Hausdorff dimension for some hyperbolic attractors with overlaps and without finite Markov partition

Franz Hofbauer, Peter Raith and Károly Simon

9th March 2006

Abstract. Inn this paper we consider some families of self maps of the square which are analogous to the well known tent-map family. These maps are almost injective. That is the points of the attractor having more than one inverses from a set of zero measure for all interesting measures. We will compute the Hausdorff dimension of the attractor.

1. Introduction

In this paper our object is to compute the Hausdorff dimension of the attractor of maps

(1) ^F (x, y) = � ^T (x), ^g(x, y) � , where ^T : [0, 1] → [0, 1] is a piecewise strictly increasing map such that for its restriction T to some interval J ⊂ [0, 1] we have that

(A1) T : J → J topologically transitive.

(A2) 1 < inf_x |T^′(x)| < sup_x |T^′(x)| =: L^∗ < ∞.

2000 Mathematics Subject Classification. 37C45, 37E99, 37D20, 28A78, 28A80. Key words and phrases. Hausdorff dimension, hyperbolic attractor, two-dimensional map, topological entropy, tent map.

Research of Hofbauer was supported by Austrian-Hungarian Collaboration # A-9/03. The research of Simon was supported by OTKA Foundation #T42496 032022 and the research of Raith was supported by Austrian-Hungarian Collaboration # A-9/03. 1

PSfrag replacements

Figure 1: The definition of φ(x) and T := ^T |_J

(A3) T is piecewise continuous and piecewise strictly monotonic, this means there exists a finite partition V of pairwise disjoint open intervals with � V ∈V V = J such that T � �_V is continuous and strictly monotonic for all V ∈ V.

(A4) For every x ∈ (0, 1) ∃n such that ^T^n(x) ∈ J.

Further,

(2) ^g(x, y) := φ(x) + λ � y − 1 2 � , where φ is defined by Figure 1.

We assume that

(3) λ < min � 1 m^2_0 , 1 L^{∗2} � , where m_0 is the number of intervals of monotonicity of T . Note that this implies that

(4) λ < exp{−2 · h_{top}(T )}

After we have fixed λ, we also fix a number λ_2 such that (5) √ λ < λ_2 < 1 L^∗ . Then ^F : [0, 1]^2 → [0, 1]^2. See Figure 2. Let Q := J × [0, 1]. We write

F := ^F |_Q.

and let ^Λ and Λ be the attractor of ^F and F respectively. It is immediate that

(6) dim_H ^Λ = dim_H Λ.

Our main result is that

Theorem 1. If the assumptions (A1)–(A4) hold and further if the so called transversality condition is satisfied (see Definition 3 in Section 2) then

(7) dim_H ^Λ = 1 + h_{top}( ^T ) − log λ

= 1 + h_{top}(T ) − log λ . The most important application is when ^T is a (not necessarily fully developed) tent map (see Figure 1). In this case the map ^F is a natural two dimensional analogue of the tent map ^T and ^F satisfies the assumptions of our Theorem 1.

It follows from [11] that

t := 1 + h_{top}(T ) − log λ is an upper bound on the dimension of the attractor. The difficulty to prove that t is also a lower bound comes from two sources: on the one hand the cylinders (in case of the tent map ^F ([0, c] × [0, 1]) and ^F ([c, 1] × [0, 1])) intersect each other, which may cause drop of the dimension in comparison with t. We handle this difficulty with the so-called transversality condition (see Section 4). On the other hand we do not have finite Markov partition for neither ^T nor T . And so, we do not have finite Markov partition neither for ^F nor for F which cause a substantial technical difficulty. To handle this in Section 3 we prove a theorem (Proposition 1) which is interesting on its own.

Our main example is the tent map family. For a ∈ (1, 2] define

(8) F_a(x, y) := � T_a(x), φ(x) + λ � y − 1 2 � , where ^T_a(x) := � ax, if 0 ≤ x ≤^1_2 ; a − ax, if^1_2 ≤ x ≤ 1,

J := � ^T_a(1/2), ^T 2_a (1/2) � and T_a : J → J, T_a := ^T_a � �_J . Then for a ∈ �√2, 2� the properties (A1)–(A4) and the transversality condition (see Lemma 4) hold. The research in this paper was motivated by a paper of M.V. Jakobson [6].

2. Notation

From now on we always assume that T : J → J, where J ⊂ [0, 1] is a closed subinterval satisfying assumptions (A1)–(A3).

PSfrag replacements

Figure 2: A, B, C, D ∈ Z_1 and F^2(A), F^2(B), F^2(C), F^2(D) ∈ I^F_2 .

Definition 1. (1) We denote the projection (x, y) ∈ J × [0, 1] to x ∈ R by π_1. That is π_1(x, y) = x. Similarly π_2(x, y) := y.

(2) For an a ∈ J and A ⊂ Q we write A_a := {y ∈ [0, 1] : (a, y) ∈ A}. (3) We define V_0 = V the partition of J by the intervals of monotonicity of T . Let c_0 < · · · < c_{m0} be the critical points of T (including the endpoints of J). We write V_i := [c_{i−1}, c_i] for i = 1, . . . , m_0. That is V = {V_1, . . . , V_{m0} } .

Let int J_i be the interior of (J_i).

(4) The partition of J by the intervals of monotonicity of T^{n+1} is called V_n.

That is V_n :=

�_n

i=0 T^{−i}(V).

(5) Let Z := π^{−1}_1 (V) and Z_n :=

�_n i=0 F^{−i}Z = π^{−1}_1 V_n is the set of vertical n-cylinders .

(6) For n ≥ 1 let I^F_n := F^nZ_{n−1}. Then I^F_n is the set of horizontal n-cylinders.

See Figure 2.

(7) I^F_∞ := � n≥0 I^F_n ≠ ∅ : I^F_n ∈ I^F_n � . The elements of I^F_∞ are smooth curves on which π_1 is one-to-one. Their slopes are uniformly separated from the vertical direction. We call them unstable curves of Λ^F . Clearly Λ^F = � � I : I ∈ I^F_∞ � . I^F_{∞,x} := � I ∈ I^F_∞ : x ∈ π_1I � , I^F_{n,x} := � I ∈ I^F_n : x ∈ I � . (8) Z_{k,l} := {H : ∃Z ∈ Z_k and I ∈ I_l such that H = Z ∩ I}. We call Z_{k,l} the collection of (k, l)-cylinders.

(9) For a continuous f : Q → R we write

S_nf(x) := n−1� i=0 f(F^ix), and p_n(F, f) := � Z∈Z_{n−1}

sup_{x∈Z} e^{Snf(x)}.

Then the pressure is defined by:

p(F, f) := lim_{n→∞} 1 n log p_n(F, f).

The limit in the last definition exists because of the sub additivity of the sequence p_n(F, f). Let f(x, y) := log λ. Consider the function:

(9) t → p(F, t · f).

The zero of this function is clearly^{htop(T )}_{− log λ} .

3. Approximation of the one-dimensional map by Markov maps

We introduce D_k ⊂ J, a “big” Cantor-set on which T is transitive and for every x ∈ D_k and for every n ≥ 0 the length of any n-th cylinder containing x is bigger than some constant to the power n. We will consider the restriction of Λ to D_k × [0, 1] that we will call Λ_k. This is going to be a Cantor set in Q. Later in the paper we will prove that as k tends to infinity the dimension of Λ_k tends to t.

For k ≥ 1 set

(10) N_k := � {V : V ∈ V_{k−1}, ∃i ∈ {0, . . . , m_0} , c_i ∈ V } .

Note that the assumption c_i ∈ V above means that c_i is an endpoint of V . Now we define

C_k := {x ∈ J : T^n(x) /∈ int N_k, ∀n ≥ 0} .

Note that T (C_k) ⊂ C_k.

In what follows we always write V_l(x) for the l-cylinder containing x.

Proposition 1. Under the assumptions (A1)–(A3) for every ε > 0 there exists a k such that there exists a perfect set D_k ⊂ J having the following properties:

(a) T (D_k) = D_k,

(b) T � �_{Dk} is topologically transitive on D_k,

(c) h_{top} � T � �_{Dk} � > h_{top}(T ) − ε,

(d) dim_H(D_k) > 1 − ε,

(e) For every β ∈ � 0,^1_α � there is a c > 0 such that for every x ∈ D_k and for every n ≥ 0 we have

(11) |V_n(x)| ≥ c · β^n,

(f) We can find a set N^′_k ⊂ J which is the union of (k − 1)-cylinders such that N_k ⊂ N^′_k and

(12) D_k = {x ∈ J : T^n(x) ∉ int N^′_k, ∀n ≥ 0} .

Moreover, for every (k − 1)-cylinder V satisfying V ∩ D_k ≠ ∅ there are (k − 1)-cylinders W_1, . . . , W_l such that

(13) T (V ∩ D_k) = T (V ) ∩ D_k = l� j=1 (W_j ∩ D_k).

In the rest of this section we prove this proposition via a number of lemmas.

Lemma 1. For every n ≥ k − 1 with n ≥ 1 we have that

(14) V_n(x) ∩ int N_k = ∅ implies that T (V_n(x)) = V_{n−1}(T (x)).

Proof. Given x ∉ N_k and n ≥ k − 1. Then there exist V_{i0} , . . . , V_{in} ∈ V such that

(15) V_n(x) = n� l=0 T^{−l}V_{il} = V_{i0} ∩ T^{−1}( ~V ),

where ~V =

�_{n−1} l=0 T^{−l}V_{il+1} . Then

(16) T (V_n(x)) = T V_{i0} ∩ ~V .

Since ~V is an n − 1-cylinder containing T x it is enough to prove that

(17) ~V ⊂ T V_{i0} .

To verify this, we argue with contradiction. Assume that ~V ⊄ T V_{i0} . By (16) T V_{i0} ∩ ~V ≠ ∅. Since T V_{i0} and ~V are intervals, ~V must contain an endpoint of T V_{i0} . Therefore T^{−1} ~V must contain an endpoint c of V_{i0} , which is (by definition) a critical point. Then by (15) c must be an endpoint of V_n(x). As V_n(x) ⊂ V_{k−1}(x) ⊂ V_{i0} , the critical point c must be an endpoint of V_{k−1}(x). This is a contradiction to x /∈ N_k.

Lemma 2. For k > 1, the set of those (k − 1)-cylinders whose interior intersect C_k forms a Markov partition for C_k. This means that for every (k − 1)-cylinder V with V ∩ int N_k = ∅ there are (k − 1)-cylinders W_1, . . . , W_l such that

T (V ∩ C_k) = T (V ) ∩ C_k = l� j=1 (W_j ∩ C_k).

Proof. Let V be a (k − 1)-cylinder with V ∩ int N_k = ∅. Then there is an x ∈ C_k with V = V_{k−1}(x). By Lemma 1 T V = T V_{k−1}(x) = V_{k−2}(T x), hence T V is a (k − 2)-cylinder. Since every (k − 2)-cylinder is a union of (k − 1)-cylinders, there are (k − 1)-cylinders W_1, . . . , W_l with T V =

�_l j=1 W_j.

Now the definition of C_k implies T (V ∩ C_k) = T (V ) ∩ C_k =

�_l j=1(W_j ∩ C_k), as V ∩ int N_k = ∅.

Lemma 3. For every k > 1 and for every β ∈ � 0,^1_α � there is a c > 0 such that for every x ∈ C_k and for every n ≥ 0 we have

(18) |V_n(x)| ≥ c · β^n.

Proof. There exists n_0 such that sup_{y∈J}^n � |(T^n)^′(y)| <^1_β for all n ≥ n_0.

Set c_1 := min

�_{|Vl(x)|}

β^l : l ∈ {0, 1, . . . , n0} � . Since T^n(x) /∈ int N_k for all n ≥ 0, using Lemma 1 we have T (V_n(x)) = V_{n−1}(T (x)), T^2(V_n(x)) = T (V_{n−1}(T (x))) = V_{n−2}(T^2(x)), . . . , T^{n−k}(V_n(x)) = V_k(T^{n−k}(x)). Set c̃ := inf {|V | : V ∈ V_k}. The mean value theorem implies that for n ≥ n_0 + k we have

|V_n(x)| ≥ |V_k(T^{n−k}(x))| 1 sup_{y∈J} | (T^{n−k})^′ (y)| ≥ c̃β^{n−k} = (c̃β^{−k})β^n.

Choosing c := min � c̃β^{n−k}, c_1 � completes the proof of the lemma.

Proof of Proposition 1. By Theorem 1 in [4] there exists an absolutely continuous invariant measure ϱ. Set ψ := − log |T^′|, and let ε ∈ (0, 1). Obviously ψ ∈ L^1(ϱ). As inf_{x∈J} |T^′x| > 1 we get sup_{x∈J} ψ(x) < 0, and hence χ_ϱ := − � ψ dϱ > 0. Now Theorem 1 of [5] gives^{hϱ(T )}_{χϱ} = dim_H(ϱ) = 1, implying h_ϱ(T ) + � ψ dϱ = 0. Set t := 1 − ε. As � ψ dϱ = −χ_ϱ < 0 we obtain h_ϱ(T ) + � tψ dϱ > 0. Hence h_ϱ(T ) > 0 and p(T, tψ) > 0.

Note that each N_k is a union of m_0 intervals. Moreover for any δ > 0 there is a k_δ such that for any k ≥ k_δ, and for any endpoint c of an interval of monotonicity the endpoints of the maximal subinterval of N_k containing c differ at most by δ from c. This means we have exactly the situation described in [9].

Since ψ < 0 (hence lim_{n→∞}^1_n sup_{x∈J}

�_{n−1}

j=0 tψ(T^jx) < 0 < p(T, tψ)) The-

orem 1 in [9] implies that there exists a k such that h_{top} � T � �_{Ck} � > h_{top}(T )−ε and p(T � �_{Ck} , tψ � �_{Ck} ) > 0. The partition of (k − 1)-cylinders forms a Markov partition on C_k by Lemma 2. As the corresponding matrix is finite, there exists an irreducible subset J of the set of (k − 1)-cylinders such that the restriction of the matrix to J has the same spectral radius as the original one. Define D_k as the set of all x satisfying T^nx ∈ � V ∈J V for all n. By Theorem 7

of [3] and Lemma 6 of [8] we obtain h_{top} � T � �_{Dk} � = h_{top} � T � �_{Ck} � > h_{top}(T ) − ε and p(T � �_{Dk} , tψ � �_{Dk} ) = p(T � �_{Ck} , tψ � �_{Ck} ) > 0. This shows (c).

It follows from the proof of Theorem 4 in [3] that T � D_k is topologically

transitive. Hence (b) holds. Moreover, this also implies T (D_k) = D_k, showing (a). From the definitions we obtain (f). Lemma 3 implies (e).

There exists an invariant measure τ with h_τ (T ) + � tψ dτ > 0. Obviously ψ ∈ L^1(τ), and as sup_{x∈J} ψ(x) < 0 we get � ψ dτ < 0. Since h_τ (T ) = 0 would contradict h_τ (T ) + � tψ dτ > 0 we obtain h_τ (T ) > 0. By Theorem 1 of [5] this implies dim_H(D_k) ≥ dim_H(τ) =^{hτ (T )}_−^�_{ψ dτ} >^{−t} � ψ dτ − � ψ dτ = t = 1 − ε.

4. Transversality condition

To handle the overlapping between the horizontal cylinders we need the so-called transversality condition. In order to state it we need some symbolic representation of the horizontal cylinders.

Define (19)

H := � (. . . , i_{−2}, i_{−1}, i_0) : V_{i−n} ∩ T^{−1}V_{i−(n−1)} ∩ · · · ∩ T^{−n}V_{i0} ≠ ∅ ∀n ≥ 0 � . For every i ∈ H we write

(20) p(i) := ∞� k=0 F^{k+1}Z_{i−k} ,

where Z_l := V_l × [0, 1] for l ∈ {1, . . . , m_0}. Then p is a homeomorphism between H and I^F_∞. Set

(21) S^λ_n (x) := φ(T^n(x)) + λφ(T^{n−1}x) + · · · + λ^{n−1}φ(T x) + λ^nφ(x).

Now we define the shift σ : H → H by

(22) σ(. . . , i_{−2}, i_{−1}, i_0) := (. . . , i_{−3}, i_{−2}, i_{−1}).

From the definition of F we get

(23) F^{n+1}(x, y) = � T^{n+1}(x), S^λ_n (x) + λ^{n+1}y + q_n � , where q_n := −^1_2 (λ^{n+1} + · · · λ). Let I = p(i) and for an N ∈ N we call I_N the horizontal N-cylinder containing I. Then

(24) I_N = F^{N+1} � V_{i−N} ∩ T^{−1}(V_{i−(N−1)} ) ∩ · · · ∩ T^{−N} V_{i0} × [0, 1] � . That is I_N is a nearly horizontal strip of height λ^{N+1}. For any n ≥ 0 denote by T^{−(n+1)}

i_0...i_{−n} : T

(n+1)W → W the inverse of T (n+1)�

W : W → T^{(n+1)}W , where W = V_{i−n} ∩ T^{−1}V_{i−(n−1)} ∩ · · · ∩ T^{−n}V_{i0} . We introduce the new variable t = T^{N+1}x for x ∈ V_{i−N} ∩ T^{−1}V_{i−(N−1)} ∩ · · · ∩ T^{−N} V_{i0} . For

t ∈ T^{N+1} � V_{i−N} ∩ T^{−1}V_{i−(N−1)} ∩ · · · ∩ T^{−N} V_{i0} � put (25) f^N_i (t) := φ(T^{−1}_{i0} t) + λφ(T^{−2}_{i0i−1} t) + · · · + λ^N φ(T^{−(N+1)}_{i0...i−(n)} t) + q_N .

Then we get that I_N is bounded from below by the curve

(26) γ^l_N (i)(t) := � t, f^N_i (t) � and I_N is bounded from above by the curve

(27) γ^u_N (i)(t) := � t, f^N_i (t) + λ^{n+1} � . Definition 2. Let I, I^′ ∈ I^F_∞ and I = p(i), I^′ = p(j). We say that I and I^′ have different n-cylinders if (i_{−(n−1)}, . . . , i_0) ≠ (j_{−(n−1)}, . . . , j_0).

Definition 3 (Transversality condition). Using all the notation of Definition 2 we say that the transversality condition holds if there exists a c_1 > 0 such that for all I, I^′ ∈ I^F_∞ having different first cylinders, and for every N we have

(28) |π_1(I_N ∩ I^′_N )| ≤ c_1 · λ^N ,

where I_N and I^′_N are the horizontal N-cylinders containing I and I^′ respectively.

Since our main example is the tent map, we prove that the transversality condition holds for these maps.

Lemma 4. Let a ∈ �√ 2, 2 � . If a > 2λ, then the transversality condition holds for the tent map F_a (see (8) for the definition).

Proof. Let V = {V_0, V_1} be the partition of J by the intervals of monotonicity of T_a. Then the slope of T_a is ±a. Let ε_l := sign(T^′_a � �_{Vl} ). Then T^′_a � �_{Vl} = ε_la.

Using that φ^′ ≡^1_2 we obtain from the definition (25) of f^N_i (t) that

(29) � f^N_i

�_′

(t) ≡ ε_{i0} 2a � 1 + N� k=1 ε_{i−1} · · · ε_{i−N} � λ a �_k�

for every t in the domain of f^N_i . Since^λ_a <^1_2 this derivative is uniformly (in N) separated from zero and its sign is ε_{i0} . Since I is the graph of the function f_i defined by f_i(t) := lim_{N→∞} f^N_i (t) for t ∈ π_1(I) and the convergence of the derivatives is uniform, we get that the sign of the slope of the derivative of I is given by i_0 and separated uniformly from zero which means that the transversality condition holds.

Lemma 5. If the transversality condition holds then for every k ≥ 1 there exists c(k) > 0 such that for all I, I^′ ∈ I^F_∞ having different k-cylinders, and for every N ≥ k we have

(30) |π_1(I_N ∩ I^′_N )| ≤ c(k) · λ^N ,

where I_N and I^′_N are the horizontal N-cylinders containing I and I^′ respectively.

Proof. Let I = p(i) and I^′ = p(j). From the assumption (i_{−(k−1)}, . . . , i_0) ≠ (j_{−(k−1)}, . . . , j_0). Let l := min {n : i_{−n} ≠ j_{−n}}. We know from (24) that

I_N = F^{N+1} � V_{i−N} ∩ T^{−1}V_{i−(N−1)} ∩ · · · ∩ T^{−N} V_{i0} × [0, 1] � and I^′_N = F^{N+1} � V_{j−N} ∩ T^{−1}V_{j−(N−1)} ∩ · · · ∩ T^{−N} V_{j0} × [0, 1] � . Using that F^{N+1} is injective on the domains on the right hand side of the previous equalities, we obtain that

I_N ⊂ F^l � F^{N+1−l} � V_{i−N} ∩ · · · ∩ T^{−(N−l)}V_{i−l} � × [0, 1] � � � �

(N − l)-horizontal cylinder for p(σ^li) and (31)

I^′_N ⊂ F^l � F^{N+1−l} � V_{j−N} ∩ · · · ∩ T^{−(N−l)}V_{j−l} � × [0, 1] � � � �

(N − l)-horizontal cylinder for p(σ^lj) . (32)

Now using the transversality condition for the two (N − l)-horizontal cylinders in the previous two equations and also using the definition of L^∗ (see condition (A2)) we obtain |π_1(I_N ∩ I^′_N )| ≤

�_{L∗} λ �_l · c_1 · λ^N . As λ < 1 < L^∗ and l ≤ k this immediately implies the desired result with the choice of c(k) = c_1 · (L^∗)^k · λ^{−k}.

5. Overlapping

In this section we always assume that the transversality condition and the assumptions (A1)–(A3) hold. Now we construct an injective self map G of Q which is practically the natural extension of F .

Choose the numbers λ < q_1 < · · · < q_{m0} < 1 − λ such that q_i − q_{i−1} > λ for i = 1, . . . , m. This is possible by the choice of λ in (3). For x ∈ V_i let

(33) G(x, y) := � T (x), q_i + λ � y − 1 2 � .

Obviously, for every (x, y) ∈ Q we have

(34) π_1(F (x, y)) = π_1(G(x, y)).

Let Λ^G :=

�_∞ n=0 G^nQ be the attractor of G. Clearly Λ^G consists of uncountably many horizontal segments. We can define I^G_n , I^G_∞, I^G_{∞,x} in a similar way for G as I^F_n , I^F_∞, I^F_{∞,x} was defined for F . Observe that geometrically the elements of I^G_n are rectangles with sides parallel to coordinate axes and the elements of I^G_∞ are horizontal segments.

Next we define a natural projection from Λ^G onto Λ^F which will be called Φ. Definition 4 (Definition of Φ).

PSfrag replacements

Figure 3: The definition of Φ.

For any I^G ∈ I^G_n there exists a Z ∈ Z_{n−1} such that I^G = G^n(Z). The corresponding horizontal (n−1)-cylinder for the map F is I^F = F^n(Z). Note that π_1(F^n(Z)) = π_1(G^n(Z)). For every I^F ∈ I^F_∞ we can find a sequence {Z^n}^∞_{n=1}, Z^n ∈ Z_{n−1} such that I^F =

�_∞

n=1 F^n(Z^n). In this way there is a corresponding element I^G ∈ I^G_∞ defined by I^G =

�_∞ n=1 G^n(Z^n). Let (a, b) ∈ Λ^G and let I^G ∈ I^G_∞ such that and (a, b) = Λ^G_a ∩ I^G. Further, let (a, b^′) := Λ^F_a ∩ I^F . The natural projection Φ : Λ^G → Λ^F is defined by Φ(a, b) = (a, b^′).

It is easy to see that Φ is a Lipschitz map and the following diagram is commutative:

(35) Λ^{G G} � Φ � Λ^G Φ � Λ^F_F � Λ^F

We say I, I^′ ∈ I^G_∞ have different first cylinder if a statement analogous to Definition 2 holds with replacing F with G everywhere. The main result of Steinberger’s paper [11] immediately implies the following result.

Theorem 2 (Steinberger).

(36) dim_H Λ^G = 1 + h_{top}(T ) − log λ . Since the map Φ is Lipschitz, we obtain the following result.

Corollary 1. dim_H Λ^F ≤ 1 +^{htop(T )}_{− log λ} .

In the rest of the paper we will prove that this upper bound is in fact the Hausdorff dimension of Λ^F .

To this end we need to prove that on the one hand the set of those points of Λ^F which are covered by at least two elements of I^F_∞ (Lemma 6) (“set of bad points”) is small. On the other hand, we need to prove something about the size of the small neighborhood of these points. We can prove the first below. The second is much more difficult and requires a proposition which uses a number of results proved earlier.

Let us denote the “bad” points of Λ^G that is the ones whose image with Φ in Λ^F have at least two preimages by

B := � x ∈ Λ^G : #Φ^{−1} (Φx) > 1 � . Lemma 6. We have dim_H(π_1(Φ(B))) = dim_H(π_1(B)) < 2^{htop(T )}_{− log λ} < 1.

Proof. Let I, I^′ ∈ I^G_∞ with different first cylinders. We define

B_{I,I}′ := � x ∈ Λ^G : x ∈ Φ(I) ∩ Φ(I^′) � . Further let B_1 := � B_{I,I}′ , where the union is taken for I, I^′ ∈ I^G_∞ with different first cylinders. It follows from the transversality condition that for such I, I^′ and their horizontal Ncylinders I_N , I^′_N we have

(37) |π_1 (I_N ∩ I^′_N )| ≤ c_1 · λ^N .

Note that

(38) π_1B_1 = � N≥1 � I,I^′ with different first cylinders

π_1(Π(I_N ) ∩ Π(I^′_N ))

Let 0 < s < 1 such that λ^s < exp {−2h_{top}(T )}. Then

lim_{N→∞} c_1 (#V_{N−1})^2 (λ^s)^N = 0.

Therefore it follows from (37) and (38) that dim_H B_1 < 1. Using that B = �_∞

n=1 G^n(B_1) completes the proof.

6. An invariant subset Λ_{k0} of Λ^F

To prove that in some sense the n-th level neighborhood of the “bad” points is small we need a result which provides us with a “large” subset of J on which T is conjugated to a Bernoulli shift and all k-cylinders of this subset are “long”.

Fix k_0 ∈ N. Let J_1, . . . , J_h ∈ V_{k0−1} closed intervals such that

D_{k0} = � x ∈ J : T^n(x) ∈ h� k≥1 J_k, ∀n ≥ 0 � , where D_{k0} is as in Proposition 1. Set

(39) s := s_{k0} = h_{top}(T |_{Dk0} ) − log λ . We define the h×h matrices A = (a_{i,j} )_{1≤i,j≤h} and D = (d_{i,j})_{1≤i,j≤h} as follows:

a_{i,j} := � λ^s, if T (J_i) ⊃ J_j; 0, otherwise, and d_{i,j} := � 1, if T (J_i) ⊃ J_j ; 0, otherwise.

Define Σ_D := � i ∈ {1, . . . , h}^Z : ∀l : d_{il,il+1} = 1 � and let σ be the left shift on Σ_D. Then by Theorem 11 in [3] the spectral radii are

(40) ρ(A) = 1, ρ(D) = exp � h_{top}(T � �_{Dk0} ) � . Since T |_{Dk0} is topologically transitive by Proposition 1 we have that both of the matrices A and D are irreducible. Then we know that there exist u = (u_1, . . . , u_h); v = (v_1, . . . , v_h); w = (w_1, . . . , w_h) ∈ R^h (each of them depend on k_0) such that for all i, u_i, v_i > 0, u · A = u, A · v = v, for all i we have w_i = u_i · v_i, and^h � i=1 w_i = 1. Moreover, the h × h matrix P = (p_{i,j})_{1≤i,j≤h} defined by p_{i,j} = a_{i,j} v_j v_i is a stochastic matrix and w · P = w.

Let μ be the corresponding Markov measure on Σ_D. These immediately imply that there exist constants c_1, c_2 (depending only on k_0) such that for all l ∈ Z and j ≥ 1 and for all admissible word [i_l, i_{l+1}, . . . , i_{l+j}] (according to the matrix D) we have

(41) c_1 · λ^{js} < μ([i_l, i_{l+1}, . . . , i_{l+j}]) < c_2 · λ^{js}.

Furthermore, set

Q_{k0} := D_{k0} × [0, 1] and F_{k0} := F � Q_{k0} .

We know that F_{k0} (Q_{k0} ) ⊂ Q_{k0} . Now we define

Λ_{k0} := ∞� i=0 F^i_{k0} (Q_{k0} ).

Then it is obvious that

(42) Λ_{k0} ⊂ Λ^F

holds for all k_0. For every l ∈ {1, . . . , h} we define

Δ_l := (J_l ∩ D_{k0} ) × [0, 1].

These are the first level vertical cylinders of Λ_{k0} . For an admissible word (i_1, . . . , i_q) ∈ {1, . . . , h}^q (according to the matrix D) the corresponding qlevel vertical cylinder is

Δ_{i1,...,iq} := Δ_{i1} ∩ F^{−1}_{k0} Δ_{i2} ∩ · · · ∩ F^{q−1}_{k0} Δ_{iq} .

Let p ≥ 1. For an admissible word (i_{−(p−1)}, . . . , i_0) (according to the matrix D) the corresponding “horizontal” (actually almost horizontal) cylinder of Λ_{k0} is

~S_{i−(p−1),...,i0} := F^p_{k0} � Δ_{i−(p−1)} ∩ F^{−1}_{k0} Δ_{i−(p−2)} ∩ · · · ∩ F^{−(p−1)}_{k0} Δ_{i0} � � � �

Δ_{i−(p−1),...,i0}

For an admissible word � i_{−(p−1)}, . . . , i_0, i_1, . . . , i_q � we call the set

~S_{i−(p−1),...,i0} ∩ Δ_{i1,...,iq}

a (p, q)-cylinder of Λ_{k0} . As we let p → ∞, q → ∞ for every i ∈ Σ_D these (p, q) cylinders converge to a point. This point is called the natural projection of i ∈ Σ_D to Λ_{k0} . That is

Π(i) := ∞� p=1 ∞� q=0 ~S_{i−(p−1),...,i0} ∩ Δ_{i1,...,iq} .

In this case we will write

(43) � i_{−(p−1)}, . . . , i_0 � 0 := {j : j_{−k} = i_{−k} for all 0 ≤ k ≤ p − 1}

and we say that � i_{−(p−1)}, . . . , i_0 � 0 is a non-positive p-cylinder of Σ_D.

It is easy to see that the following diagram is commutative:

(44) Σ_D^σ � Π � Σ_D Π � Λ_{k0}^{Fk0} � Λ_{k0}

The measure μ gives rise to a measure Π_∗μ on J × [0, 1] defined by

(45) Π_∗μ(A) := μ � Π^{−1}(A ∩ Λ_{k0} ) � . Note that Π_∗μ depends on k_0. However, for every k_0, Π_∗μ is a probability measure concentrated on Λ_{k0} .

7. Dimension of Λ_{k0}

Note that 2 <^{log λ}_{log λ2} by (5). Therefore Proposition 1 implies that the properties (46) and (47) are satisfied for all sufficiently large k_0.

Proposition 2. Assuming that k_0 is so large that

dim_H D_{k0} > dim_H(π_1(ΦB)) and

(46)

2h_{top}(T ) < log λ log λ_2

· h_{top}(T � �_{Dk0} ).

(47)

Then we have that

(48) dim_H Λ_{k0} ≥ dim_H(D_{k0} ) + h_{top}(T � D_{k0} )

− log λ , The proof of this proposition is divided into several lemmas. For the rest of this section we fix k_0 satisfying (46) and (47) and we write

s := s_{k0} = h_{top}(T |_{Dk0} ) − log λ and d := dim_H(D_{k0} ).

Lemma 7. Under the assumptions of Proposition 2 we have

Π_∗μ (π_1(Φ(B)) × [0, 1]) = 0.

Proof. Using the notations of the proof of Lemma 6 it is enough to prove that for every u ∈ N we have

(49) Π_∗μ ((T^uπ_1(B_1)) × [0, 1]) = 0

Let N > u. Then by (37) and (38) the set T^u(π_1(B_1)) can be covered by const_1 · (#V_{N−1})^2 intervals of length const_2 · (L^∗)^u λ^N . We choose q = q(N) such that λ^q_2 = λ^N . Since by Proposition 1 every [q]-level cylinder of D_{k0} has length at least const_3 ·λ^{[q]}_2 we obtain that T^u(π_1(B_1))∩D_{k0} can be covered by at most const_4 · (#V_{N−1})^2 · (L^∗)^u, [q]-level cylinders of D_{k0} . It follows from (41) that the μ-measure of such a [q]-level cylinder is at most const_5 ·λ^{[q]s}. Hence

(50) Π_∗μ ((T^uπ_1(B_1)) × [0, 1]) ≤ const_6 · (#V_{N−1})^2 · (L^∗)^u λ^{s·N·log λ/ log λ2} .

Using that λ^s = exp � −h_{top}(T |_{Dk0} ) � and also using that

lim_{n→∞} 1 n log #V_{n−1} = h_{top}(T )

by (47) we obtain that the right hand side of (50) tends to zero.

Corollary 2. Under the assumptions of Proposition 2 we have

Π_∗μ(Φ(B)) = 0.

Now we are ready to prove a finer result. We have seen that the set of those point which have not unique coding is a set of Π_∗μ zero measure. Now we will point out that most of those points which have only one code do have only the same code of the first n non-positive coordinates in a neighborhood of size close the the size of a horizontal n-cylinder.

Let x ∈ Λ_{k0} \Φ(B). Then there exists a unique i ∈ Σ_D such that x = Π(i). We define

L(x) := min {dist (x, Π(j)) : i_k = j_k∀k ≥ 0 and i_0 ≠ j_0} .

The meaning of L(x) is as follows: Let l be the vertical line which contains x. Then the symbolic representation of all points in the open interval on l of radius L(x) centered at x has the same zero coordinate as the zero coordinate of Π^{−1}(x).

It follows from Corollary 2 that the function L is defined for Π_∗μ-almost all points of Λ_{k0} .

For an ε > 0 and n ∈ N we define

O_n(ε) := � i ∈ Σ_D \ Π^{−1}Φ(B) : L � Π(σ^{−n}i) � < e^{−εn} � . Note that Σ_D \ Π^{−1}Φ(B) is the set of those i ∈ Σ_D for which there is a unique I ∈ I^F_∞ such that Π(i) ∈ I. So, there is no overlap in Λ^F at Π(i).

Lemma 8. For every ε > 0 there exists an 0 < η < 1, and a c_∗ > 0 and for every n there exists a set R_n(ε) ⊂ Σ_D such that

(a) O_n(ε) ⊂ R_n(ε),

(b) R_n(ε) is the union of non-positive � 1 +^ε_{− log λ} � n � - cylinders

(c) μ(R_n(ε)) < c_∗η^n.

Proof. Let

Q_n(ε) := � i ∈ Σ_D \ Π^{−1}Φ(B) : L(Πi) < e^{−εn} � . Clearly,

(51) O_n(ε) ⊂ σ^n(Q_n(ε)).

We define m by m := � ε − log λ n � . Let I_m be the pairs of non-positive m-cylinders of Σ_D with different zero coordinates. That is

I_m := � (τ, ω) : τ = [τ_{−(m−1)}, . . . , τ_0], ω = [ω_{−(m−1)}, . . . , ω_0] admissible words, τ_0 ≠ ω_0} .

The corresponding horizontal m-cylinders of Λ_{k0} are S_τ := Π(τ) and S_ω := Π(ω). Put X_n(ω) := � y ∈ Λ_{k0} : ∃x ∈ S_ω such that π_1(y) = π_1(x), dist(x, y) < e^{−εn} � . Then (52) Q_n(ε) ⊂ � (ω,τ )∈I_m

Π^{−1} [X_n(ω) ∩ S_τ ] .

It follows from Lemma 5 that (53) |π_1 (X_n(ω) ∩ S_τ )| < (c(k_0) + 2) λ^m. Now we define k by (54) k := � log λ log λ_2 m � . Then

(55) k ≤ log λ log λ_2

· m ≤ k + 1 , m ≤ ε − log λ

· n ≤ m + 1 , and k ≤ ε − log λ_2

· n ≤ k + 1 + log λ log λ_2 . This implies that k > m. Also from (53) we obtain that (56) |π_1 (X_n(ω) ∩ S_τ )| < (c(k_0) + 2) · λ^k_2 .

Let V_{k−1}(ω, τ) := {V ∈ V_{k−1} : V ∩ π_1 (X_n(ω) ∩ S_τ ) ≠ ∅} .

Using that the length of every k-cylinder of D_{k0} is at least cλ^k_2 by Proposition 1 and that π_1 (X_n(ω) ∩ S_τ ) ⊂ D_{k0} we obtain from (53) that (57) #V_{k−1}(ω, τ) ≤ c(k_0) + 2.

For an V ∈ V_{k−1} we can find v_1, . . . , v_k ∈ {1, . . . , h} such that V ∩ D_{k0} = π_1Π ([v_1, . . . , v_k]_k). Similarly S_ω = Π[τ_{−(ω−1)}, . . . , τ_0]_0. It follows from (41) that (58) μ[τ_{−(m−1)}, . . . , τ_0, v_1, . . . , v_k]_k ≤ c_2 · λ^{(k+m)s}. We introduce the set P_n(ε) ⊂ Σ_D defined by

P_n(ε) := � (ω,τ )∈I_m � V ∈V_{k−1}(ω,τ ) V ∩D_{k0} =π_1Π([v_1,...,v_k]_k)

[τ_{−(m−1)}, . . . , τ_0, v_1, . . . , v_k]_k.

Then clearly (59) Q_n(ε) ⊂ P_n(ε). Using (55) it follows that the set R_n(ε) := σ^nP_n(ε) = = � (ω,τ )∈I_m � V ∈V_{k−1}(ω,τ ) V ∩D_{k0} =π_1Π([v_1,...,v_k]_k)

[τ_{−(m−1)}, . . . , τ_0, v_1, . . . , v_k]_{k−n}

can be represented as horizontal (non-positive coordinates) n(1 +^ε_{− log λ} ) = n + m cylinders. Further (51) and (59) imply that O_n(ε) ⊂ R_n(ε). In this way the only thing to verify remains that (60) μ(R_n)(ε) = μ(P_n)(ε) → 0 exponentially fast. To see this note that it follows from (58) and (55) that

(61) μ(P_n(ε)) ≤ � (ω,τ )∈I_m � V ∈V_{k−1}(ω,τ ) μ � [τ_{−(m−1)}, . . . , τ_0, v_1, . . . , v_k]_k �

≤ c_2 (#V_{m−1})^2 λ^{s(k+m)} ≤ c_2 (#V_{m−1})^2 λ^{sm(1+log λ/ log λ2)}.

Therefore 1 n log μ(P_n(ε)) − 1 n log c_2 ≤ ≤ ε −m log λ

[2 log #V_{m−1} + sm(1 + log λ/ log λ_2) log λ] = = ε − log λ · � 2 m · log #V_{m−1} − h_{top}(T |_{Dk0} ) (1 + log λ/ log λ_2) � . Thus as n and consequently m tends to infinity we obtain that

lim_{n→∞} 1 n log μ(P_n(ε)) = ε − log λ � −h_{top}(T |_{Dk0} ) � < 0,

which completes the proof of the Lemma.

Proof of Proposition 2. For the rest of the proof we fix an ε > 0. We need some further notation. For an a ∈ D_{k0} we define the segment l_a := {a}×[0, 1]. For an i ∈ Σ_D we write

i^− := {j ∈ Σ_D : j_k = i_k for every k ≤ 0} .

This corresponds to the unstable fibre which contains Π(i). Geometrically the projection Π(i^−) is the almost horizontal line above D_{k0} of the attractor which contains Π(i). Analogously we define

i^+ := {j ∈ Σ_D : j_k = i_k for every k ≥ 1} .

This corresponds to the stable fibre containing Π(i) and also geometrically this means the vertical line containing Π(i).

We need the following very easy fact. Lemma 9. For every a ∈ D_{k0} we have

(62) μ � i ∈ Σ_D : a ∈ π_1Π(i^−) � > 0.

Proof. Let a = π_1Π (. . . , j_0, j_1, j_2, . . . ). Then � i ∈ Σ_D : a ∈ π_1Π(i^−) � = {i ∈ Σ_D : d_{i0,j1} = 1} ,

which a set of positive μ measure. Let G := � i ∈ Σ_D \ Π^{−1}Φ(B) : ∃N = N(i) such that ∀n ≥ N, Π(i) ∉ R_n(ε) � , where R_n(ε) is as in Lemma 8. It follows from Lemma 8 and from the Borel Cantelli Lemma that (63) μ(G) = 1.

Fix an arbitrary a ∈ D_{k0} \ π_1(Φ(B)). Set G_a := � i ∈ G : a ∈ π_1Π(i^−) � . Using Lemma 8 (b) we obtain that for any i, j ∈ Σ_D with i^− = j^− we have that either both i and j are contained in G_a or neither of them are contained in G_a. Now we obtain from (62) that (64) μ(G_a) > 0.

We define the measure ν_a on the segment l_a as follows: for an H ⊂ [0, 1] ν_a(H) := μ � i ∈ G_a : Π(i^−) ∩ l_a ∈ H � . We have seen in (64) that ν_a([0, 1]) > 0. Fix an arbitrary i ∈ G_a such that a = π_1(Πi). Put x := Π(i). Then by the definition of G we have that there exists a N such that for all n ≥ N we have i ∉ R_n(ε). Set

ρ_n := max � r : B(x, r) ∩ l_a ∩ Λ_{k0} ⊂ Π[i_{−(n−1)}, . . . , i_0]_0 � . Then for every n we have ρ_n > 0 by the choice of a. In this way (65) ν_a (B(x, ρ_n)) ≤ μ([i_{−(n−1)}, . . . , i_0]).

Now we estimate the magnitude of ρ_n. Let C_3 = C_3(x) := min_{0≤k≤N} L(F^{−k}x).

Since i ∉ Π^{−1}Φ(B) we have C_3 > 0. Thus we can find N_1 > N such that if n > N_1 then (66) min_{k≤n} L(F^{−k}(x)) > e^{−εn} holds. Hence by definition (67) ρ_n ≥ e^{−εn}λ^n, ∀n ≥ N_1.

It follows from the Frostman’s Lemma that ν_a-ess sup lim inf_{r→0}^{log νa(B(x,r))}_{log r} is a lower bound for the Hausdorff dimension of Λ_{k0} ∩ l_a. To use this we observe that for ν_a typical x ∈ l_a we have:

lim_{n→∞} log ν_a(B(x, ρ_n)) log ρ_n

≥ lim_{n→∞}

− log μ[i_{−(n−1)} . . . i_0] εn − n log λ = = lim_{n→∞}

− log μ[i_{−(n−1)}...i_0] −n log λ

1 −^ε_{log λ} ≥ s 1 −^ε_{log λ} . This implies that

(68) dim_H(Λ_{k0} ∩ l_a) ≥ s

holds for all a ∈ D_{k0} \ π_1(Φ(B)). Using (46) it follows from Theorem 5.8 in [1] that

(69) dim_H Λ_{k0} ≥ dim_H D_{K0} + s.

This completes the proof of the proposition.

8. The proof of Theorem 1

Proof of Theorem 1. The upper estimate follows immediately from Corollary 1. Using that for every k we have dim_H Λ^F > dim_H Λ_k we obtain by Proposition 2 that dim_H Λ^F ≥ dim_H(D_k) +^{htop(T |Dk )}_{− log λ} for every k. By (c) and (d) of Proposition 1 lim_{k→∞} dim_H(D_k) +^{htop(T |Dk )}_{− log λ} = 1 +^{htop(T )}_{− log λ} , completing the proof.

References

[1] K. J. Falconer, The geometry of fractal sets, Cambridge University Press, Cambridge, 1986.

[2] K. J. Falconer, Techniques in fractal geometry, Wiley, Chichester, 1997.

[3] F. Hofbauer, Piecewise invertible dynamical systems, Probab. Theory Related Fields 72 (1986), 359–386.

[4] F. Hofbauer, G. Keller, Ergodic properties of invariant measures for piecewise monotonic transformations, Math. Z. 180 (1982), 119–140.

[5] F. Hofbauer, P. Raith, The Hausdorff dimension of an ergodic invariant measure for a piecewise monotonic map of the interval, Canad. Math. Bull. 35 (1992), 84–98.

[6] M. V. Jacobson, Invariant measures for some one-dimensional attractors, Ergodic Theory Dynam. Systems 2 (1982), 317–337.

[7] H. McCluskey, A. Manning, Hausdorff dimension for horseshoes, Ergodic Theory Dynam. Systems 3 (1983), 251–260.

[8] P. Raith, Hausdorff dimension for piecewise monotonic maps, Studia Math. 94 (1989), 17–33.

[9] P. Raith, Continuity of the Hausdorff dimension for invariant subsets of interval maps, Acta Math. Univ. Comenian. 63 (1994), 39–53.

[10] K. Simon, Hausdorff dimension for noninvertible maps, Ergodic Theory Dynam.

Systems 13 (1993), 199–212.

[11] T. Steinberger, Hausdorff dimension of attractors for two dimensional Lorenz transformations, Israel J. Math. 116 (2000), 253–269.

Franz Hofbauer Fakultät für Mathematik, Universität Wien, Nordbergstraße 15, 1090 Wien, Austria e-mail address: franz.hofbauer@univie.ac.at Peter Raith Fakultät für Mathematik, Universität Wien, Nordbergstraße 15, 1090 Wien, Austria e-mail address: peter.raith@univie.ac.at Károly Simon Institute of Mathematics, Technical University of Budapest 1521 Budapest, Pf. 91, Hungary e-mail address: simonk@math.bme.hu