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ABSTRACT. A compact set K is self-conformal if it is a finite union of its
images by conformal contractions. It is well known that if the conformal
contractions satisfy the “open set condition” (OSC), then K has positive s-
dimensional Hausdorff measure, where s is the solution of Bowen’s pressure
equation. We prove that the OSC, the strong OSC, and positivity of the
s-dimensional Hausdorff measure are equivalent for conformal contractions;
this answers a question of R. D. Mauldin. In the self-similar case, when the
contractions are linear, this equivalence was proved by Schief (1994), who used
a result of Bandt and Graf (1992), but the proofs in these papers do not extend
to the nonlinear setting.

1. INTRODUCTION

Let V C R? Recall that a map S : V — V is contracting if there exists
0 < v(5) < 1 such that |S(z) — S(y)| < ~(5) - |z — y| for all z,y € V; if equality
holds here for all z,y € V, then S is a contracting similitude. Let {S;}7; be a
collection of contracting maps on an open set V' C R? and suppose that for some
closed set X C V we have S;(X) C X for all i < m. By [6], there is a unique
non-empty compact set K C X such that

(1) k= sk,
i=1
If all S; are similitudes, then K satisfying ([[LT]) is called self-similar.

The contracting maps {5;}1"; of V are said to satisfy the Open Set Condition
(OSCQ) if there is a non-empty open set U C V such that S;U C U for all 4, and
S;UNS;U =0 for i # j. The strong Open Set Condition holds if the set U in
the definition of the OSC can be chosen with U N K # (), where K is a compact set

satisfying (LI).

Received by the editors January 18, 2000.

2000 Mathematics Subject Classification. Primary 28A78; Secondary 28A80, 37C45, 37C70.

Key words and phrases. Hausdorff measure, self-conformal set, open set condition.

The first author’s research was partially supported by NSF grant #DMS-9803597.

The second author’s research was supported in part by KBN grant No. 2 P03A 009 17,
Foundation for Polish Science and the Hebrew University of Jerusalem.

The third author’s research was supported in part by the OTKA foundation grant F019099.

The fourth author’s research was supported in part by NSF grant #DMS 9800786, the Fulbright
foundation, and the Institute of Mathematics at the Hebrew University, Jerusalem.

(©2001 American Mathematical Society

2689



2690 YUVAL PERES, MICHAL RAMS, KAROLY SIMON, AND BORIS SOLOMYAK

Next, consider a collection of contracting similitudes {S;}7>; and let K be the
corresponding self-similar set. The similarity dimension for this collection is
defined as the unique positive solution s of the equation Y " y(S;)* = 1. It is
immediate that the Hausdorff measure H*(K) is finite. Hutchinson [6] proved that
if the OSC holds, then H?*(K) is positive and hence the Hausdorff dimension of K
equals s.

Bandt and Graf [1] gave a very useful characterization of self-similar sets with
positive Hausdorff measure in the similarity dimension. Let A* be the set of finite
“words” in the alphabet A = {1,...,m} and denote S, = S,, o...0S,, for
u=u...u, €A% Forue A* let K, = S,(K). We say that two maps S,, and S,
are e-relatively close if

(1.2)  |Su(z) = Sy(x)| < e min{diam(K,),diam(KC,)} for all = € K.

Bandt and Graf [I] proved that H*(K) > 0 if and only if there exists ¢ > 0 such
that for distinct u, v in A*, the maps S, and S, are not e-relatively close. Building
on [1], Schief [11] proved that H*(K) > 0 is equivalent to the OSC and also to the
strong OSC.

Much of the theory has been extended from self-similar to self-conformal sets
(see, e.g., [10, 2]). Let V C RY be an open set. A Cmap S : V — R? is
conformal if the differential S’(z) : RY — RY satisfies |S'(x)y| = |S'(x)| - |y| # 0
forall z € V and y € RY, y # 0. We say that {S; : X — X}, is a conformal
iterated function system on a compact set X C R? if each S; extends to an
injective conformal map S; : V — V on an open connected set V' O X and
sup{|Si(x)| : * € V} < 1. We assume Hélder continuity of the differentials, that
is, there exists o > 0 such that for all i < m,

(1.3) [|1Si(x)] — |Si(y)|| < const- |z —y|* forall z,yeV.

We should note that for d > 2 Hélder continuity (and, in fact, real analyticity) of
|Si(+)] follows from conformality and injectivity.

Under these assumptions the unique non-empty compact set X C X satisfying
(1) is called self-conformal. The role of similarity dimension is played by the
unique solution s of the Bowen equation P(s) = 0, where the pressure P(t) is
defined by

(1.4) P(t) = lim llog sup Z |S! (z)f, for t>0.
nTee T 2ek g
It is well-known that H*(KC) < co. The definitions of e-relatively close maps (.2)
and of the compositions S, extend to this setting.
We say that the Bandt-Graf condition holds if there exists € > 0 such that
for distinct u,v in A*, the maps S, and S, are not e-relatively close. Our main
result is the complete equivalence theorem for self-conformal sets.

Theorem 1.1. For a conformal i.f.s. {Si}i<m, satisfying the Holder condition, and
the associated self-conformal set IC, the following are equivalent:

(a) the OSC;

(b) H*(K) > 0 where s > 0 is such that P(s) = 0;

(c) the Bandt-Graf condition;

(d) the strong OSC.

The implication (a) = (b) is standard (see, e.g., [E p. 89]), so we just need to
prove that (b) = (¢) = (d).
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Perhaps surprisingly, the existing proofs of these implications in the self-similar
case do not extend to the nonlinear setting. The elegant method of Bandt and Graf
[1] for the proof of (b) <= (c) is very much dependent on the set K being precisely
self-similar. In several places of [1] it was crucial that 3 _; [S}(z)|* = 1 for all z. We
have to use a more “robust” method to allow for distortion.

The implication (a) = (d) answers a question of R. D. Mauldin (see [7, Question
9.1]). This implication was stated by Fan and Lau in [, Lemma 2.6]. Although
their approach is very promising, unfortunately, the proof in [5] contains a gap,
as was pointed out by N. Patzschke (personal communication). A more detailed
comment on this is given at the end of the paper.

We also obtain the following corollary, which extends Schief’s result [11l, Cor.
2.3]:

Corollary 1.2. If K C R? is self-conformal and the solution of the pressure equa-
tion s equals d, then HE(KC) > 0 implies that K is the closure of its interior.

2. GENERALIZING THE BANDT-GRAF THEOREM

After some preliminaries, which will be needed in Section 3 as well, we prove the
implication (b) = (c) in Theorem [[I], generalizing the result of Bandt and Graf
1.

We consider a conformal contracting i.f.s. {S;}7, satisfying the Holder condition
(C3) on an open set V, such that S;(X) C X for a compact set X C V. Let
A={1,... ,m} and equip the sequence space A" with the product topology. We
write A* = |J,,~, A" for the set of finite “words” in the alphabet A. The symbol

o denotes the left shift on AN and A*. The map II: AN — R? defined by
I(w) = lim Sy, w0, (x), €V,
n—0oo
is called the natural projection map (clearly, it does not depend on z). The
self-conformal set associated with the i.f.s. is K = II(A"Y). Let
O(F,r) = {z e R?: dist(z, F) < r}

denote the r-neighborhood of a compact set F C R% The closed ball of radius r
centered at z € R is denoted by B(x,r). We write [z, y] to denote the line segment
connecting z and y in R%.

Fix 69 > 0 so that O(X,3dp) C V and let

V' = 0(X,5), V"=0(X,25).

Since S;X C X and |Si(z)] < 1 for all x € V, we also have S;V' C V' and
S; V" c V" for all i.

Next we recall the standard bounded distortion property of conformal i.f.s. sat-
isfying the Holder condition (see, e.g., [8] Lemma 2.1]): there exists C; > 1 such
that for all u € A*,

(2.1) IS ()| < Cy|S.(y)| forall z,yeV".
Denote

1Sl = sup [S,(2)]-
zeV”
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The property (ZI) yields (see, e.g., [8] Lemma 2.2]) that there exists Co > 1 such
that for all u € A*,

(2.2) CHISull - |z =yl < [Sul@) = Suly)| < CollSll - |z —y|  forall z,yeV".
This implies
(2.3)  B(xz,r) c V' = S,B(z,r) D B(Su(z),Cy||SL|lr)  for all uec A*

(see, e.g., [8l Cor. 2.3]). Denote d,, = diam(K,,) for u € A*. By (2.2), there exists
C3 > 1 such that

(2.4) CHISL < du < C3)|S,|| for all u e A*.
By @) and @), there exists Cy > 1 such that for all u,v € A*,
(2.5)  Op'max{[|Sy[|dv, Sy ]ldu} < duw < Cymin{|[S,,[|do, 1Sl du}-

Let w A 7 denote the common initial block (possibly empty) of two sequences
w, 7 € AY. We equip the space AN with a metric

(2.6) p(w,7) =dynr for w#r.

It follows from the bounded distortion properties that the product topology on
AN coincides with the one defined by p. Clearly, the natural projection map II :
(AN, p) — R? is Lipschitz.

The reader is referred to [3, 4] for the background on thermodynamic formal-
ism. Define a Holder continuous function on AN by ¢(w) = log|S., (II(ow))|. The
pressure function P(t) of t¢ with respect to the shift o can be expressed by (4.
There is a unique value s such that P(s) = 0. Let u be the Gibbs measure on AN
for the potential s¢. Denoting by [u] the cylinder set corresponding to u € A*, we
have by the definition of the Gibbs measure and the bounded distortion principle
(1) that there exists C5 > 1 such that

(2.7) CMSLIE < plu] < Cs|ISL]1° for all ue A,

Lemma 2.1. (i) The measure i is equivalent to the s-dimensional Hausdorff mea-
sure on AN with the metric p.

(ii) The restriction of the Hausdorff measure H®|x is absolutely continuous with
respect to the measure v = o II71 on K.

Proof. (i) A ball in the metric p is a cylinder [u] for some u € A*. Any collection
of cylinders in AN contains a disjoint subcollection with the same union. Now the
claim is immediate by comparing 24), (2:6) and 27).

(ii) Suppose that v(B) = 0 for some Borel set B C K. Then u(II"'B) = 0;
hence the s-dimensional Hausdorff measure of II"*B C A" is zero by part (i) of
this lemma. It follows that H*(B) = 0 since II is Lipshitz. O

Proof of (b) = (c) in Theorem [L1. We are going to prove that if for any ¢ > 0
there exist u # v such that S, and S, are e-relatively close, then H*(KC) = 0. First
we make a few useful observations concerning e-relatively close maps.

CLAaM 1. If Sy, S, are e-relatively close, then Sy, and Sy, are CoChe-relatively
close for every w € A*. Indeed, we have by (22), (L2) and (Z5) for x € K:

1Swu(z) = Swol@)] < CollSyll - |Su(z) — Su(2)]
< C2||Sfiu|| : gmin{du; dv}
< 02045 min{dwu, dwv}-
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CLAIM 2. If Sy, , S, are e-relatively close, then Sy, and Sy, are Cy|S%|| " e-
relatively close for every u € A*. Indeed, in view of (L2) and (Z3),
[Swiu(@) = Swoul(@)] = [Sw, (Sul(®)) = Sw, (Su())]
emin{dy,, dy, }

C4||S;||716 ) min{dwwa dwzu}'

IN A

Cram 3. If Sy, S, are e-relatively close, then
dy < (14 2¢) - d,.

This is immediate from the definition (L2)).

Craw 4. If S, S, are d-relatively close and S,, Sy, are d-relatively close, then
Su, Sw are 20(1 4+ 20)-relatively close. Indeed, by ([L2) and Claim 3, min{d,,, d,} <
(1426) min{d,,, d,, } and min{d,,, d,, } < (1420) min{d,,, d,,}. The rest is immediate.

Lemma 2.2. Suppose that for any € > 0 there exist u # v such that S, and S,
are e-relatively close. Then for any N € N and any € > 0 there exist distinct
U, ..., un such that Sy, Sy, are e-relatively close for all 1 <i <j < N.

Proof. 1t is enough to show that if the statement holds for N, then it holds for
2N. Assuming it holds for IV, find distinct w1, ... ,un such that S,,,...,S,, are
pairwise d;-relatively close where 61 = %(026’4)’15. Next let

_ —1 . / .
02 = (1/4)Cy min |8y, -2

and find wy # wy such that Sy,, Sy, are do-relatively close. Then the 2N words
wruj, k=1,2, 1 <j <N, are all distinct, and we claim that the maps {Sw,u, :

k=1,2;1<j < N} are pairwise e-relatively close. Indeed, Sy, u,, Sw,u; are -

close by Claim 1 and Sy, u;, Sw,u; are §-close by Claim 2. Now Claim 4 implies
that Sy, u;, Swyu; are dz-close, with d3 = (14 5). We have 3 < ¢ for ¢ < 2, which

we can certainly assume, and the lemma is proved. O

Now we resume the proof of (b) = (c¢) in Theorem [[.Il Fix N € N and find
distinct wuq, ... ,un such that S,,,...,Sy, are pairwise 1-relatively close. Recall
that v = poII"! is the push-down measure on K. We claim that for v-a.e. z,

(2.8) lim sup &fﬂ") >c- N,
r—0 r
with a constant ¢ > 0 independent of N.

It is well-known (see [B] or [4, Cor. 5.6]) that the Gibbs measure y is an ergodic
invariant measure for the shift o on AY. Since pfui] > 0, the block u; occurs
infinitely often in p-a.e. sequence w by the Ergodic Theorem. Let Q C AN be the
set of all such w. Fix w € 2. We know that there exist arbitrarily large n such that
o"w € [w]. Fix such n, let w = wy...wy, and consider the words v; = wu; for
Jj=1,...,N. By Claim 1, the maps S, are pairwise C2Cy-relatively close. By
([[2), this implies that for z = T(w) € Ky, we have

N
B(z,r) D LJlleuj, where r = (2 + CyC4) gnga&( duwu; -
]:
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Thus, by (1) and (24),
N
vB(z,r) > z;u[wuj] > C;nglen%i]IVl dfuuj.
=

Combining this with Claim 3, we obtain
vB(z,r) S Cy'Ci'N
rs - (2+CQC4)S(1 +20204)S ’

Since 7 in the last formula can be arbitrarily small, (ZJ) follows.

We have verified (28] for z € II(Q2) which is a set of full v-measure. Now
HE(TI(Q)) < 2%(eN)~ty(TI(Q)) by the Rogers-Taylor density theorem (see [9] or
[4, Proposition 2.2]). On the other hand, v(K \ II(€2)) = 0, so H*(K \ II(22)) = 0
by Lemma 2.1Jii). Thus, H*(K) < 2°(cN)~v(K), and since N was arbitrary we
conclude that H*(K) = 0. O

3. GENERALIZING SCHIEF’S THEOREM

In this section we prove the implication (¢) = (d) in Theorem and Corol-
lary generalizing results of Schief [11]. For T'> 1,a > 0 and u € A* let

du

Lemma 3.1. Suppose that the Bandt-Graf condition holds, that is, there exists
e > 0 such that for any distinct v,w € A*,

(3.2) Jz e K: |Sy(x) — Sy(x)| > emin{dy,,dy}.
Then for any a >0 and T > 1 there exists C(a,T) < oo such that
#Wor(u) < C(a,T) forall ue A"

(3.1) Wor(u) = {v e A" % < & < T, dist(K,, Ky) < adu}.

Remark. This lemma is the only place in this section where the Bandt-Graf con-
dition is used. It is easy to see that the statement of the lemma holds if the
Bandt-Graf condition is replaced by the OSC, thus providing a direct derivation of
the implication OSC = SOSC (the strong OSC).

Proof of LemmalZdl Let § = jm-7z. It follows from ([B2) that if # € K and
|z — & <6, then for v,w € W r(u), in view of ([22) and (4],
1S0(2) = Suw(@)] = [Su(2) = Sw(@)] = [Su(x) = 5u(Z)] = [Sw(2) = Su(T)]

emin{dy, dw} — Co0(||Soll + [|Swl)
emin{d,, dy} — C2C36(dy, + dy)
du(ET_l — 0203 . 2(5T)
(3.3) (1/2)deT ™.
Fix a finite set {x1,... ,2n} C K so that Uf\il B(z,9) D K. For each v € W, p(u)
let & = [Su(i)licy € R, By B3),

&y — &l > (1/2)dueT_1 for all v,w € W, r(u).
On the other hand, if v € W, r(u), then dist(K,, ) < ady; hence

[Su(x) — Sy(z)| < ady +dy +dy < (a+1+T)d, forall zek.

vV IV IV
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It follows that |&, — &| < V/N(a + 1 4 T)d,. Thus, open balls in R of radius
iduET’1 around &, for v € W, r(u) are all disjoint and lie in the ball of radius

(VN(a+1+T)+ 2eT71)d, around &,. It follows that

dN
VN(a+1+T)+ 17!
1eT—1 ’

#Wa,T (’U,) < (

which is a constant independent of u. [l

We need a lemma on “local” bounded distortion. Recall that V" = O(X, 280) C

V.

Lemma 3.2. (i) There exists L1 > 0 such that for all z,y € V",
|55 (@)

3.4 < explLi|x —y|* for all uwe A*.

(ii) There exists Ly > 0 such that for all w € A such that d,, < d9 and all
we A*,

. 1e% d'wu le%
(3.5) dist(z,Ky) < d,, = exp[—Lad] < FAGAB] < exp[Lady].

Proof. (i) is folklore; it is obtained in the course of the standard proof of “global”
bounded distortion (see, e.g., [2] or [8] Lemma 2.1}).

(ii) Note that z € O(X,dp) C V; hence |5],(%)] is well-defined. We can assume
that d,, is sufficiently small, since otherwise (B5) follows from (Z4l) and (23).
Suppose that C2Cyd, < §p. Then for any z,y € K we have [S,(z), S.(y)] € V/;
hence

|Swu () = Swu()] < 15, (Q)] - [Su(x) = Su(y)l

for some ( satisfying dist(¢, Ky) < dy. If dist(z, K,) < dy, then |¢ — 2| < 3d,, and
¢,z € V'. Thus,

du < du|SL(2)] explL1 (3d,)°]
by (3:4). To obtain the other inequality, observe that by (23) and (23),
SuB(Su(2), CoCid) > B(Sun(), Call S, ) D B(S (), duns).
Therefore, [Syw (), Swu(y)] C V' and we have
|Su(z) = Su()] < (S5 (O] - [Swu(@) = Swa(y)],

for some & € B(Syu(®),dwy) C SuwB(Su(z),C2Cudy,). We have |z — S 1(¢)| <
2d,, + C2C4d,y; hence by (34),

dy < dupu| S, (S5, )| ™ < duul 57, (2)] 7 explLady],
with Lo = L1(2 + C2Cy)®, as desired. O

Lemma 3.3. Let Tp > 1 and € > 0. There exists 6 = §(Tp,€) > 0 such that for all
u € A* with d,, <9, for all a € [0,1] and all T € [Ty, 270,

veWaor(u) = wve Woate) rate(wu)  for all we A"
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Proof. Suppose that d,, < 3§ < do/(2Tp) and v € W, r(u). Fix w € A*. We need to
check that (i) T-1(14¢)7! < % < T(1+¢) and (ii) dist(Kuyw, Kwu) < a(14¢€)duyu.-
(i) Let z € K, be such that dist(z,K,) < ad, < d,. Then by (3.3), using that
d, 771 <d, <d,T < 26Ty < 6y, we obtain
dwu _ du|S,, ()| exp[Lady] L26°(1 «
< w wl < Pel2d®(1+2T0)%) < (1 4 ¢),
dyy ~ dy|S!,(2)| exp]—LadS] — < T )

for § > 0 sufficiently small. The other inequality is obtained similarly.
(ii) Since v € W, r(u), there exist z,y € K such that |S,(x) — Sy(y)| < ad,.
Then [Sy,(x), Sy (y)] C V'; hence

|Swu (@) = Swo(¥)] < 19,(2)] - [Su(@) = Su(y)|
for some z with dist(z, K,) < ad,, < d,,. Therefore, by (B.5),
dist(Kuyw, Kwu) < a|SL,(2)] - dy < adyy exp[L20%] < a(1 + €)dyu,

for § > 0 sufficiently small, and we are done. O

Proof of (¢) = (d) in Theorem[IJl The scheme of the proof generally follows that
of Schief’s [I1], but we have to be careful with distortion.
Fix Ty > 1 so large that for all j € A and all v € A*,

(3.6) dy <Tgdy; and  Todj > 1

(in fact, one can take Ty = max{d;l,Ci/QHS';H*l/z, Jj € A} by (Z3)). It follows
from (@6 that for any r < 1 and any w = w; ... w, € A*, with d,, < r, there is
1 < k < n such that

(3.7) Tyt <dw/r<Ty where w' =w;... wy
(just take maximal 1 < k < n such that d,, > rT; '). To simplify notation, let
Wa(u) :=Wo 14ayr, (v)  and  My(u) = #Wa(u).
By Lemma B there exists C' = C(1,2Tp) > 0 such that
My(u)<C  forall ue A" and all a € [0, 1].

By the definition @31J), the function a — M,(u) is non-decreasing. For r > 0
consider

(3.8) M,(r) = sup{M,(u) : ue A*, d, <r}.

Let € = 55 and fix r = min{1,6(Ty,e)} where §(Tp,¢€) is from Lemma B3l The

function a — Ma(r) on [0,1] is non-decreasing, integer-valued, and is bounded
above by C. Thus, we can find an interval [a1,a2] C [0,1] with ap — a; > & such

that Mal (r) = Maz (r). Clearly, the supremum in (3] is attained, so we can find
u € A* with d,, < r such that

Ma, (u) = Mq, (r).
Fix this u for the rest of the proof. Since, in addition, Maz (r) = Mal(r) and
M, (u) > My, (u), we deduce that Mg, (u) = My, (r) = Mg, (u). Observe that
as > (1+(2C) Hay = ar(1 +¢)
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and
l4+ay>(1+a)(1+20) ") =00+a)(l+e);
hence
vE Wy (u) = qu e Wey(qu) forall ¢ge A”
by Lemma 33l It follows that M,,(qu) > M,, (u). But
Ma,(qu) < Mag (r) = Mal (r) = Ma, (u);
therefore, M, (u) = My, (u) = M,,(qu) for all ¢ € A*. Thus,

(3.9) Wa,(qu) ={qv: v e Wq,(u)} forall ge A"
Consider
(310) U= U SvO(ICu;EI)v
vEA*

where &’ > 0 will be chosen later. This will be our open set in the strong OSC.
Clearly, UNK # 0 and S;U C U for all i < m. It remains to check that S;UNS;U =
() for all ¢ # 7. This will follow if we prove that for all v,w in A* and all ¢ # 7,
(3.11) SivO(Ku,e") N SjuO(Ky, ') = 0.
If &’ < dg, then

SinO(Ku,e") € O(Kivu, IS, l1€") € O(Kivu, €"dive),  with &’ = Cyd; e,
in view of (ZH). Similarly,

SjwO(Kuy,e") C O(Kjuwu, " djuwn)-

Assume that diyy > djwe without loss of generality By (B), there is a prefix
(initial block) jw’ of the word jwu such that T, < ’“’ < To (here w’ may range

iz

from empty to wu). Now jw' satisfies the diameter condltlon for membership in
W, (ivu) but jw’ & Wy, (ivu) by (BH). Therefore,

diSt(’Cwu, chwu) > diSt(ICivu, ’C]‘w/) > aodiyy-

Thus, if €” < ay/2, then BII) holds. It suffices to take ¢’ = min{dy, $a2Cy 'd,},
and the proof is complete. [l

Proof of Corollary[1-2l We want to show that if s = d, the dimension of the space,
and H*(K) > 0, then K = clos(int k). The proof is quite similar to the proof of
[11], Cor. 2.3]. By Theorem [Tl the OSC holds, and moreover, the open set U can
be chosen so that U C V' = O(X, dp) (see BI0)). The OSC means that S;U are
pairwise disjoint subsets of U, for i < m. Let

w=U\JsU.
i=1
We claim that £4(W) = HYW) = 0 where L, is the Lebesgue measure in R

Indeed, it is easy to see that the sets S, W are pairwise disjoint for all v € A*, and
they all lie in U. Thus,

(3.12) SN La(SuW) < La(U) < o0

n>1|v|=n
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We have

La(S,WV) = / 180 (@) dz > CrY S| La(W),
w

in view of (Z1I). Therefore, by ([2.71),

D La(S,W) > CTICT La(W) Y ulv) = CTIC5 La(W);

lv|=n lv|=n

hence L£4(W) = 0 by (3I2). This implies that the open set U \ clos (-, S;U) is
empty. Therefore,

U Si(closU) = U clos(S;U) = clos U S;U | =closU,

i=1 i=1 i=1

so closU is an invariant compact set for the i.f.s. {S;}i<m. By uniqueness, closU =
K, and the proof is complete. O

In conclusion, we should comment on the paper of Fan and Lau [5] where the
implication OSC = SOSC is stated in Lemma 2.6. However, as pointed out by
N. Patzschke (personal communication), the proof of [5, Lemma 2.6] contains a
gap. The formula on the second line of [5l, p. 335] is unjustified; proving it involves
checking two facts, one of which, that IJ € Ay, |, may fail, due to distortion.
Perhaps one could fix the proof, but this would require further arguments.

ACKNOWLEDGMENT

We are grateful to Daniel Mauldin, Norbert Patzschke, Mariusz Urbanski, Martin
Zerner and the referee for helpful comments.

REFERENCES

1. C. Bandt, S. Graf, Self-similar sets 7. A characterization of self-similar fractals with positive
Hausdorff measure. Proc. Amer. Math. Soc. 114 (1992), 995-1001. MR [93d:28014

2. T. Bedford, Applications of dynamical systems theory to fractals — a study of cookie-cutter
Cantor sets, in Fractal Geometry and Analysis, J. Bélair and S. Dubuc (eds.), 1-44, Kluwer,
(1991). CMP 92:05

3. R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Springer
Lecture Notes in Mathematics 470, Springer, (1975). MR [56:1364

4. K. J. Falconer, Techniques in fractal geometry. Wiley (1997). MR [991:28013

5. A.H. Fan, K.-S. Lau, Iterated function systems and Ruelle operator. J. Math. Analysis Applic.
231 (1999), 319-344. CMP 99:09

6. J. E. Hutchinson, Fractals and self-similarity. Indiana Univ. Math. J. 30 (1981), 713-747.
MR 82h:49026

7. R. D. Mauldin, Infinite iterated function systems: theory and applications, Fractals and
Stochastics I, Proceedings of the Finstenbergen 1994 Conference, C. Bandt, S. Graf and M.
Zahle (Editors), 91-110, Birkhauser, (1995). MR [97¢:28013

8. N. Patzschke, Self-conformal multifractal measures. Adv. Appl. Math. 19 (1997), 486-513.
MR 99¢:28020

9. C. A. Rogers, S. J. Taylor, Functions continuous and singular with respect to a Hausdorff
measure. Mathematika 8 (1962), 1-31. MR 24:A200


http://www.ams.org/mathscinet-getitem?mr=93d:28014
http://www.ams.org/mathscinet-getitem?mr=56:1364
http://www.ams.org/mathscinet-getitem?mr=99f:28013
http://www.ams.org/mathscinet-getitem?mr=82h:49026
http://www.ams.org/mathscinet-getitem?mr=97c:28013
http://www.ams.org/mathscinet-getitem?mr=99c:28020
http://www.ams.org/mathscinet-getitem?mr=24:A200

HAUSDORFF MEASURE FOR SELF-CONFORMAL SETS 2699

10. D. Ruelle, Repellers for real analytic maps, Ergod. Th. and Dynam. Sys. 2 (1982), 99-107.
MR 841:58095

11. A. Schief, Separation properties for self-similar sets. Proc. Amer. Math. Soc. 122 (1994),
111-115. MR 194k:28012

INSTITUTE OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM, ISRAEL AND DEPARTMENT OF
STATISTICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 94720
E-mail address: peres@math.huji.ac.il

PoLisH ACADEMY OF SCIENCES, WARSAW, POLAND
E-mail address: rams@snowman.impan.gov.pl

DEPARTMENT OF STOCHASTICS, INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY OF BU-
DAPEST, 1521 BupAPEST, P.O. Box 91, HUNGARY
E-mail address: simonk@math.bme.hu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, BoX 354350, SEATTLE, WASH-
INGTON 98195
E-mail address: solomyak@math.washington.edu


http://www.ams.org/mathscinet-getitem?mr=84f:58095
http://www.ams.org/mathscinet-getitem?mr=94k:28012

	1. Introduction
	2. Generalizing the Bandt-Graf theorem
	3. Generalizing Schief's theorem
	Acknowledgment
	References

