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1 �3254�4�687:9<;8='>@?BA.?DC�EF9�G(4H?DI<?D6
f(x) J G(=LKMI�G(>NGDO g(x) P 4�68;F=RQ�S�??�T

f(x) = x3 + 3x2 − x + 1
Q�E84

g(x) = x2 + x UV T
f(x) = x4 − 5x2 − x + 2

Q�E84
g(x) = 2x3 + x − 1 UW T f(x) = 3x3 + x + 2

Q�E84
g(x) = x − 2 X

Y �NZ\[5GDA�I�;FA P >^]!C�4�68;_A`?D=a9D?D=M>@?D6cbD4HbcdD?D=e4�6cbD>NfaOH4�7:9@9:K'?
9�g$d�;FOh9�;868iD9�;FOcj?�T
f(x) = x4 − 5x2 − x + 2

>@?BA.?DC�EF9�G(4kG(4�6FO.bD4�?
(x + 2) P d�;F= UV T

f(3)
EFA�OHEF9�;BQ�S�?

f(x) = x6 − 4x5 − x4 + 10x3 + 5x + 2 UW T x5−2x2+x+1
>@?BAH?DC�EF9�G(4lG(4h6FO.bD4H?

(x2−1) PnmDo ;8=qp,?r[5GDAHI�;FA P >N]!C�4h68;FA�Ol9�EFOH4�68;_As?D=M9B?D=L>N?D6FdD?:j
(x − 1) PnmDo ;8=RQ�E84r?tS�bDI o ?DC�G(4hA.? (x + 1) PnmDo ;8=�T X

u �NZvA.? W KLG(I�bD=MKL4 mDo gD9!O�;84�6FOk4�68;_AHKLI�O`>N;F= o Ka9^A.? W KLG(I�bD=LKM4w4�6cbD>NGD9N9�g(6Fx�=�9�;_AHx�=LI�;F939!K�?D6 f(x) = 3x5 −
2x4 + x2 − 3x + 6 J G(=MKLI�G(>yA.? W KMG(I�bD=LKL4 mDo gD9�;8K,Q�S�?^; mDo bD=aO.?D=zbDI@dB?DI�I�?B9{KM= o ;8I�;F9�|

} �N~�;FAH;84�4hx:9�>N; m ?�9�g"d�;FO�9�;F68i J G(=LKLI�G(>^GD9@g(4�4�68;F4 mDo gD9�EFO C P V ;8I�j?�T
x4 − 3x3 + x2 + 4 UV T
2x5 − x4 + 4x3 − 2x2 − 6x + 3 X

� �3�!6cbD>NfaOH4�7:9@9!Kl?D6�?D=zb V�V K���x m(m d�E8I o EFA�O�EF9�;F9�;FOc�?�T
sh 1 + ch 1

V T
arsh 2 W T th(ln 5)

CeT
th(arsh(−3))

� �N[�?BO.bBAHG(6F687:93>N; m ?�9�g"d�;FO�9�;868it��x m(m d�E8I o ;F9{E_A�OH;8=M>N;868E84hKqO.?BA�OHG(>@bDI o bBOwE84�C�;FAHKMdBbD=MO��HbBOc�?�T
sh(arccos x)

V T
ex ch x W T arch x3

� �^��E m ;86F68x�I:9<O�;8= ��;84���x m(m d�E8I o d:KM684 m bD=L?BOHGDO�?D6�?D=Lb V�V K'��x m(m d�EFI o ;F9�AH;D�
?�T

(x2 − 1)2
V T

3
√

1 − x3 W T ln x

x

CeT
arctg(1 + 1

x )
;�T

arch( 1
x − 1)
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1 � ?�T

x3 + 3x2 − x + 1 = (x2 + x)(x + 2) + (−3x + 1)V T
x4 − 5x2 − x + 2 = (2x3 + x − 1) 1

2
x + (− 11

2
x2 − 1

2
x + 2)W T 3x3 + x + 2 = (x − 2)(3x2 + 6x + 13) + 28

Y � ?�T

1 0 −5 −1 2

− 2 1 −2 −1 1 0

x4 − 5x2 − x + 2 = (x + 2)(x3 − 2x2 − x + 1) + 0V T

1 −4 −1 10 0 5 2

3 1 −1 −4 −2 −6 −13 −37

x6 − 4x5 − x4 + 10x3 + 5x + 2 = (x − 3)(x5 − x4 − 4x3 − 2x2 − 6x − 13) + (−37)
Q�E84

; V�V i(=
f(3) = −37 XW T

1 0 0 −2 1 1

1 1 1 1 −1 0 1

− 1 1 0 1 −2 2

x5−2x2 +x+1 = (x−1)(x4 +x3 +x2−x)+1 = (x−1)((x+1)(x3 +x−2)+2)+1 =
(x − 1)(x + 1)(x3 + x − 2) + (x − 1)2 + 1 = (x2 − 1)(x3 + x − 2) + (2x − 1)

u ��� 4H?B9 G(= o ?DIvA.? W KMG(I�bD=LKM4 4�6cbD>NGD9 =L;8S�;FO�I�;F9 mDo gD9�;8KRQ ?D>N;8= o I�;F9 ; mDo 4�68;_A�
�4�fMO�;FO�O p
q

?D=L?B9c�Hb V ?DI
pG(4�6FO�]��H?

6 P I�?B9 p�OH;8S�bBO
p = ±1,±2,±3 ± 6

T.Q EF4
q
G(4h6FOH]$�H?

3 P I�?B9 p�O�;8S�bBO
q = 1, 3

T X�� mDo
p
q = ±1,±2,±3,±6,± 1

3 ,± 2
3 X

} � ?�T
x4−3x3 +x2 +4

=L;FS�;FOH4�E m ;F4*A.? W KMG(I�bD=LKM4 mDo gD9�;8K�?�A.? W KLG(I�bD=MKL4 mDo gD9!OH;F4�6FO*4�68;FAHKMI O ±1,±2,±4
Q

C�;@=LbBOHS�?BOH]�Q S�G mDo I�; m ?BOHfad�S�;8= o ;8I ?���x m(m d�E8I o EFA�OHEF9�; J G(68KaOHfMdeQ OHG"dDb V�V b ?D6 1
I�;F> mDo gD9�;pR?D6�; mDo x:O�OHS�?BOH]D9 g(4h4�68; m ;tI�;8> 0

T.Q�f mDo ;8=Mi(4�68gDA�?D6 (x − 2) P O J AH] V bD= ��7:9 9:KL;F>N;8=LI�Ks[5GDA�I�;FA P>N]�C�4�68;FAhAH;8=RQeE84`9:KMC�;FAHx�=RQeS�G mDo ?D6�dB?D=L] V ?DI G(4�6FO�]��H?@? J G(=LKLI�G(>^I�?B9qQ�4�iDO�?NS�bDI o ?DC�G(4�I�?B9 KL4Fj
x4 − 3x3 + x2 + 4 = (x − 2)2(x2 + x + 1)

Q�f mDo ? J G(=LKMI�G(> mDo gD9�;8K 2
Q�E84 − 1

2 ±
√

3
2 i XV T3Z J G(=MKLI�G(> =L;8S�;FO�4�E m ;84
A.? W KMG(I�bD=LKL4 mDo gD9�;8K ±1,±3,± 1

2
,± 3

2 X
Z [5GDAHI�;FA P >N]�C�4�68;FA�A�;8= V ;FS�; P= o ;FO�OH;84hfMO�d�;DQ�EF4�=M;8G(4�6FO�dB?^?D6_O�9B? J ��7:9qQ�S�G mDo 2x5 − x4 + 4x3 − 2x2 − 6x + 3 = (x − 1)(x +

1)(x − 1
2 )(2x2 + 6)

Q:O�;8S�bBO`? mDo gD9�gD9 1,−1, 1
2 ,±

√
3i X

� � ?�T
sh 1 + ch 1 =

e − 1
e

2
+

e + 1
e

2
= e X

V T
arsh 2 = x

Q�S�?
sh x = 2

Qe?D6c?D6 ex + e−x

2
= 2 X Z56 e−x P ;FO 1

ex
P 9�E8I O�faA�dB?:QeE84�?D6 ; mDo ;8I�=L;FO�;FO

bBO�A�;8I�C�;86Fd�;
ex P AH;�; mDo >@bD4�G�C���GD9�� ; mDo ;8I�=L;_OH;FO 9D? J 7�I:9ej (ex)2 − 4ex − 1 = 0

Q�?D>NK V i(=
ex = 2±

√
5 X�� ; ex > 0

>NKL?BO�O ; V�V i(= W 4�?B93? J G(68KaOHfMdN?w��]�>^; m G(=LC�bD48Q�f mDo x = ln(2 +
√

5)
Q

?D6c?D6
arsh 2 = ln(2 +

√
5) X

W T th(ln 5) =
sh ln 5

ch ln 5
=

(eln 5 − e− ln 5)/2

(eln 5 + e− ln 5)/2
=

5 − 1
5

5 + 1
5

=
12

13
.
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CeT
th arsh(−3) =

sh arsh(−3)

ch arsh(−3)
=

sh arsh(−3)
√

1 + sh2 arsh(−3)
=

−3
√

1 + (−3)2
= − 3√

10
X

� � ?�T
f(x) = sh(arccos x) P AH; D(f) = [−1, 1]

Q�>N;FA�O
arccos

KMO�OrdD?DI EFA�O�;8=L>N;F6Fd�;DQ
sh J ;8C�K m >NKMI P

C�;8I�S�G(= X Z C�;FAHKMdBbD=MO��H?:j
f ′(x) = ch(arccos x) · −1√

1 − x2
X

V T
ex ch x

?D6{; m E84h6 R P ;8I EFA�OH;8=M>N;86Fd�; dD?DI�QwE84^C�;FAHKMdBbD=MO��H?
ex ch x + ex sh x = ex · ( 1

2(ex +
e−x) + 1

2
(ex − e−x)) = e2x p�dB? mDo ;8=Li V�V ; mDo 4h68;FA�
�4�faOHx�I:9qj ex ch x = 1

2
(e2x + 1)

Q�E84�?D6FO.bDI
C�;FA�KMdBbD=L7�I:9�T X

W T arch
EFA�OH;F=L>N;86FE84�OH?BA�OHG(>@bDI o ? [1, +∞]

Q�O�;8S�bBON?D6
f(x) = arch x3 ?D68GD9!AH? ?D6

x P ;F9�AH; dB?DIEFAhOH;8=L>^;86Fd�;DQ ?D>N;8= o ;F9!A�; x3 ≥ 1
Q(E84 ;868;F9
E J�J ;8I^?D6 [1, +∞)

KLI�OH;FAhdD?D=M=L7�> ;8=M;8>N;8K X Z C�;FAHKMdBbD=MO

f ′(x) =
1√

x6 − 1
· 3x2 X

� � ?�T
f(x) = (x2 − 1)2 P AH; D(f) = R

QqE84
f
>NKMI�C�;8I x:O�O���G(= o OHG(I�G(4 J bBAHG(45��x m(m d�E8I o�X Z OH;8I m ;8= o�P>N;_OH4�68;FO�;F9

(0, 1)
E84

(±1, 0) X Z ��x m(m d�EFI o I�;F9
I�;8> =L;FS�;FO���x m(m i(=L; m ;F4*?D4h68KL> J O�GDO.b"�H?:QD>N;FA�Os?D6; m EF4�6t4h6cbD>N; mDo ;8I�;F4�;8I ��G(= o OHG(I�G(4FQ�O�G$dBb V�V b3d!fL684h68KLI�OH;84�E84���;FAHC�;^?D4�68KL> J OHGDO.b"�H?N4�KLI W 48Ql>^KMd�;8=

lim
x→∞

f(x)

x
= ∞ X

f ′(x) =2(x2 − 1) · 2x

f ′′(x) =(4x3 − 4x)′ = 12x2 − 4

f ′(x)
?D6

x = 0,±1
S�;8= o ;_9�;8I 0

Q E84 >NKMI�C�;8I�x:OhO EFA�OH;F=L>N;86_d�;^dD?DI X f ′′(x)
?D6

x = ±1/
√

3S�;8= o ;F9�;8I 0
Q�E84k>NKLI�C�;8I�S�G(=�EFAhOH;8=L>^;86Fd�;5dD?DI X Z56�C�;FAHKadDbD=aO.?B9@;8=Mi���;F=L;8KaOcQ�E84�?D6 f(x)

��x m(m d�EFI o; V�V i(= ?DC�]�C�]tOH7�=L?"��C�G(I�4Hb m ?DKMO�?�OHb V =zbD6c?BOk>
7:O.?BO/�H? X

x : −∞ −1 − 1√
3

0 1√
3

1 ∞
f ′ − + + − − +

f ′′ + + − − + +

f ↘ ↗ ↗ ↘ ↘ ↗
∪ ∪ ∩ ∩ ∪ ∪

MIN INFL MAX INFL MIN

f : ∞ 0 4
9

1 4
9

0 ∞
0

0.2

0.4

0.6

0.8

1

1.2

1.4

–1.5 –1 –0.5 0.5 1 1.5

x

Z m A.?���9�G(I:AH](=�=L;8G(=adD?D4hS�?BOH]^?D6�KL4FQ�S�G mDo R(f) = [0, +∞) X
V T3[�?

f(x) = 3
√

1 − x3
Qk?B9!9�GDA

D(f) = R
QwE84@KaO�O@��G(= o OHG(I�G(4NKM43?���x m(m d�E8I o�X�� ;8> J bBAHG(4E84{I�;8> J bBA.?BOH=L?DI�Q5OH;8I m ;8= o >N;FO�4�68;FOH;FKRj (0, 1)

EF4
(1, 0) X�� x m(m i(=M; m ;84 ?D4h68KL> J O�GDO.b"�H? I�;8>

=M;8S�;FOcQ ∞ P V ;8I�j lim
x→∞

f(x)

x
=

3

√

1

x3
− 1 = −1

QqE84
lim

x→∞
f(x) + x = lim

x→∞

3
√

1 − x3 + x =

lim
x→∞

1 − x3 + x3

(1 − x3)2/3 − (1 − x3)1/3x + x2
=

1

x2(( 1
x3 − 1)2/3 − ( 1

x3 − 1)1/3 + 1)
= 0

Q�OH;8S�bBO
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f
��;FAHC�;�?D4�68KL> J OHGDO.b"�H? y = x

Q�E84�7 mDo ?DI�;86�?D6�; mDo ;8I�;84 −∞ P V ;FI�KL4�?D4�68KM> J OHGDO.b"�H? X

f ′(x) =
1

3
(1 − x3)−2/3 · (−3x2) =

−x2

(1 − x3)2/3

f ′′(x) = − 2x · (1 − x3)−2/3 − x2 · (−2

3
)(1 − x3)−5/3 · (−3x2) =

−2x

(1 − x3)5/3

f ′(x)
?D6

x = 0 P V ?DI 0
Q�E84

x = 1 P V ;FI�I�KLI W 4�EFA�OH;F=L>N;86_d�;DQ f ′′(x)
7 mDo ?DI�f mDo�X

x : −∞ 0 1 ∞

f ′ − − −

f ′′ + − +

↘ ↘ ↘

f ′′ ∪ ∩ ∪

INFL INFL

f : ∞ 1 0 −∞ –2

–1.5

–1

–0.5

0

0.5

1

1.5

–1.5 –1 –0.5 0.5 1 1.5 2
x

�wbBA{? ��x m(m d�E8I o x = 1 P V ;8I I�;8> C�K��e;FAH;8I W KLbD=LS�?BOH]�Qr>NE m KL43dB?DI KLI���;���KL](4 J G(I�O/�H?:Q5>N;_A�O9�G(I:9Bb"d V ](=�9�G(I�d�;�� V ;�dBbD=MOcQ�EF4�dB?DI p,��x m(m i(=M; m ;84_T EFAHKMI OHi$��; X R(f) = R X

W T f(x) =
ln x

x
P AH; D(f) = (0, +∞)

Q
f
��G(= o O�G(I�G(45;868;8I ?@OH?BA�OHG(>@bDI o G(I�QeI�;8> J bBAHG(45EF4�I�;F>

J bBA.?BO�=z?DI�Q(E84�?D6 (1, 0)
?D6 ; mDo ;FO�=L;8I OH;8I m ;F= o >^;FOH4�68;_OH; X � x m(m i(=M; m ;84�?D4�68KM> J OHGDO.b"�H? W 4H?B9 0 P V ?DI

=M;8S�;FOcQqEF45GDO�O`dB?DI KM48Qe>^;FA�O
lim

x→0+

ln x

x
= −∞ X Z ∞ P V ;8I lim

x→∞

lnx

x
= lim

x→∞

1
x

1
= 0

Q�OH;8S�bBO

y = 0
d:fM684�68KMI OH;F4r?D4�6FKL> J OHGDOH? X

f ′(x) =
1
xx − (lnx) · 1

x2
=

1 − lnx

x2

f ′′(x) = − 1

x
x−2 + (1 − lnx)(−2)x−3 =

−3 + 2 lnx

x3

f ′(x)
?D6

ln x = 1
Qe?D68?D6

x = e
S�;8= o ;8I 0

QeE84`?D6�; m E84h6 D(f) P ;8I�EFAhOH;8=L>^;86Fd�;�dB?DI X f ′′(x)
?D6

ln x = 3
2

Q�?D68?D6
x =

√
e3

S�;8= o ;8I 0
Q�E84

D(f) P ;FI{EFA�O�;8=L>N;F6Fd�;�dB?DI X
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x : 0 e
√

e3 ∞

f ′ + − −

f ′′ − − +

↗ ↘ ↘

f ′′ ∩ ∩ ∪

MAX INFL

f : −∞ 1
e

3

2
√

e3
0 –1

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

y

2 4 6 8 10 12 14 16 18 20
x

Z56�b V A.?N?D=L? J �HbDI R(f) = (−∞, 1
e
) XCeT

f(x) = arctg(1 + 1
x ) P AH; D(f) = R \ { 0 } Qs>^;FA�O arctg

>NKLI�C�;FI�S�G(= EFA�OH;F=L>N;86_d�;NdD?DI X Z��x m(m d�E8I o I�;8> J bBAHG(4kE84�I�;F> J bBAH?BOH=z?DI�Q�? 0
9:KMd�E_OH;8=LE_d�;8=q>NKMI�C�;8I�x:OhOr��G(= o OHG(I�G(48Q!E84kO�;8I m ;8= o P>N;_OH4�68;FO�; W 4H?B9{? (−1, 0) J G(I�O V ?DI{dB?DI X � x m(m i(=L; m ;84`?D4�6FKL> J OHGDOHb$�H? W 4H?B9 x = 0 P V ?DI�=M;8S�;FOcQC�;Dj

lim
x→0+

arctg(1 + 1
x ) = π

2

Q�E84
lim

x→0−

arctg(1 + 1
x ) = −π

2

Q�OH;8S�bBO
f P I�;F9{I�KMI W 4`��x m(m i(=M; m ;84

?D4�6FKL> J OHGDOHb$�H? X ∞ P V ;8I lim
x→∞

arctg(1 + 1
x
) = lim

x→−∞
arctg(1 + 1

x
) = π

4

Q'OH;FS�bBO ?D6
y = π

4; mDo ;FI�;84�d!fL684�6FKLI�OH;84`?D4h68KL> J O�GDO.? X

f ′(x) =
1

(1 + 1
x
)2 + 1

· (− 1

x2
) =

−1

2x2 + 2x + 1

f ′′(x) =
4x + 2

(2x2 + 2x + 1)2

Z56
f ′ ��x m(m d�E8I o >NKMI�C�K m I�; m ?BOHfMdeQ f ′′(x) = 0

O�;8= ��;84hx�=
x = − 1

2 P
A�; X�� 6N;8=MiDO�O I�; m ?BO�fMdqQl;867:O.bDI J G(68KaOHfMd ?D6 f ′′(x)

E_A�OHEF9�; X

x : −∞ − 1
2 0 ∞

f ′ − − −

f ′′ − + +

↘ ↘ ↘

f ′′ ∩ ∪ ∪

INFL

f : π
4 −π

4 −π
2

π
2

π
4

–1.5

–1

–0.5

0

0.5

1

1.5

–2 –1 1 2

x

R(f) = [−π
2
, π

4
) ∪ (π

4
, π

2
] X;�T

f(x) = arch( 1
x−1)

?D68GD9!AH?r?D6
x 6= 0

4h6cbD>NGD9!AH?wdB?DI�EFAhOH;8=M>N;86Fd�;DQB?D>N;8= o ;F9!AH; 1
x−1 ≥ 1

QD?D6c?D6
D(f) = (0, 1

2
]
QlE84 KMOhO ?{��x m(m d�EFI o ��G(= o O�G(I�G(4 X Z ��x m(m d�E8I o I�;F> J bBAHG(4�E84 I�;8> J bBA.?BOH=z?DI�QOH;FI m ;8= o >N;FOH4�6F;FOH; ( 1

2 , 0) X � ;FAHC�;DQ KM=L=L;_O�d�; d!fL684h68KLI�OH;84^?D4�68KL> J OHGDO.b"�H? I�;F> =M;8S�;FOcQ ��x m(m i(=M; m ;84
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?D4�6FKL> J OHGDOHb$�H? 0 P V ?DI^dD? mDo 1
2 P
V ;8I^=L;8S�;FO X lim

x→0+
arch( 1

x −1) = +∞ Q�EF4
lim

x→ 1
2

−

arch( 1
x −1) =

0
Q�OH;FS�bBO

x = 0
?D6�; mDo ;FOH=L;FI�?D4�68KM> J OHGDO.? X

f ′(x) =
1

√

(1 − 1
x )2 − 1

· (− 1

x2
) =

−1√
x2 − 2x3

f ′′(x) = − 1

2
(x2 − 2x3)−3/2 · (2x − 6x2) =
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√
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√
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√
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