB�CED;D�S�K�D!�$�!G�@�D!GJMJ�
n × n

|�GJB�T;OR@�VXS�Y�<ND\m�G�@XGZVXT\Sy>�ON>�BXOR@^� egfihWj

A =













1 2 3 · · · n

−1 0 3 · · · n

−1 −2 0 · · · nvvv vvv vvv v v v vvv
−1 −2 −3 · · · 0













B =













1 2 2 · · · 2
2 2 2 · · · 2
2 2 3 · · · 2vvv vvv vvv v v v vvv
2 2 2 · · · n
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� v=l
C =

[

3 0
9 5

]

7→

[

3 0
0 5

]

7→

[

3 0
0 1

]

7→

[

1 0
0 1

] OR@6KNI[KRDEx0@6ONBW@ �!bJcNVXGJ`�K"oW@��qT;OR@�VXS�Y�<ND
VXGJ>�mEV�G

E1 =

[

1 0
−3 1

] _
E2 =

[

1 0
0 1

5

] _
E3 =

[

1

3
0

0 1

] v���cN�
E3E2E1C = I

_}KNTqSyQr�?I

C = (E3E2E1)
−1 = E−1

1
E−1

2
E−1

3
=

[

1 0
3 1

]

·

[

1 0
0 5

]

·

[

3 0
0 1

] v

t�v l
B

T;OR@�VXS�Y�<N@�GJIyGJT\S B�<NVXT��E�!GJIyGZ@XGZD�D!GJI e �JBXKRD <?I0�AKN> F7K"oW@6O"�RKNIg_�KN`�<?I�GZcN� BW<NVq@X�NQ�Q�B�MZ�NVX�?B�bZ@
�RKNIPKNT\GJI0� KNI[KR@�@6K I[G��!� BW<NV�Q��?Ip�!<?>"o�CED D�S�� KNm"o�CED `�<?MJM^O j Iyb��r�JBW�?B KNI[KRD�V6K `�<?MZMJCEDrv

B =




6 −2 0
9 −1 1
3 7 5



 7→





6 −2 0
0 2 1
0 8 5



 7→





6 −2 0
0 2 1
0 0 1



 = U
_�bJBqK BW<NVXT��E�!GJI[GZ@�GZDE`�GJM2@6KRV�@X<?M�� GJI�|

GJT\S�T;OR@WVXS0YE<ND S[>!�!GZVXMJGZS[>�GZD B�MJ<NVXM^KR@XKEd
L =





1 0 0
3

2
1 0

1

2
4 1





e KNM�GJcN�EB�bZc?T;OR@�VXS�YEQ�K2KNM
(i, j)

`�GJIy��VXG

QrGZxyVXC�>ED GJcN�
c
|~@^_�`�KpK���KNC�B�B |~VXGJm�CED!�ZS��?>�ONIwKNM

i.
BW<NV�Q��?I�D�Sy�!<?>!@XCED K

j.
B�<NV

c
|~B�MJGZVXGZB�bZ@ j va�wD�D!<NV

B = LU =





1 0 0
3

2
1 0

1

2
4 1



 ·





6 −2 0
0 2 1
0 0 1





v

{�cN�AKN>�x[cN�
D =





3 −1 0
3 −8 1
0 2 1



 =





1 0 0
1 1 0
0 − 2

7
1



 ·





3 −1 0
0 −7 1
0 0 9

7





_

E =





2 −1 0
−2 −1 1

2 2 1



 =





1 0 0
−1 1 0

1 − 3

2
1



 ·





2 −1 0
0 −2 1
0 0 5

2





_

F =







1 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2






=







1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1






·







1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1







v

 v

� j






11
−6
−2

2






= x

m j




1
−1
−3



 = x

U =







1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1













5
−6
−2

2






= y U =





2 −1 0
0 −2 1
0 0 5

2









3
−1

− 15

2



 ! �

L =







1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1













5
−1

3
7






= b L =





1 0 0
−1 1 0

1 − 3

2
1









3
−4
−3



 = b

e l�M
LUx = b

GZcN�!GJ>�I[GZ@�GZ@=<?I[m"o�CEDqT\GJc�d�GZI[�?B�MJ�NV=KNM
Ly = b

GJcN�!GJ>�IyGZ@=T\GZc?<?I[m�ONBXOR@w<?Iy�RKNB�B�CED
I[GRd

y
D!<?T"��<?>�GJ>�B�GJS0@�FHGJ>!@�VX�?I=I[GZFHGJI[b2B�M^ONT\x0@7o�CED D�Sg_�T;K"o�m KNM

Ux = y
T;OR@WVXS0YEB�MJ<NVXM^ONB�Q�KN> KNM

xD!<?T"��<?>�GJ>�B�GJS0@�@X�?I0@7o$#ED;DESUIyGJ>A@WVX�?I]FH�?I[FHGJIybNv j
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� v l�M
A

KNIyB$� `�ORVX<?T\B�MZ�?c?T;OR@�VXS�YEV6K KNM
AX = I

T;OR@�VXS�Y�GJcN�!GJ>�IyGZ@
X

T\GJc?<?I[m�ONB�ON>�KRD <?B�|
MJIy<���KNSy@ FHGJI #�IyVX�?IwI[GJFHGZI[b;@X�?Iy@Ho$#ED D�Sg_�K

B
FHGJIyB�� `�ORV�<?T\B�MJ�?c?T;OR@WVXS0Y�V6K)K

BX = I
T\OR@�VXS0YEGJcN�!GJ>�IyGZ@

T\GJc?<?Iym�ONBXON>�KRD <?B�MZI[<���KNSy@ ��GJm�S[c�KNI[C�I0V��?IEFH�?I[FHGZI[bNv�l
D
T\OR@�VXS0Y�S[>!�!GZVXMJb�@�K  v�FHGJIPKNm�KR@ T ��m�B�MJGZV�bJ`�GJM

`�KNB�<?>�I �!KN>)D!bZ@�I[b���bJBWQ�GJ> B�M^ONT\x0@7o�CED;DES4v

X =





1 0 0
1 1 0

−2 −2 1



 X =





1

2

1

2
− 1

2

0 −1 1
0 0 1





A =





1 0 0
−1 1 0

0 2 1









1 0 0
0 1 0
0 0 1



 B =





2 1 0
0 −1 1
0 0 1









1 0 0
0 1 0
0 0 1











4 −1 −1 −1
−1 1 0 0
−1 0 1 0
−1 0 0 1






= X







1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1













1 0 0 0
−1 1 0 0
−1 0 1 0
−1 0 0 1






= Y







1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







� GJ`�OR@

A−1 =





1 0 0
1 1 0

−2 −2 1



 , B−1 =





1

2

1

2
− 1

2

0 −1 1
0 0 1



 , D−1 =







4 −1 −1 −1
−1 1 0 0
−1 0 1 0
−1 0 0 1






.

� v
|A| = 6

_
|B| = 2

_
|AB| = 6 · 2 = 12

_
|A−1| = 1

6

_
|B−1| = 1

2

_
|A−1B−1| = 1

12

_

|A + B| =

∣

∣

∣

∣

∣

∣

3 2 3
3 3 3
2 1 4

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

0 −1 0
3 3 3
2 1 4

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

3 3
2 4

∣

∣

∣

∣

= 6
v

� v�Q j
0
_p� j

7
_pm j

8
� v l T\ONB�<�m�S0D B�<NV�@ DES0�!<?>"o�CEDuKNM �?B�B�MZGJB @X�NQ�Q�S0Qr�?I4_�KNMZ@6ON> KNM GJIyB�� BW<NV D!bZ@�B�MJGZVXGZB�bZ@�`�<?MZM^O�|
KNm"o�CED K T;ONB�<�m�S0DE`�<?MNv �wD�D!<NV�FHGJI[BW� `�ORVX<?TqB�MJ�?c?T;OR@�V�S0Y�<N@)DNK ��C�>ED�_ KNT\GJI0�E>�GZD KNM OR@�I��$oXORQ�KN>
−1, 2, 1, 2, . . . , n − 2

ONI[Ig_E@�GJ`�OR@ KaT;OR@�VXS�Y�m�GZ@XG�VXT\S[>�ON>�B�K
−2 · (n − 2)!


