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Abstract. We prove that the solenoid with two different contraction coefficients has zero
Hausdorff and positive packing measure in its own dimension and the SBR measure is
equivalent to the packing measure on the attractor. Further, we prove similar statements
for Slanting Baker maps with intersecting cylinders (in R?).

1. Introduction

The SBR (natural) measure carries the most important information about strange attractors.
For many conformal hyperbolic attractors it is equivalent to the Hausdorff measure on the
attractor. However, it happens that the appropriate dimensional Hausdorff measure of the
attractor is zero while the packing measure is positive and finite and equivalent to the SBR
measure. In such a case it is the packing measure which is dynamically relevant. Such a
phenomenon has been previously observed by Sullivan in the context of parabolic Kleinian
groups, then by Denker and Urbariski [5] in the context of parabolic rational functions,
then by Urbanski [20] for non-recurrent rational functions. Also, the same phenomenon
was observed for infinite iterated function systems [9], parabolic dynamical systems [10]
and finite iterated function systems with overlapping cylinders [13]. In this paper we point
out that such a situation (when the packing measure is the dynamically relevant measure)
may occur even for the simplest axiom A diffeomorphisms. Based on this we believe the
following.

CONJECTURE 1. Let A be the attractor of an axiom A diffeomorphism. Then ‘typically’
its SBR measure is equivalent to the appropriate dimensional packing measure restricted
to A.

The examples we will consider include the solenoid, which is a most natural non-
conformal hyperbolic attractor, and the Slanting Baker maps. The Smale—Williams
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solenoid (see [15] and [16] for an illustration and more details) has an expanding and
two contracting directions. As an example, let A be the attractor of the map

(t,x,z) > (2t (mod 1), A1x + ecos(2mt), Ayz + € sin(27t)), (1.1)

the map being defined on the torus S' x D, where D is the unit disk. We assume that the
contraction ratios are different so that the map is non-conformal. In order to assure the
map to be injective, we also have to assume that the greater contraction ratio A1 is smaller
than %

It follows from a recent result due to Hasselblatt and Schmeling [7], that all angular
sections of A share the same Hausdorff and packing dimensions. On the other hand, it
was proved in [17] that the Hausdorff and the upper box dimensions (hence the packing
dimension as well) of A are 1 + s, where s = log2/—log 1. Combining these theorems,
one can see that the Hausdorff and packing dimensions of all angular sections of A
are equal to s. We prove that the (1 + s)-dimensional Hausdorff measure is zero and
the (1 + s)-dimensional packing measure is positive and finite. Similarly, almost every
section has zero s-dimensional Hausdorff measure and positive s-dimensional packing
measure. Most importantly, the SBR measure for the solenoid (1.1) is equivalent to the
(1 4 s)-dimensional packing measure.

We also consider plane maps, so called Slanting Baker maps. They were first studied
by Falconer in [6]. These are maps of the rectangle [0, 1] x [—1, 1] into itself. An example
of these is given by the formula

(t,x) — (2t mod 1, A(x — ®(1))), (1.2)

where ®(f) = 1 — |2t — 1] is the tent map, investigated previously by Carter and
Mauldin in [3]. Our results imply in this particular case that the attractor A has zero
Hausdorff measure but positive and finite packing measure in the dimension 1 + s, where
s = log2/—log A, whenever A < % Also in this case the SBR measure is equivalent to
the (1 4 s)-dimensional packing measure.

Both in the case of solenoid and of Slanting Baker maps we need some linearity
assumptions to prove results on the packing measure. We can prove the Hausdorff measure
results in much greater generality.

2. Results
Following Bothe [1] we consider more general solenoid maps than that in (1.1). Namely,

let D be the unit disk in R? centered at the origin. We consider a map f defined on
[0,11x D C R3 by the formula

ft,x,2) = (g(t), M (t, x), a(t, 7)) 2.1)

where the component functions g : [0, 1] — [0, 1]and Ay, A7 : [0, 1] x [—1, 1] = [—1, 1]

satisfy the following assumptions:

(a) we can partition [0, 1] into closed intervals Iy, . . ., I,, with disjoint interiors;

(b) foreveryl <k < m, g :int(fy) — (0, 1) holds and is an onto and c? map with
lg'(x)| > ¢ > 1forx € int(ly);
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(c) the second and third component functions A1, Ay are C> maps with partial derivatives
satisfying 0 < g1 < (3/9x)A1, (0/02)A2 < g2 < 1.
Furthermore, we say that f is linear in the special case when g(¢) and A; (¢, x) are of the
form
gty =mtmod1 and X;i(t,x)=Ajx+ri(), i=1,2 2.2)

where m € N, 0 < A; < 1,i = 1, 2 are constants. Notice that here we do not require the
linearity of r; (1) i =1, 2.
Put

- el _ d
Q1(t, x,2) :=log == hi(t. x),  @2(t, x, 2) :=log =~ a(t. 2). 2.3)
Z

Let P = Py be the topological pressure for the transformation f~! and let s; and s, be
the solutions of the pressure formulas:

P(s191) =0 and P(s2¢2) =0. 2.4)

We assume that
s <51 <1 2.5

holds. Because of the symmetry between the second and third component functions,
without loss of generality we may always require that (2.5) holds if the solutions of the
two pressure formulas are different. This means that the contraction in the direction of the
z-axis is stronger than in the direction of the x-axis.

Observe that the first two component functions of f depend only on the first two
variables. So we may consider the projection of f to the first two coordinates. In this
way we obtain

ft,x) = (g(0), A1(t, x)). (2.6)

The attractors of f and f are A and A, respectively. That is
_ o _ o
A= ﬂf”([o, 11x D) and A := ﬁf”([o, 11 x [—1,1]).
n=0 n=0

It is important that f is a one-to-one map, but f is not. Thus the unstable lines of A may
intersect each other.

Over each object in R? we use a bar (like f and A). The same notation without the
bar means the projection of that object in space to the coordinate plane of the # and x axes
(like f and A).

It was proved in [1] and [17] that

dimg A =dimp A =1+s; and dimyg A =dimp A =1 + s 2.7

hold if all intersections between unstable lines of the attractor A are transversal.
This transversality condition was checked for the solenoid (1.1) with two different constant
coefficients in [17]. The main results of this paper are as follows.

THEOREM 1. If there are at least two intersecting unstable lines of A then both
HITSH(A) = 0 and HIT$1(A) = 0.
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THEOREM 2. If all intersections between the unstable lines of A are transversal and f is
linear (see (2.2)), then the (1 + s1)-dimensional packing measures of both of the attractors
A and A are positive and finite. That is

0 <P (A) < PIT(A) < 0. (2.8)

Moreover; the SBR measures both for f and f are equivalent to the (1+s1)-dimensional
packing measures on A and A, respectively.

Remark 1. The maps (1.1) and (1.2) mentioned in §1 are linear in our sense and the
transversality condition mentioned in Theorem 2 holds, so all the results above apply to
them.

Remark 2. In Theorem 1 we do not require that the intersections between unstable lines
of A be transversal. However, we can guarantee that the Hausdorff dimension is 1 + s
only if this transversality condition holds. Bothe proved in [1] that if we assume that the
contractions are strong enough, then this transversality condition holds on a residual subset
of endomorphisms f with intersecting unstable lines. So, the transversality condition
typically holds in some sense in the case of strong contractions.

Remark 3. If there are no intersections between the unstable lines of A then the Manning
McCluskey Theorem applies for A. It follows that the (1 + s1)-dimensional Hausdorff
measures of both A and A are positive and finite. Then obviously both A and A have
positive and finite (1 + s1)-dimensional packing measures as well. Therefore, without loss
of generality we may assume in the rest of the paper the following.

PRINCIPAL ASSUMPTION. There are two unstable lines of the attractor A intersecting
each other.

3. Notation
Forany H C [0,1] x D and ¢t € [0, 1] we write H(t) for the z-angular section of H.
Thatis H(t) := H N ({t} x D).

To construct a symbolic dynamic, we introduce the symbolic space ¥ := {1, ..., m
As usual we write o for the left shift. For technical reasons the right shift o~ on = will
commute with f on A via the natural projection IT : ¥ — A. To define this natural
projection we write [;, ;, = ﬂzzl g_(k_l)(lk); further, put A,-l__,,-n = I;..i, x D and

n

}2.

Aj i, =1 ..i, x [—1,1]. Forani € ¥ we define
@) = lim (Ay i o,y N " (Ai,i))- 3.1)
n—o0
We call a set A,-O,_,,-_(n_l) the vertical n-cylinder and Si1...i,1 = f”(Ai,,...i]) is called the
horizontal n-cylinder, while the set G™" = Aig..i oy, N ["(A,.)) is called

the n-cylinder. Note that a horizontal n-cylinder S',-l ..iy 1s a tube from the wall {0} x D
to the wall {1} x D in [0, 1] x D. In the special case when our map is of the form (1.1),
all its angular sections S‘i] i, (1), fort € [0, 1], are ellipses with half axes A7, Ag. Note the

first (¢) coordinate of the point I1(i) € [0, 1] x D is ﬂZOZO A This is determined

i()...i_(,,_|)-
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by the non-positive coordinates of i. So, we may introduce @) := ﬂzozo AiO---i—(n—])'
In this way I1~ defines a map both from ¥ and from
X7 = {(ip,i-1,...)]ix € {l,...m} fork < 0}

into [0, 1].

We also see for any i € X that the intersection of tubes ﬂzozo S',-, ..iy 18 a curve called
1_\,-|,-2...(t) fort € [0, 1]. Clearly A= UieE [\,-,,-2.... Let us call Curves the set of all curves
Aiyiy.... Thatis, Curves := {A;;,...|i € 2T}, where

>t = {1, i, .. )ix € {1,...m} fork > 1}.

Then T+ (i) := A;;,. .. defines a map both from ¥ and X into Curves. Furthermore,
we define

po(t,x,2):==t, p1(t,x,z2):=(,x), p2(t,x,2):=(t,2).
Changing from R3 to the (z, x) coordinate plane we repeat all the above definitions, using

the same notation without bars over the symbols. Obviously,

I1=poll, Ajjiy.(t) = p1 o 1_\,-1,-2...(t), Curves = p1 o Curves.

LEMMA 1. There is a uniform bound K for the derivative of the C* curves t Ajjiy... (1),
That is, there exists a K such that for every iiy - - - the curve |(d/dt)Aj,i,...(t)| < K holds
for everyiyia--- and foreveryt € [0, 1].

Proof. Using that
Aiyiy (1) = [1. 21085 (0. 21 (85, 08 (). M (. )))] (32)

we immediately get the statement of the lemma. a

Let u be a measure on R” and X be a point in the support of . Then the upper and
lower s-dimensional density of the measure u is defined by

w’ B(M, X, s) = limsup M
r

s
r—0 r

D(u, X, s) = liminf
r—0
The following lemma is well known (see [8]).

LEMMA 2. Ifﬁ(u, X,s) > cforall X € E, then H*(E) < constant - (u(E)/c); further,
if D(u, X,s) <cforall X € E, then P*(E) > constant - (u(E)/c).

4.  The proof of Theorem 2

Our aim in this section is to prove Theorem 2. Therefore, we always assume in this section
that all intersections between unstable lines of A are transversal. We start with an easy
lemma we will use later.

LEMMA 3. Let n be a measure, I, a family of real-valued functions, each satisfying the
inequality
n({x [ l(x) > M}) < h(M)

for a function h : R — R. Denotel (x) = lim I, (x). Then

n— 00

n({x | 1(x) > M}) < h(M).
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Proof. We can write
e > M= (M tx L&) > M),
N n>N

This is a union of an increasing family of sets, hence the measure of the union equals to
the supremum of measures of these sets. However,

77(ﬂ{)€|ln(x)>M}> = n({x | Ing1(x) > M}) < h(M). 0

n>N

We work with the linear Slanting Baker map
f(t,x) = (mt mod 1, Ax + r(2)). 4.1)

As we assume transversality, there exists Q such that any two w, 7 € >+ with o #* 1
the lines A, A; intersect each other in at most Q points. The mapping mt mod 1 will be
denoted by g. In our case s; = logm/—log A, hence mA < 1. Let us define the functions
Li:3t - Aand L, : T+ — A by

Li(w) =Ap(t) and L; = pjoL;. 4.2)

Let /i be the Bernoulli measure on £ given by the probability vector (1/m, ..., 1/m).
Denote by u; its projection under L;. We denote

u:/u,dt.

Note that u = I, and that p is the SBR measure for the Slanting Baker map (4.1).
Similarly, ji = IT4/i is the SBR measure for the solenoid. When we write ", " or i’ we
always mean that they are elements of {1, ..., m}".

Let U be an open interval. We will denote by U, (fo) the intersection of the line t = £y
with the image of the strip {(¢, x) | # € A, ..o, X € U} under f". We write

J(@", ") = {t | Uw (t) N Urn (1) # B}

We can find Q (independent of w, t) such that for every n this set is a union of at most Q
intervals J (i)(a)”, ™). We assumed that all intersections between unstable lines of A are
transversal. It follows that there exists 0 < ¢ < C such that if w; # 7 then each of these
intervals (except possibly those containing 0 or 1 which may be shorter) has length

A < |JD(@", )| < CA", (4.3)
since |Uyn | = |Un| = |U|A.

Forar € [0,1], k > 0 and o", ", let us denote the number of those i¥ for which
Ui () N Uspen (t) # D by Ji (0", T)(t). That is,

Je(@", T (@) = (i’ | 1 € T, FTM). (4.4)
Therefore,
Te(@", T (0 =D 1y (85" (1) (4.5)
ik

One can see this as the characteristic function of the set g% (J (", t")), counted with
multiplicities.
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LEMMA 4. For every n big enough, every ", t"* and every t1, ta, we have
|k (@", T") (1) — Sk (0", T")(22)] < Q. (4.6)

Moreover, if w1 # T1 then for every n:

/ Je(@", T (1) dt < CON"m*. 4.7

Proof. Denote G(t) = mt, acting on the real line. This mapping is semiconjugated to g,
hence
J(@, T =tdeZ |t +d e GF(J (", t™))}).

The sets J @ (w", t") are intervals, hence sets G¥(J® (0", t")) are also intervals, only
m* times longer. They are disjoint, hence we may write

Je(@", T (1) = ij{d eZ|t+deGruD W, ).

Now every one of the summands on the right-hand side of this equality may differ at most
by 1 when we change ¢ and that implies that (4.6) holds.

The second part of the assertion immediately follows from (4.3) and from the definition
of Jr (", T")(1). O

‘We denote )
An(t) = 8{(@", T") | U (t) N Uen (1) # V).

Similarly,
Ap(t) = 8{(@", ") | 01 # 1, U (t) N Urn (t) # 0},
We use the convention AO =1, A9 =0. As A, is the sum of characteristic functions of all

possible sets J (", T) with | # 71 (there are m>*~! (m — 1) of them), we can use (4.3)
to obtain the following estimation:

/A,,(t) dt < C'ON'm*Y(m — 1), (4.8)

which is again true for all n.
The following proposition is crucial for the rest of the section.

PROPOSITION 1. There exists K > 0 such that for almost every t (with respect to the
Lebesgue measure), limsup,,_, .. m~"A,(t) < K.

Proof. If w1 = 11 then the sets U,y (¢) and U, () intersect each other if and only if the
sets Ug, ..o, (g;l1 (t)) and Uy, 4, (g;l1 (¢)) do, because the mapping f restricted to A, is
bijective. Hence
m
An() = An@®) + ) Apa(g7 ().
i=1

Recursively, the formula follows
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We can write

K (n) n
m A () =mT" Y Y Ank(f)—l—(l—i-m” > A,,k(f))

k=0 Feg=k(r) k=K(n) feg—*k(t)
where K (n) = ((—logc — nlogi + log Q)/(logm — log A)). The two summands will be
denoted by B; ,(t) and By ,(¢).

Let us start our estimations from the second one. If k > K (n), then cA" *mF > Q.
Then for any #; and #, and for any @" %, "% guch that w; # 11, Lemma 4 gives us
L _ @ ) 0+1.

O+ 17 Ji(w=k, en=k) (1)

One has only to notice that

Yo A= > k@)

fegk() "k TR )£

to get a similar statement for B ,: for all 71, 12,

1 B x(t1)
: 1. 4,
0+1 = Baniiy =27 (*9)

We will now estimate the average values of B; , and B; . Using (4.8) we get

K(n)
/Bl,n(t) dt <m™ Y " m*COA"Fm® = om — 1) & (mayr K™
k=0
and as mA < 1 and n — K (n) is asymptotically a linear function of n, we get

o0
Z/Blg,,(t)dt < oo,
n=1

so that By, (t) goes to zero for almost every ¢. Similarly,
n
/Bz,n(t) dt <m™" <m" + > mrconEm® T m — 1)) ~ 1
k=K (n)
hence (by (4.9)) B »(¢) is universally bounded. The assertion follows. O

Until now, we did not need any assumptions about the set U. Now we will assume it is
so large that

AC[0,1]xU.
Choose ¢ and let (¢, x) = A,(t). The measure u, is defined as the IIT projection of
the {1/m, ..., 1/m} distributed Bernoulli measure on the symbolic space £ . We can

choose constants 0 < ¢y, ¢2 (dependent on U) such that for any x € Ay (t), if Uyn () N
U.n(t) # O, then the ball B, ;» (x) will contain U« (t) (hence A.»(t) as well); while if
Uy (1) NUpn (¢) = @, then the ball B.,;» (x) will not intersect A.» (¢). The constants cy, c2
depend only on U (but not on #, w or n). We obtained

i (Ben (%)) = m™" Ay ()

} (4.10)
Wi (Beypn (x)) <m™" A (@)

where A; (") = #{t" | Upr (1) N Uen (1) # ).



Hausdorff and packing measure for solenoids 281

Note that } 3
Y A" = Ay (1),
hence -
W7 on An(t)
s 1A = My < — . (4.11)

We may now prove Theorem 2.

Proof. First we prove that the packing measure of the attractor is positive. Note that it is
enough to prove this for the two-dimensional map f (4.1) as the corresponding attractor A
is the projection of A.

We introduce a new open interval V, containing U. All the statements we proved for U
in this section also remain true for V (except perhaps the constants may change). We will
use the notation A, (7; U) or A,(t; V) (and similarly for other functions) to distinguish the
functions defined above for U from analogical ones we define for V.

Given w, A, (t) is a Lipschitz function. Hence we can choose V in such a way that

U (1) NUpn (t) # ) = for all fe (t— A+ )\n), Von (f) N Vin (f) #+ 0.
We have

A" V) > sup A;(t"; U),
fe(t—An, t+Am)

hence (by (4.11))

A~n(t; V)

#r" | I e (t — A" 14+ A7), A (T U) > MY < (4.12)

We want to prove that the (1 + s1)-dimensional packing measure of A is positive.
In order to do this we only need to prove that the lower (1 + s1)-dimensional density
of the measure w is finite for p-almost all (¢, x). We may assume that our ¢ is chosen such
that the assertion of Proposition 1 is satisfied for A,,(t; V). For almost all x we have

D, (t,x),1+5) < C"lim,_, , A"V p((t = 2" 1 +1") X Beypn (Ao (D).
We recall that A=%1 = m. Using (4.10) we get
w((t = A"t 4+ A" X Beyin (Ap(D))) < 2"m™  sup  Ap(o"; U).
fe(t—M A1)

Hence, we are interested in the lower limit (when n goes to the infinity) of
SUPFe(r—an 147 A;(w"; U). We can now use Lemma 3 for n = u;, h(M) = (K + 1)/M,
In(w) = Supseq—_n s4am) Az("; U) from (4.12) and Proposition 1; for Lebesgue-almost
all r we get that

2(K+1)
we({x | D(u, (5, x), 1 +5) < M}) = 1— o
Using (4.2) we obtain a little bit more than the positivity of the packing measure, namely
dp'
>0 pu-ae. (4.13)

dup
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If our Slanting Baker map is the two-dimensional projection of the solenoid map, the same
result must be true for the solenoid map as well (for the measure ft).

Now we prove our remaining assertions, both for the (two-dimensional) Slanting Baker
map f and for the (three-dimensional) solenoid map f. In the case of the Slanting Baker
map, consider another Slanting Baker map f with the same g and A, but bijective on its
attractor A; in the case of the solenoid map let f be a linear solenoid with same g, A1, with
A2 = Ap and let A be its attractor. It is well known in both cases that such a A has
positive and finite (1 4 s1)-dimensional Hausdorff and packing measures and the density
dP'+51 /d i (where the packing measure is restricted to the attractor) is uniformly bounded
from both below and above, see [11]. We then have the semiconjugacy (for Slanting Baker
maps) or conjugacy (for solenoid maps) acting from A onto A (for Slanting Baker maps)
or A (for solenoid maps), given by

]’l[:Ltoit_l, htzitoi;l

for the Slanting Baker transformation and solenoid, respectively. It is well defined, because
the projection L; from % onto {(7,...) € A | 7 = ¢} is one to one.

For both Slanting Baker maps and solenoid maps this (semi)conjugacy is Lipschitz.
Then the densities dP!*1 /du (for Slanting Baker maps) or dP'*51/dji (for solenoid
maps) may be greater than dP'*51/d i by at most a multiplicative constant, hence they
are uniformly bounded from above. This proves the finiteness of the (1 + s1)-dimensional
packing measure of A and (together with (4.13)) equivalence between P!+51 and u (). O

5. The proof of Theorem 1
In this section we consider the nonlinear case. We will define a measure supported on A
which is not invariant but has full Hausdorff dimension.

5.1. The measures we need We define the potentials Wi, V> : ¥ — R by ¥ (j) :=
log(3/0x)11(p1(I1(0j))) and W1 (j) := log(9/32)A2(p2(I1(0}j))). Observe that Y (j)
oM@, k=12

Then using that IT : ¥ — A is a homeomorphism, it follows from [2, Proposition 2.13]
that

P(s1¥1) =0 and P(s2¥2) =0 G.D

hold. Denote the Gibbs measures of the potential s;\; by v; (I = 1, 2). Then there exists a
d > 0 such that
n—1
vt ...ip) € [d71, d] exp <Sl Z \Dl(ak(i))) 5.2)
k=0
holds (I = 1, 2) (see [2, p. 10]). Consider X as a product space of £~ x I and we write
v, vl‘|r for the induced measures on ¥~ and £, respectively. Then it follows from the
o -invariance of the measure v; and from (5.2) that

v~y X vl+ [=1,2. (5.3)

Note that l:[*vl_ is a measure on [0, 1] and I:I*vl+ is a measure on Curves. In the linear
case, the measure IT,v,” is the Lebesgue measure. However, in general IT,v;” is singular
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to the Lebesgue measure. Let n be the absolutely continuous invariant measure for g.
Then T !(n) is a measure on X ~. We define a measure supported on A which is not
invariant in the nonlinear case, but has full Hausdorff dimension. We also call it u since in
the linear case it is invariant and even coincides with the SBR measure. In general, there is
no invariant measure of full Hausdorff dimension see [11].

= TL((IT) ) x vih). (5.4)

LEMMA 5. For vi-almost every j € X and for any ¢ > 0 there exists an L = L(j) such
that, if n > L, then

n—1 ks

o Vi(o s

S d 2 53

k=0 W (")) 51
Proof. Using the definition of v; and v, and the variational principle (see [2]) twice, we
get that

0= P(s1V¥1) = hy (o) +51/\L’1 dvy,

and
0= P(s2¥2) =huz(0)+S2/‘I/2dv2 Zhu1(0)+S2/\I/2dv1.

Since W; < 0, i = 1,2, we obtain that [ Wy dv; /[ W dv; < s2/s1.
From the ergodicity of v; we have that for vi-a.e. j € X, (1/n) ZZ_I Ui (okj) —

S W1()dvi() and (1/n) Zz;l Wy (a*j) — [ Wa(j)dvi(j) which immediately follows
the statement of the lemma. O

5.2. Bounded distortion lemmas. We recall that f, A; ., I1, Si, i, C[""[” ) and A

10.--l—(n—1
were defined as the p; projection of f Ail ins I, S‘i] wins C_fé.'.'.'ff(nil) and A, respectively.
In this section, we work mainly in the (¢, x) coordinate plane. Therefore, to simplify the
formulas, we write A instead of 1;. Because of the symmetry, all the results remain valid
if we apply the projection p; instead of p1.
i1...in

Let us denote the set of n-cylinders Cio...i,m,l) on the (¢, x) coordinate plane by Cp.

It follows from the hyperbolicity of the map f that there is a constant ¢; > 0 and
0 < p < 1 such that for every n-cylinder, diam(C;'" )) < c1p". From this, we

-l (n—1
immediately obtain the following lemma.

LEMMA 6. There exists a constant ¢y > 0 such that for any k € N and any C € Ci, we
have |log(9/0x)A(z1) — log(d/9x)A(z2)| < czpkfor any 71, z2 € C.

In the following two lemmas, we frequently use the second component function f;'
of the function f". That is, f"(t,x) = (g"(1), f5'(t,x)). Obviously f)'(t,x) =
A1), fz”*1 (¢, x)). Thus, using the chain rule,

n—1

d n _ i
S P = IQ) AP, (5.6)

where P = Py = (t,x) and Py := fk(P).
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LEMMA 7. There is a constant c3 > 0, such that ifPl, PlecCe C,, for some n, then

1 @/0x) frPh
;< 7(8/8x)f2’1(P2) <3 5.7

holds.

Proof. Note that Pk1 = fk(Pl) and sz = fk(Pz) are in the same n — k cylinder. Thus, it
follows from Lemma 6 that |10g(8/8x))\(Pkl) - 10g(8/8x)A(P,3)| < c2p"*. Therefore,
we have | /20 1og(3/3x)A(P}) — Y{Zg log(8/8x)A(P)| < c2/(1 — p) for every n.
Using (5.6) we obtain that

(3/3x) f3(PY
og m 5
(9/9x) f31(P?)

c2
1-p

This completes the proof with ¢3 := exp(c2/(1 — p)). O

LEMMA 8. There exists a ca > 0 such that, for all t € [0, 1] and for every x1,x2 €
[—1, 1], we have
L @/ (P

c, < (8/8x)f2”(P2) <cq (5.8)

for P! = (¢, x1) and P* = (1, x2).

Proof. The same was proved in [19, Lemma 3.1]. O
Putting together the last two lemmas, we obtain that for t1, 5 € [j;... et for some

Jo ... Jj—@—1), and then for arbitrary x1, x € [—1, 1],

a/0x) (11, x

C5_l < ( / )fzn(l 1) < ¢ (5.9)

(9/9x) f5 (22, x2)
holds with ¢5 = C3c§. Namely, let (ji, ..., jn) be arbitrary. We choose points Pj, Py €
Cﬁ_’_‘:ﬁ(ﬂ_” such that their first coordinates are 1, t», respectively. Then it follows from

Lemmas 7 and 8 that

—1 g(t, x1) —1 g(P1) —1 g(P)
<c <

c, < <c4, ;7 < 3, ¢
e g g, x)
It immediately follows that (5.9) holds.
We are going to use the lemmas above as follows. Let ¢ € I;, ; andlet 6 = g"(z).
Then f5'(¢,-) : ({t} x [=1,1]) — ({0} x [=1,1]) and S, _;, = f"(L},..j x [=1,1]);
further,

a n
[Sj1in @) = 25 f3 (1. (5.10)

holds for an x € [—1, 1].
Vice versa, forany 6 € [0, 1]and j; ... j, wecanfinda (¢, x) suchthatr € I;, ;,6 =

g"(¢) and (5.10) holds. In this way (5.9) implies that for any ji . .. j, and 8, 6> € [0, 1]

—1 1Sj 0D

s < < cs. (5.11)
SIS, 6]
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This means that the ratios of the width of §;, ;, for different 6 are uniformly bounded.
We need one more bounded distortion lemma. Let us denote the set of finite words in the
alphabet {1, ..., m} by ¥*. Thatis, ¥* := U,fil{l, omlk Usually we write i, j, 7, @
for the elements of X*.

LEMMA 9. Forany 01, 62, 63,64 € [0, 1] and any1i, j, T € T*, if

15i(601)] € (1. e9)
[S5(62)] ’
then 15:1(69)]
7i\V3 -3 3
———— € (cs ey, czen). (5.12)
|Sej0n] ~ 0 7
Proof. Using that
f(Sl N Ark...r]) = S‘[ki N A‘L’/(_|...‘L’| (513)

we obtain that fk(Si N Ag..zy) = Sei and fk(Sj N Ag..z) = Szj. Thus, there exist
1,1 € Aq..r; and x1, x2 € [—1, 1] such that

d d
1Si(11)) 5f2"(n,x1> = |S:(63)| and |Sj(12)|‘£fzk(l2,x2) = |S7j(0s)].  (5.14)
Hence,
1S2:(03)  1SiGOI@/9x) fX (. xD] 5 4
= T € (c5 e1, cse2)
1S5 @01 [S5(22)11(3/3x) f5 (2, x2)|
follows from the assumption of the lemma and (5.9). O

5.3.  Lemmas about intersecting horizontal cylinders. In this section we prove that there
are many horizontal cylinders (as many as we wish) of approximately the same size lying
close (in comparison to their size) to each other.

LEMMA 10. For an arbitrary N € N we can findi', ..., i", such that:

(@ Sx(0) C $;1(0) and | S, (0)] > qlc;3|Szi| (0)| foreveryz € £* and 6 € [0, 1];

) 1S@)]/185:0)| € [c;3q1, cg/ql]foralll <k,l <Nandb € [0, 1]; we recall that
q1 was defined as the minimum of (3/9x)\.

First observe that (b) immediately follows from (a).

Proof. We use mathematical induction to prove (a). For N = 1 the statement is trivial.
For N > 1 assume that we have already constructedi', ..., i¥~! satisfying (a). It follows
from our principal assumption that there exist w, T € £ such that the curves A (¢) and
A+ () intersect each other at a certain 7y € [0, 1] and 77 # w1. Then there exist L such
that for each k,n > L the horizontal cylinders S;,. ; and S, . 4, also cross each other.
Lett :=(t1,..., 7). Then

FESi N Agy.z) = Szir (5.15)
holdsforl < p <N — 1.
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Therefore, from the assumption we obtain that Szj» C S;;1 for2 < p < N —1. We can

choose k > N and ¢/, t” € [0, 1] such that, for @ = w1, ..., w; and 6 € [¢', "], we have
Se@) C S;;1(0) and  q1|S;;1(0)] < 1S, (0)]. (5.16)
Choose j := ji,..., jg such that A; _; C [t',¢"]. Using (5.16) and Lemma 9 we

obtain that Sj,, () C Sjg;1 (1) and c;3q1|Sj,il ()| < 1Sjw(®)| holds for all ¢ € [0, 1]. Also, it
follows from the assumption that Sjzip (1) C Sj;41(f) and c5_3q1|Sjril O < |Sjrir ()|
holds for2 < p < N — 1 and all ¢+ € [0, 1]. Thus the N different horizontal cylinders

Sj.[il, Sjw, Sjzir for 2 < p < N — 1 satisfy the assumption. O

Fix N andi!, ..., i" constructed above. Let O be the subset of 1 covered infinitely
many times by | J,-, o ~"i!. That s,

0 = {j € =7 | Finfinitely many k € N such that c*j C i'} (5.17)

Remark 4. Tt follows from the ergodicity of the measure v1+ that v1+(Q) = 1. Furthermore,
it follows from the definition of Q that there are infinitely many k such that for some

™ = (r,..., %), Aj C Spkn holds. This implies that, for every 6 € [0, 1], the
r = |81 (8)] neighborhood in [—1, 1] of the second coordinate of the point A;j(6)
contains N intervals S ;1 (9), ..., Sgkin (8) of approximately the same size. So, the upper

t-density of the measure Leb x v* is infinite almost everywhere. This follows that the
t-dimensional Hausdorff measure is zero.

In fact we prove more than this, namely an analogue statement in space.

5.4. The axes of the ellipses. Consider S’j (t) for an arbitrary ¢ € [0, 1]. This is an ellipse
in the very special case when f is defined by (1.1). In general, S‘j (¢) is not an ellipse but
contained in the rectangle with vertices

(", -1,0), f6,1,0), f"©6,0,-1), (6,0, D)
where 6 € I;,_j and g"(0) = t. Let Aj1 ), Aj2(t) be the length of the horizontal and
vertical sides of this rectangle above. That is, Aj1 (1) is the distance of the first two vertices
and Ajz(t) is the distance of the last two vertices of the rectangle above. Then we can
express Aj.‘ (t) with Y.

LEMMA 11. Letj = (j1 ... jn) be arbitrary. Foranyt € [0, 1], ® € (ji ... ju), that is
w; = ji for 1 <1 < n, the following holds:

HO! 2
p— € (—,ZCS) k=1,2. (5.18)
exp( 20 I/fk(Cfl&’)) s

Proof. Fix t € [0, 1]. We can find 6 such that g"(9) =t and 6 € [}, j,. Itis enough to
prove the lemma for k = 1. Using (5.10) and the chain rule (we may use it because this
is essentially a one-dimensional computation) we obtain that there exists an xg € [—1, 1]

such that
n—1
1 _
Al =2 ]_[
k=0

8f"(9 )
= X
ax’? 0

n—1 9
=2 — M (P
gax 1(Pr)
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where Py := (0, xo) and Py := fk(Po). Choose an arbitrary w € X N (jy ... ju). That s,
w1 = j1,...,0; = jp. Then Pj := Il(c"w) € Aj, ;. Using that Py € A, ; also
holds, we obtain from (5.9) that

n—1

a
Aj (1) € Qes1,2e5) [ ] oM (M(c"*w)).
k=0
In the last step we use that f commutes with o ~!, which implies that

Aj )

-1
exp(21_, log(@/0x) 11 (T(0%w))) (2¢5 " 2¢s).

Using that pz(lzl(akw)) = H(akw), the summand in the denominator is just
Y1 (IM(o*'w)) which completes the proof. O

Let m’ be the maximum length of the words !, ..., i" € E*. We are going to prove that
the horizontal axis Aj1 () is longer than the vertical axis Ajz(t) for almost every ¢ € [0, 1].
Actually, we prove a little more than this.

LEMMA 12. Let K = %(sz/sl + 1). Then there exist T such thatifn > T then for every
j € X we have
n—m'—1

n—1
KY @' > > v,
k=0 k=0

Proof. If n is big enough,

Yiso V2@ )+ s, V2@t —mllogqr 1
=0 (o) T —(—m)loggy K
holds.
This implies the statement of the lemma, since in the left-hand side the denominator is
negative. O

Now we are ready to prove the main lemma of this section.

LEMMA 13. For vf“—almost every j € LT, there exists M = M(j), such that, for all
n>Mand6 € [0, 1],

AL (o
2]]---])1( ) 246’5.
A @

Proof. Fix a T which satisfies Lemma 12. Let K/ := %(sz/sl + K). It follows from
Lemma 5 that there is an M = M (j) such that, if n > M, then

n—1 n—1 n—1 n—m’—1
D@ =K' Y @t > KDY et > Y vt
k=0 k=0 k=0

k=0
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Thus from (5.18) and Lemma 12

) ) exp( X2y w1 (0* D) exp( X2 ! va(ath)

Al O)  exp( XSy i@k D) exp( 10 T a0k p)) Ay ©)

/ n—1 ks
y 2 exp(K zk:? Y20'h) 1 . Eexp((K_K')nlong—l)i
¢s exp(K Y_j—y ¥a(okj)) 2¢5 ~ ¢cs 2¢s
1 1 n(K—K")
C5 q2
if n is big enough. |

Let K; :={j € ¥ | M(j) <!}. Let j be an element of the set K; N Q. (Q was defined
in (5.17).) Choose a T whose length is greater than [ such that j starts with ti'. Then, for
every 0 € [0, 1],

Aw®
AZ(0) ~

des (5.19)

holds. This is because the length of  is greater than M (j) and the length of i! is less than
m’, so we can apply Lemma 13.

5.5. Density lemmas

LEMMA 14. Let j € Uzzl(QmKl)' Then we can find infinitely many T such that
j starts with ril and for every 6 € [0,1] and for all 1 < u,v < N we have
Dist(Sg (), Sz (0)) < ZALil (0) where Dist means the Hausdorff distance.

Proof. Fix an [ such that j € K;. We know that for 1 < u,v < N, S;j«(0), Szi»(0) C

Sqi1(6), thus Dist(Szin (6), Sriv(8)) < AL (6). On the other hand, since Sz C S, holds

for all u < N, the Hausdorff distance between the projections to the z-axis of Sy« (6) and

Sziv(0) is less than A% ) < Aii] (6). This completes the proof. O
Foraje =t and @ € (0, 1), and for an r > 0, we define

Cyl@,j,r) ={(t,Y)el0,1] x D ||t — 0| <r, dist((z, V), 1_\j(t)) <r}, (5.20)

where dist is the Euclidean distance.
Obviously, there exist constants c7, cg such that

B(Aj(6), c7r) C Cyl(6.j.r) C B(Aj(6), csr). (5.21)

PROPOSITION 2. For p-almost every X € A the upper (1 + s1)-density of the measure
is infinite. That is,

wBX.r)
—_— " =0

D(u, X, 1+s1) := hms(L)lp pRE

r—

Proof. Tt is enough to prove that for a constant ¢jo and p-almost every X € A, we have
D(u, X, 14 s1) > cioN since N was arbitrary. We may assume that X = A;(6) for a
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je Ulzl(QN N K;). Then it follows from Lemma 14 and (5.11) that for » = 4C5A1ﬁ| 0)
and forall |r — 0| < r, S () C Cyl(@, j,r) holds for 1 <u < N. Thus,
pCyI@.j.r)) _ 2 SN v (i) N Neg(AL, (0))"
rltsi - rltsi (4c5)% (Al )"

> Ncyo.

In the second inequality we used that v} i) > d’1(251c§‘)’1(A1ﬁ,(9))"'1 what
immediately follows from (5.2) and (5.18). This completes the proof. O

5.6. The Absolute Continuity Lemma. The proof of the theorem is based on the previous
proposition and the next lemma.

LEMMA 15. The (1 + s1)-dimensional Hausdorff measure HITSU (restricted to A) is
absolutely continuous with respect to L.

Proof. We are going to write 71 +51 for the restriction of the (14s;)-dimensional Hausdorff
measure to A and for brevity we write 1 instead of (Im; '(n) when we are on ©~.
If u(A) = O foran A C A, then n x v;/(IT"!'(A)) = 0. Fix ane > 0. The set
IM~!(A) C = can be covered by a countable system of cylinders {C;} of the form
Ci = (a)7m Y ,a)f), e, wﬁ,i), such that Zizl /L(I:I(C[)) < ¢. We may assume about
the length (in X¥) and shape of these cylinders that for a constant ¢;; > 0 and for all
6 €[0,1]
1,

i
—m; 0 -1 K
- € (¢y;,c11) and E (A )" < e. (5.22)
dlam(Swzl_._w;i ©)) H Jteeny €T} T

Namely, by subdividing the cylinders the first requirement is easy to fulfill
(see (5.11)). Considering the second part of (5.22), it follows from (5.2) that
vGits s i) ~ (A§l ][(9))S2 Thus ) (A§l 4©)" < constant. From the
definitions Ail...‘ ) < ‘I2- So,

! 1(s1—s
Z (AZ O <4, (17s2) Z (Aj] 5O < g5 constant.
JueJi Jlei

Hence, there exists an /g such that for [ > [y

Z (A5 @) <e. (5.23)
J1--Jt
The second part of (5.22) requires that the length of the positive part (in X) of all cylinders
C; are at least [y. That is, n; > lp. By subdivisions, if necessary we can construct such a
cover of 2.
We divide the index set N into two parts. Let us write A;.‘ for A;.‘ ©0) (k = 1,2).

Let J/ = {i |A‘ , >A2 L, Jand J7 = (i | A2, . > Al }.
O Yy o, s @py ;.. w,’ll

Forani € J' we have dlam(l'I(C,)) € (c12 , clz)Al
the constant e is defined by

. » where c12 = csci1e, where
- @n;

|1, i |

WLy, D

-1
——— € (e ,e).
n(lwi_m,. wé)
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The existence of such an e follows from the Folklore Theorem [12, p. 352]. On the other
hand, using (5.2) and (5.18) we obtain that v} (o}, ..., o) € (c}3, c13)(A(10,. R
where c¢13 = d(2¢s)*!. In this way e

p1(CD) = M@y @V (@), @) > sy, (A )"
thus w(I1(C;)) > c14(A30,. y )!1*51 This follows from
1200 n;
> (diam(T1(C))' Tt < el Y (AL ) <eeppen, (5.24)
N JERRAE] n;
ieJ’ iel’ !

since T (I1(C;)) < €. In the rest of the proof, we give a similar estimate for the index

set J”. We may assume that {C;} is ordered in such a way that {n;} is a non-decreasing

sequence. We define a sequence of finite words {j*} as follows: Let {j'} := (a)}, RN a),lll ).

If we have already defined j', ..., j*~!, then we define j* in the following way. Let
l:=min{i | (@, ..., 0})Nj" =@foralll <p <k—1}.

Then j* := (a)ll, e a)ﬁll). Using that any two cylinders of £ are either disjoint or one
of them contains the other, we obtain that | J; T1(C;) C Us=1 S'jk and S‘jk N S‘jz = ¢ for
any two different k, /. Further, from the definition of J”, Ajzk > Ajlk holds. For each

k we partition the interval [0, 1] into ny = [l/Ajzk] sub-intervals called {J/‘}?i | with
equal length. Let Elk = (Jlk x D) N Sjk forl <kand1l </ < ng. So,

Ui el 015," (5.25)

k=1 I=1
Therefore
| 2k < 2 1o
DD NENT <2y Y IANARP < Y mie— | AGL” (5.26)
=1 =1 =1 1=1 =1

= X:(Ajzk)sl < constant Z (A?lml-[0 )*! < ¢ - constant. (5.27)

k>1 i1...1
The last but one inequality can be proved as follows. We partition the cylinder
(i1, ..., if) into cylinders {@*}2° | arbitrarily. Then
(A o))" = (A ™~ 0 L) = )0 @))% & )y (A"
k>1 k>1

since s1/s2> > 1. From (5.24) and (5.26) we obtain that the (1 + s1)-dimensional Hausdorff
measure of A is less than or equal to constant - . Since ¢ > 0 was arbitrary, this implies
that 7!*51(A) = 0 which completes the proof. a

5.7. The proof. Now we are ready to prove Theorem 1.

Proof of Theorem 1. Let E be the set of X € A for which D(u, X, 1 4+ s1) = oco. Using
that s is a finite Borel measure it follows from [4, Proposition 2.2(b)] that H!*1(E) = 0.
Then Proposition 2 implies that (A — E) = 0. From Lemma 15 we obtain that
H!*S1(A — E) = 0. In this way we have proved that H!*51(A) = 0. O
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