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Abstract  Using pressure formulas we compute the Hausdorff dimension of the
basic set of ‘almost everyC'™® horseshoe map iR3 of the form F(x,y,z) =
(y(x,2), 7(y,2), ¥(2)), where|y'| > 1 and O< |y/], |‘L')/}| < % on the basic set. Similar
results are obtained for attractors of nonlinear ‘baker’s map&®in

1. Introduction

1.1. Results. McCluskey and ManningZ2] have computed the Hausdorff dimension

of the basic set of & Axiom A surface diffeomorphism using pressure formulas. Since
their work, it has been an open problem to compute the dimension of an Axiom A basic
set inR” for n > 2. In this paper we give a partial solution to this problem; namely, we
compute the Hausdorff dimension of ‘almost every’ horseshoe m& iftom the class
defined below. The results of McMulleB3] on self-affine sets show that we cannot expect

a similar result for all horseshoe mapsRA. Our methods extend to > 3 but we only
consider the case = 3 for the sake of simplicity.

Thehorseshoe majm R? is defined in a way similar to the classical Smale’s horseshoe
map inR2. Let D be the set shaped as a ‘stadium’ in iheplane crossed witf0, 1] (see
Figure 1). We haved = [0, 1]3 U D1 U D>, whereD; (respectivelyD,) is a semicircular
region crossed with0, 1] and attached to the top (respectively the bottom) of the cube
[0, 1]3. For the rest of the paper, by a horseshoe map we mezrtransformation
F : D — D which satisfies the following conditions (H1)—(H3).

(H1) There exist disjoint closed intervals, ..., I,, whose union is a proper subset of
[0, 1] such that denoting\; = [0, 1]2 x I; we have

Fx,y,2) = (y(x,2),7(0, 2, ¥(2) for (x,y,2) €A (1)
1

Further, F(UY Ax) € (0,1)2 x [0,1], F([0,11® \ U} Ax) € D1 U Dy, and
F(D1U Dy) C D1.
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FIGURE 1. Horseshoe map.

(H2) A1 < Iyl [Tyl < A2, where O< A1 < 2 < % are fixed for the rest of the paper.
(H3) |v'| > 1onl; andy (I;) = [0, 1] foreachk =1, ..., m.

We do not assume thdt is one-to-one. The basic sat = A(F) = (),cz F" ([0, 113

is called a horseshoe. Note that the precise form olutsidel J7' A does not affect this
basic set. The two contracting directions are.ttendy axes, and the expanding direction
is thez axis. Thet-perturbation ofF, denoted by, is a horseshoe map satisfying

Flooy,2) = (e, 2) + 1. 1(v, 2) + 12, ¥(2))  for (x, y,2) € Ak, k < m,

wheret = ((t},12),...,(t1,12)) € R¥". We say that € R?" is F-admissibleif
FY(UT Ax) € (0,1)2 x [0, 1]. ThenF! can be extended to@* map onD satisfying
(H1)—(H3). Clearly, the set af-admissibld is a non-empty open set.

We are going to compute the Hausdorff dimension for almost all horseshoes in the
following sense: a stateme8tholds for almost all horseshoe mapsans that for every
F, the statemers s true for F'! for Lebesgue-a.g7-admissible € R?".

The Hausdorff dimension is computed using four pressure (Bowen) equations. The
formulas below apply ifF is invertible; in the non-invertible case we have to pass to the
symbolic space, see 82 for details. We wilte(¢) for the pressure of a functiap with
respect to the transformatidn

The rates of contraction in the two stable directions are given by the following functions
defined onA:

fi=logly;| and f2=loglz,l.
Denote bys1, s2, r1, r2 the (unique) solutions of the following four pressure equations:

Pr-1(s1f1) =0, Pp-a(s2f2) =0,
Pp-1(fi+r1f2) =0, Ppa(r2fi+ f2) =0.
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Further, let
s = max{s1, s2}, r = maxry, ra}.

By the monotonicity of pressure, if = s1 > 1 thenfi < s1f1, SO Pp-1(f1) > O.
Therefore, ifP-1(f1 + r1.f2) = 0 thenr; > 0, hence

s>1—7r>0. (2)
Finally, lets, be such that
Pr(—8,log|y’]) = 0. 3)

We denote by dim(A) and ding(A), respectively, the Hausdorff and the box
(Minkowski) dimension ofA. The reader is referred to Falcondd] for the definitions
and basic facts of dimension theory.

THEOREM 1. For almost every horseshoe mapwith the basic se:
() ifs <2lthendimg(A) =dimp(A) =6, +s;
(i) if s > Lthendimg(A) = dimg(A) = 8, + 1+ min{r, 1}.

A similar statement is proved for some ‘baker’s maps’. Lebe closed intervals with
disjoint interiors such thdtJ]' I, = [0, 1]. A piecewiseC*** mapF : [0, 1]* — [0, 13
is called anonlinear skinny baker’s transformatiohit satisfies (1), (H2) and (H3). Here
we do not assume thdt is one-to-one either. The term ‘skinny’ is used by Chkinal
[7] to emphasize that the contraction rates are less gwarWe consider the attractor
A = ﬂfj‘;l F™([0,1]%). As in the horseshoe case, we deftrgerturbations and--
admissiblet which gives meaning to the words ‘almost every baker's map’. We then
proceed to define ands via four pressure equations. The Lebesgue measuR¥ iis
denoted byCy.

THEOREM2. For almost every nonlinear skinny baker’s transformation:
(i) ifs <2lthendimg(A) =dimg(A) =1+,

(i) if s > Lthendimgy(A) = dimg(A) = 2+ min{r, 1};

(i) if r > 1thenL3(A) > 0.

Remarks.1l. The ‘skinny’ condition|y;|, |‘L')/}| < % in Theorems 1 and 2 is essential;

the statements may fail if one of the contraction rates is bigger%haﬁhe appropriate
example is given in the next subsection. We should note, however, that all known examples
are linear and have a rather special number-theoretic nature. It is believed that for a
‘generic’ horseshoe the dimension formulas hold assuming|}g$t|r}’,| < 1. Thisis

one of the major unsettled problems in the field.

2. Perhaps one can replace the four pressure equations used in Theorems 1 and 2 by only
one (but more complicated) equation, using the non-additive thermodynamic formalism
introduced by Barreiral].

3. In Theorems 1 and 2, the case- 1 is only possible whell is non-invertible. This
can be deduced, for example, from Corollary 3.2(i) below.
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1.2. Discussion. Here we consider ‘projections’ and some special cases of our results
restricting ourselves to horseshoe maps; baker's maps require obvious modifications. Then
we mention some related results in the literature. Finally, a few comments on the proof of
Theorem 1 are given.

1.2.1.Let F be a horseshoe map (1) satisfying (H1)-(H3). The projeaianof the basic
set onto the-axis is the easiest to understand. It follows from the definitiof @nd A
that

P.A = Repy) := {; el0.1]:v' @) e JI. VI = o}. (4)
1

In other words,P; A is the repeller foryr or, equivalently, the attractor of the iterated
function system{y, 1}, wherey, ' : [0,1] — I are the branches gf—*. Such
sets are sometimes called ‘cookie-cutter sets’; see Bed#pahd Falconer14, Ch. 4].
Recall thaty e C1®. Let g(z) = —log|y/(z)| for z € Repy). Further, denote
Jiyiy = ’»”izl 0---0 w;l([o, 1]). The next theorem is well known and has a long history
starting with Bowen $] and Ruelle 2§]; part (v) is due to Falconedfl]. In fact, it holds

for C1-maps, see Barreird] and Gatzouras and Perds].

THEOREM 3. (Classical)f ¢+ = dimy (Rep(v)) then:

(i) Py(tg) =0;

(i) 7 =suph,/— [ gdv), where the supremum is taken over all invariant measures
andh, is the entropy;

(i) ¢ =1limy_ dy, whered, satisfies the equatiop,;, |Jl-l,,,l-n|dn =1;

(iv) 0 < H'(Repy)) < oo, whereH! is the Hausdorff measure;

(v) dimg(Repy)) =1.

1.2.2. Now consider the special case whelix, z) = y(x) andt(y,z) = t(y) for
(x,y,z) € Ax. ThenA = A’ x P, A, whereA’ is the projection ofA onto thexy plane, so
we may refer toA as a ‘product’ horseshoe. Observe thais the attractor of the iterated
function system{(yx(x), x(y))}7' on the squar¢0, 1)2. Itis a nonlinear ‘self-affine set’,
in the terminology of Bedford and Urbhaki [3]. The dimension of such sets is difficult to
compute, even when they are linear, that is, whgn) = yix + ax andti(y) = 7y + bx.
McMullen [23] has shown that the Hausdorff dimension may be strictly smaller than the
box dimension. However, Falconek(] proved that foralmost alllinear self-affine sets,
that is, for almost all translation@y, bx)7', the Hausdorff and box dimensions coincide,
provided the contraction rates are sufficiently small. ‘Sufficiently small’ was Iess%ﬂimn
Falconer L0 and relaxed to less thaéwin Solomyak B1]. If one of the contraction rates is
greater thar%, even the ‘almost-all’-type results may fail. Indeed,det= 2 andy; = vy,

; = t fori = 1,2. As observed by Edga8], it follows from Przytycki and Urbaski
[27]thatif y € (3, 1) satisfies 2= 3" ' andr € (0, 3), then the Hausdorff dimension
of the self-affine set is strictly smaller than the box dimensionalmost all translations.
This is the example we referred to in Remark 1 at the end of 81.1.

1.2.3. Now we go back to the horseshoe mafx, y,z) = (y(x, 2), (v, z), ¥(z)) and
consider the projection onto the plane. Of course, the projection onto theplane can



Hausdorff dimension for horseshoesRA 1347

z

N.\‘

v

NUNNNNNRNNN

St

< X

FIGURE 2. ‘Projected’ horseshoe map.

be treated similarly. We get the map

q(x,z2) = (y(x,2), ¥(2))

defined on J7' ([0, 1] x Ix). Studying such transformations is an important ingredient of
our proofs. An example of is given in Figure 2; notice that the images[6f 1] x I

may overlap even it is invertible. To our knowledge, similar maps were first studied by
Yakobson B2] and then by Falcone®]. Later, answering a question of Yakobson, Simon
[29] proved that, in spite of the overlaps, the dimension of the attractor can be expressed
using the pressure formula, provided that the overlapping strips intersect ‘transversally’.
In this paper no such assumption is needed but we obtain the dimension formula for almost
all, rather than all, maps.

1.2.4. There is a large literature on the topics related to this paper. We mention some (but
certainly not all) of the papers here without going into details. Extra bibliographic entries
can be found in Pesir2p].

(Generalized) solenoids form another important class of Axiom A basic sé&s.in
Again the difficulties arise when the two contraction rates are distinct. Bditstdied a
class of solenoids with two variable contraction rates and proved that a formula similar to
that in Theorem 1(i) holds generically if the contraction rates are sufficiently small. Simon
[30] used the methods from SimoRd] to obtain the dimension formula for solenoids with
two distinctconstantcontraction rates.

The equality of the Hausdorff and box dimensions in the setting of McCluskey and
Manning R2] (for C1 Axiom A surface diffeomorphisms) follows from the work of Palis
and Viana p4].

Bedford and Urbaski [3] studied nonlinear self-affine sets and obtained pressure
formulas for the dimension assuming that miny,(x)| > max., |z;(y)| and the natural
measure projected onto theaxis is absolutely continuous.

Falconer 13] estimated the dimension of some non-conformal repellers but he needed
special geometric assumptions to guarantee that the estimates are sharp. He used a sub-
additive thermodynamic formalism. HAT] computed the box dimension for a class of
non-conformal repellers. Barreird]introduced a non-additive thermodynamic formalism
and applied it to estimate the Hausdorff dimension of hyperbolic sets. Zis@hgged
another version of thermodynamic formalism to prove upper estimates for the Hausdorff
dimension.
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Chinet al[7] studied the correlation dimension (with respect to the natural measure) for
almost alllinear skinny baker's maps (and with andt independent of). Hunt [19 is
investigating dimension characteristics of the natural measure on the attractor for nonlinear
maps similar to those considered in Theorem 2.

In the survey of Gatzouras and Peré$§][the variational principle for dimension on
repellers is discussed; their paper also contains a large bibliography on linear self-affine
sets which we do not duplicate. Some self-affine sefiand the corresponding ‘product’
horseshoes ifR3, with one of the contraction rates greater tI'%rwere considered by
Pollicott and WeissZ6].

1.2.5.Now let us make some comments about the proof of Theorem 1. The upper
estimates are proved for the upper box dimension; they are rather standard and hold for all
(not just almost all) horseshoes under consideration. We use potential theoretic methods
to get lower estimates of the Hausdorff dimension. ‘Almost-all’ type results follow from
Fubini's theorem, so we have no way to check concrete cases. This method goes back
to Kaufman R0]. Our proof relies on the scheme of Falcon®g][in several places. We

use the tools of thermodynamic formalism, especially Gibbs (equilibrium) measures. It
follows from (H1)-(H3) that the stable manifolds are horizontal planes and the unstable
manifolds are smooth curves which can be parameterized Bye z-slices of the basic

set can be represented as attractors of iterated function systems but with a different family
of contractions applied at each step. This is taken into account by the two-sided symbolic
coding. There are two cases in Theorem 1, corresponding to parts (i) and (ii). They are
referred to as the case of ‘small contractions’ and ‘large contractions’ respectively. In the
case of small contractions the dimension of almost evetyrns out to be the maximum

of dimensions of its projections onto the andyz planes.

2. Preliminaries
First we give definitions of ands valid in the general (possibly non-invertible) case. Then
we consider ‘projections’ of our horseshoe maps and develop tools to study them.

Fix a horseshoe map. Let = = {1, ..., m}%. We denote the natural projection from
the symbolic spac& to the basic sei by I1F:

TFGQ) =TIFG im0y eesiny---)
=N |:A(i0, i) [V F (A, . ... i1))},
n=0

where A(jo, . .., jk) := [0,1]> x {¢ € [0,1] : ¥'(¢) € I;,l = 0,...,k}. Then
Mr oo™l = FoIlp, whereo is the left shift onZ. We write[Tr = (1L, 12, I13).
Consider the functions

¢1(i) == log |y, (I} (o), M} (0i)|  and  ¢2(i) := log |z} (% (i), 13 (0i)].  (5)
Thenss, s2, r1, r2 are defined as the unique solutions of the equations

P(s1¢1) =0, P(s2¢2) =0, P(p1+r1¢2) =0, P(ra¢1+ ¢2) =0, (6)
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where P is the pressure with respectdo If F is invertible, the projectiol ¢ is one-to-
one and this definition coincides with the one given in §1.1; see, for example, Béjven [

Recall (4) that Re@y)) C [0, 1] is the repeller off, that is, the set on which all forward
iterates ofy are defined. Sinca = ),z F" ([0, 113) is a subset of0, 1]> x Rep(y/) we
are only interested iF on this set. Observe that alperturbationsF! have the same
componenty; we fix ¢ for the rest of the paper. Notice that

3.0 := [3.() = nli_)moo wigl o---0 wij(o)

depends only o, soI12 will be the same for all maps under consideration. £ar[0, 1]
let =, = {i € £ : M%) = z}. Clearly, =, # ¢ if and only if z € Rep(y). Let
¥, = {1, ...,m}N. Itis easy to see that the projectiéq : & — ¥ restricted tox, is
a bijection, so we can identif{, with X... This identification will be meant whenever we
write X, ~ X4,

For every horseshoe madfix, y, z) = (y(x, z), t(y, z), ¥ (2)) there are two associated
‘projected’ maps:

q(x,2) = (y(x,2),¥(@) and r(y,z) = (t(y,2), ¥ ().

It is convenient to consider these maps on their own, in such a wayrth&not used
explicitly. We shall work withg andy in thexz plane; obvious modifications are needed
for theyz plane. Clearlyg : [0, 1] x Rep(¥) — [0, 1] x Rep(v/). An example of the map
q is given in Figure 2, see 81. Foe X let

Gi(x) =y (x, ¥ H(T3(0))).

ThenGi : [0, 1] — [0, 1] andA1 < |G{(x)| < A2 for eachx € [0, 1]. The collection of all
G = {Gilicx obtained in this way (so ultimately arising from some horseshoe map) will
be denoted’. The correspondingyperturbations are

Gl =y (e, vy, HAT3) + tiy. (7)

We say thatt is G-admissible ifG! € I'. SinceIT3(i) is uniquely determined by
(...,i_2,i_1,Ip), it follows from the definition ofG; that

i = jx for —oo <k < 1= Gix) = Gjx). (8)
Denote
Gin(x) == GjoGgjo---0G u-1i(x). 9)
It follows from (8) that
i = jxfor —oo <k <n = Gj,(x) = Gj,x). (10)

We shall need cylinder sef$;...iy] = {j € X : jix = ix,1 < k < n}. For

z € Repy) let I, .., := Gi,([0,1]), wherei € [i1...i,] is such that = IT3(i).
Thenl;; ..., C L i,..i,_,- FOrg e I' define

o0
Mg = () Liy..iy = M Gin(0),  wherez = IT%(). (11)
n=1
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It follows from the definitions o1z and G, thatIlg = 1'111:. SetAY(z) = Mg(X,).
ThenAY(z) is just the projection of the slica (z) onto thex axis. It follows from (9) that
{Gi n}is acocycle:

Gi,n+m (x) = Gi,l’l(Gd”i,m(x))a

therefore,
Mg (i) = Gin(Tg(a")). (12)

By the definition ofZ; ;, .. ;, and the mean value theorem, for any 1 andi € X, there
existsu € [0, 1] such that

Gl () = Lij....i, - (13)
For eachy € I" define
@g (i) == log|G{(Tg (o). (14)

It is immediate from the definitions that; = ¢1 (see (5)). Since € C1*+¢, the function
¢g is Holder continuous. One easily computes

n—1
log |G}, ()| =) ¢g(a*i). (15)
k=0
wherex = Tg(c"i).
Recall that for each continuous functigh ¥ — R the topological pressure gf (with
respect tar) is defined by

' 1 n—1 e
P(f):= lim_ - log ) exp[ sup > f(o |)},

i1omin i€li1...in] =0

see Bowen§).

3. Beginning of the proof
We continue to work with the clads introduced in the previous section. The Lipschitz
constant folG = {Gijlicx € T is defined by

Gl(x) -G
LG = sup |GG
x,y€l0,1],iex [x — y|*
The distance between two elemefitsg of T is
0(G.T) :=sup|Gi — T,
iex
where

() = 1 ()]
21 == Irllsup+ 1A lsup+  SUp ————
x,v€[0,1] lx — yl
Next we prove some distortion inequalities and collect their immediate consequences.
There are many similar estimates in the literature, but since they are of crucial importance
for us, complete proofs are given.
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LEMMA 3.1. There exists a constat; > 0 such that for allG,7 € I', n € N and for
anyi € ¥, u,v € [0, 1],
0)
cH9 - |Gi,, )] < cho),
IGI ]
(i) Foranyg e T there exists a constart; = Ca(«, L(G), A1, A2) such that for all
T e T satisfyingo(G,7) < landforanyi € X,n € N,

17/, (0)]

expg—n-Cz2-0(G,T)"] < GO

< expn-C2-0(G, T)*].

Proof. (i) It is clearly enough to check one inequality. We have

(u)| rf ;ki(Gd"‘*'li,(nflfk)(u))
|G ( )| k=0 G k'(Gak+1i,(n—l—k)(v))
/< (G oritj (o1 (W) — G;ki(Gok+li,(ll—1—k)(v))
G (G i (p_1—k) (W)
L(G)

Z|G k1 (p—1— k)(”) a/“rli,(n—l—k)(v)la

L(g) = (n—k)a 1
=——) X Ju—ul® < L(G) - s
A ,;, 2 | | A1(1—22%)

and the desired statement follows. In the second displayed line above we used that
loglx/y| < |(x — y)/yl, and in the last but one inequality we used that by the mean value
theorem,

|Gj,m(u) - Gj,m(v)| <Ai2- |Gaj,m—1(u) - Gaj,m—l(v)l'
(ii) Observe that

|Tj,m () — G],m(“)| = |T] (Taj,m—l(u)) - GJ (Taj,m—l(u))l
+ 1Gj(Tojm-1w)) — Gj(Ggj,m—1(u))]
< Q(T5 g+ )\2|T0j,m—l(u) - Goj,m—l(u)l

<Q(T,Q)1

Thus,

1T ki Tyttt (n—1-1)(0) = GL 1 (G pit1i (11 (0))]
< |To/-ki(T(7k+1i’(n7]_7k) 0) — G;ki(Tﬂk+1i’(n717k)(O))|
+ |G:,ki(Tgk+1i,(n_1_k) 0) - G;ki(ng+1i,(n_1_k) O
<0o(T,G) + LDIT 41 (n-1-1)(0) — Gt1j (n_1-1) (0
<o(T,.9)+LGo(T,9H*L -1~
<[4+ LGA -2 0T, 9",
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using thato(7, G) < 1in the last step.
Since logx/y| < |(x — y)/y| we obtain fork > 0 that

T (Tt -1 (0) ‘ _A+LOA-]-o(T. 9"

lo
g G;ki(Go/“*li,(nflfk) (O)) N Al
whence
n—1 /
} Ti;n (O) _ } Z Iog T/ﬂki(Tak*]-i,(n—l—k) (O))
n Gi’n(O) n =0 Go-ki(GUk'*'li,(nflfk)(o))
- [1+ LG —2r2)"]-0o(T, )"
= n .
This implies the desired inequality and completes the proof of the lemma. o

COROLLARY 3.2. ForanyG = {Gj} and7 = {T;} in T the following hold:
0) L
Plagg +byr) = lim ~log 3 |G, - |1/, OI";
11...1n
(if)
(G}, (0)]

exp(—n - Ca- %) < —2—
o G2 G/, 0]

< expn - C2- |It|%),

where||t|| = max |#;| andCa2 is the constant from Lemma 3.1(ii).
(i) For0 < e < min{l, s(G)} anda > 0define

1
5 —3elogaz &
= prea )

(G}, (O™ < |G{ ,(0)]**/% forallt € B;(0).

Then for arbitraryi, n,

(iv) For all z such thatX, # ¢ and anyi,j € ¥, such thatn = max{! € Z : iy =
Jji forall k < 1},

Mg@) — Mg()l = ¢, “9IG],(0)] - Mg ") — Mg©")).
Proof. (i) It follows from (15) thatf = apg + b7 satisfies

n—1
exp[ sup Y f(a"i)} = sup |G} (T @"ip|* - |1}, (T (0" D)I".
i€li1...in] k=0 i€litoin] '
Then Lemma 3.1(i) implies the result.
(i) follows from Lemma 3.1(ii), lettingZ = G! and using the fact that(Gt, G) = ||t||.
(i) is an easy calculation using part (ii) of this corollary and the fact I&?M <AL
(iv) follows from (10), (12) and Lemma 3.1(i). |
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Recall that foiG € I" avectoit € R™ is G-admissible ifiGt € I'. The set ofj-admissible
tis open and non-empty. The next lemma establishes, in some sense, ‘transversality in the
parameter space’. It is an adaptation of Lemma 3.1 in Falcdigryvith a modification
similar to Proposition 3.1 in SolomyaR]].

LEMMA 3.3. LetG € I" and letB C R™ be a convex set @f-admissible vectors. Fix an
arbitrary z with X, # @. Then there exists a constafi such that

Vi,j € Xy withiy # j1, Ly{t € B : [Tge(i) — Mgi(j)| < p} < Czpforp > 0. (16)

Proof. We have by (7) and (11), for alle X,,
Mg = lim G ,0) = tiy + Gilti, + Goiltis + Goailtiy + ).

Thus, for allk < m,

ATt (i) , _ .

Ti =8k + Gi(Tlgt(0)[8ipk + G (Tgt (02|))(5i3,k + -l (7)

wheres; ; is the Kronecker symbol. We need to analyse
f@:= Hgt(i) — Hgt(j),

wherei; # j1 andi, j € X, (consequentlyy = ji for all k < 0).
To simplify notation, assume that = 1 andj; = 2. Then we have from (17) that

af®  af®

at1 ar
= 2+ G{(Tgi(@D))[(8ip,1 — 8i,2) + G (Mg (02)) ((Big 1 — 8iz2) + )]
— G{(Mgt(@N[Bjp1 — 8j,2) + Gy (Mgt (@2))((Bja1—8j52) + )]
Since|G{(x)| < A2 < 1/2 we have foii € ¥ that

VO UG -5 2@t ro@t @t )
a1 a2

2(1 - 212)
=2-2) M="C T2 1
> — >0, (18)

n>1

Consider the transformatidh : B — R™ defined by

where
vi=f@O, yo=t1it+t2, w=t fork#12

It is easy to see from (18) and the convexity®thatT is one-to-one omB. The Jacobian
determinant/ T satisfies

O Ao
or1 ot

_ 2121

0.
1—Xx ~

|TTM®] = ’
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Let
Api={te B :|Mg(i) —g()| < p}.
We have
Lin(Ap) < Max|TT )| Ln(TAp)
yeRm
1— 2

< o m TB: <

=212 Lnfy € Iyal < o}

< 1-% L om+1

21— 2rp)
The last inequality holds sindeis G-admissible henceyy| = |#%| < 1 fork # 1,2 and
|y2| < |t1] + |#2] < 2. The estimate (16) is proved. a

COROLLARY 3.4. LetG € T'. Fix arbitrary z with X, # . Then for any0 < a < 1there
exists a constanfs = C4(G, a) (independent of) such that for alli, j € X, with iy # j1,

/ dt

- — < Cy,
tep |Tgt(1) — Mgt()|*
whereB is a convex set df-admissible.

Proof. It is immediate, writing the integral in terms of the distribution function and using
(16). ]

The following lemma will be used in the proof of Theorem 1(ii). For technical reasons,
in this lemma we use instead oft.

LEMMA 3.5. LetG € I'. There exists a constafg > 0 such that for each > 0 one can
choose&$ > 0 so that

o - - p
ﬁm{V S B(s(O) C R™ - |Hgv(|) — HQV(J)| < ,O} < C5 -min {W’ 1}

holds ifiy = ji forall —oo < k < n.
Proof. It follows from (10) thatG, = G}”n. Using (12) we obtain that
[Tg(i) — Mgv()| = |G}, (Tgv(a")) — GY , (Tigv(a"}))]
= (G{,) ()| - [TMgv(i") — Mgv ("I,
fori’ =o"i,j’ = 0"j andx € (0, 1). Next, by Lemma 3.1(i),
IGY,) @] = ¢ 96 )01 = ¢4 |6, 0)F

for eachv € B;s(0), wheres is chosen as in Corollary 3.2(iii) far = 1 and%s =0, and
so that allt € Bs(0) areG-admissible. Thus,

Ln{v € Bs(0) : [Mgv(i) — Hgv()| = p}

L@,
< Ln {V € B5(0) : [Tgv(i’) — Mgv(i)| < 17}

Gl ()7
_ Cf(g) . C3p
< min {W’ Ly (Bs(0)) ¢ .

i,n

Here we applied Lemma 3.3. ]
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4. The case of ‘small contractions’
Here, after some preparation, we prove lemmas that will be used in the proof of
Theorem 1(i).

ConsiderG e TI' and the corresponding functigr; on X (see 82 for definitions).
Define the functionVg(a) := P(agg) for a > 0. It follows from Corollary 3.2(i) and
the inequalities.] < |G| | < 43 that

Ve(a+u) — Yg(a)
u

logi1 <

< logxz (19)

for all positivea andu. SinceWg(0) = logm > 0, this implies that the functiodg has
a unique zero, which we denat€g). One can show that(G) = lim,_ « d,(z) where
S inin it |4:(2) = 1, for all z such thatz, # ¢J. We omit the calculation since it is
rather standard and we do not need it for the proof.

In this section we leb = vg be the Gibbs measure f8(G)¢pg on X (recall that this
function is Holder continuous, so the Gibbs measure exists). Sh@eg) = 0, by the
definition of a Gibbs measure,

v([i1...in]) € [Ce_l, Cel - exp[ Z(og(ﬁ I)} (20)
whereCg > 0 depends only og. By Lemma 3.1(i), (13) and (15),

n—1 ki
=,

Cl—L(g) <

[1z,is,....in |
Thus, there is a consta@t = C7(G) > 0, such that for each, v € [0, 1] andiy .. . i,,
v([i1...ix])

[Lig.i |

|1u Hu,ig...in | 1,,|

IG{ , 0]

[Ty iy...i |

e[c7t cql, e[c;t, 71 and e[C;t ol

[Ly,iq..in |

(21)

LEMMA 4.1. Suppose thaf € I'. Then
() dimg(AY(2)) < s(G) for all z such thats, = ¢;
(i)  the functions(G) is continuous of".

Proof. (i) We say thatl, ;, . ;, is ane-interval if |I;;,, ;| < ebut|l; . ;| > e.

All g-intervals (for fixedz) form a cover ofAY(z). It follows from (20) and (21) that the
number ofs-intervals is of the ordes™*, up to a multiplicative constant; see, for example,
Proposition 2.1 in Hueter and Lalley§] for details. By the definition of the upper box
dimension, the desired inequality follows.

(i) Recall thatWg(a) = P(apg). We have for € T,

W (s(D)| = |P(s(T)pg)| = |P(s(T)gpg) — P(s(T)eT)

_ i L |jog Za-i 19O
e |y, 11,8

<C2-5(T)-0(G.T)"
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by Lemma 3.1(ii). Therefore, by (19),
|Wg(s(T)) — Yg(s(9)l

Is(7) —s(@)] < 0g72]
_ YgG@NI _ C2-5(T) -0(G. T)*
llogrz| — llog 22|
which implies that the functiomnis continuous af . |

The next lemma contains the major part of the proof of Theorem 1(i).

LEMMA 4.2. LetG € I' be such that(G) < 1. Further, letz be arbitrary withX, # @.
Then for every > 0 there exist$ > 0 such that

dimy (A9 (2)) > 5(G) — ¢
for Lebesgue-a.é¢.c B;(0).

Proof. Lets = s(G). Recall thatv is the Gibbs measure for the functiepg. Consider
the projected measure Ay It induces a measune on ¥, sinceX, ~ X;. Then (20)
and (21) imply

u(i1, ..., in]) € (Cg*, Cg) - 1G] , (O, (22)

where the constants depends org;. Denote the product measuyrex u by uo. By the
potential-theoretic characterization of the Hausdorff dimension (see Falddher. p4]),
it is enough to show that

R(t) = // .duz(i,j). -
s.xx. [Hgt@) = Hgt()*~°

fora.e.t € Bs(0) c R™ for somes > 0. Indeed, this means that tiee— ¢)-energy of the
‘push-down’ measurg o (Hgt)il on A9 (z) is finite. Following the scheme of Kaufman
[20], we shall prove that

_Ielogia\7”
/ R(t)dt < co wheres = [ 2= 22
teB;s(0) (s —e)C2

andC, comes from Lemma 3.1(ii) and Corollary 3.2(ii).
Leti,j € X,. Belowwe writeiA] = 1 for afinite wordr = (1, ..., 1) if ix = jx = ¢
forall 1 < k < nandi,+1 # j.+1. We have by Fubini’'s theorem that

dt
R(t)dt = dus(i i
[EBa(O) ( ) Z Z /w/i‘/\j=t <K€B§(O) |Hgt(|) — Hgt(‘l)P“c) /’LZ(I ])

n>0 t=(i1...i)

<constant )~ Y~ // [lGi’n(o)|(ss/2)
iN=t1 '
dt

n>0 t=(i1...in)

X . . dua(i, |
/;635(0) |Hgt(0n|) — Hgt(dn])|sei| MZ( J)

<constant y "~y // G, (0]~ ~/2 d s, j)
inj=t

n>0 1=(i1...in)
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o2 1
< constant Y "ip7° > //w':t e dpa(i, )

n>0 T=(i1...in)

= constant Y 15"/% < oo,

n>0

where the first inequality follows from Corollary 3.2(iii) and (iv). The second one is just
Corollary 3.4 and the third inequality comes from (22). This concludes the proof of the
lemma. m]

COROLLARY 4.3. LetG € I'. Fix anyz such that®, # ¢. Then
dimy (A9 (2)) = s(GY) for a.e.G-admissible such thats(G!) < 1.

Proof. The upper estimate for dimension follows from Lemma 4.1(i) sincexdindimg;
it holds for allG-admissible.

Suppose that the statement of the corollary is false. Then for som@ there exists
a density pointg of thoset for which dimy (A9 (z)) < s(G!) — e < 1 — &. Sinces(GY)
is continuous by Lemma 4.1(ii) and theperturbation oGt coincides with thetg + t)-
perturbation of7, this contradicts Lemma 4.2. |

5. The case of ‘large contractions’
In the previous section we considered the cagel. Here we assume that- 1 preparing
for the proof of Theorem 1(ii). As we saw in (2) this implies that 0. Therefore, without
loss of generality we may assume throughout this section-tkat; > 0 (see (6) for the
definition ofry).
We introduce some notation used throughout 85. Fix an arbitrary horseshoe map
F(x,y,2) = (y(x,2), 1(y, 2), ¥(z)) satisfying (H1)—(H3) and such thatz, # @. Put
Zzz = ¥, xX;. LetG, T be the elements af defined by the first two component functions
of F, thatis

Gi(x) =y (x, ¥, (T330))  and Ti(y) := t(y, ¥, (TT3(0)). (23)

The functions associated with them, as in (14), will be denegigdand ¢7. In this
section we let be the Gibbs measure of the functipg + r¢7. The measurg: is the
induced measure oB,, that is, we first consider the projected measure&qnand then
the measure olx, using the identificatiork, ~ X,. (Warning: u andv in this section
are different fromu andv in the previous section.) By the definition of Gibbs measure and
Lemma 3.1(i) there existSg > 0 such that

u(lis, ....in]) € (Cg™, Co) - |G}, O] - |T,(O)". (24)

In this sectionty, to are always vectors froniR”, and whenever we writé it is
always a vector fronR” x R™ with t = (t1,t2). We use thd™ norm onR?". Put
'(0) := (Tgu (i), T, () fori € =. We write A" for the basic set of*. Further,A'(z)
denotes the-horizontal section oA!, so thatA!(z) = IT! (2.). Fort € R?" we denote by
G' andT" thet-perturbations off and7 and writey;;, ¢- for the corresponding functions
on X. Letry(t) be the solution of the equatidi(pg + r1(t)p7) = 0.



1358 K. Simon and B. Solomyak

LEMMA 5.1. The functiort — r1(t) is continuous.

Proof. As in Lemma 4.1(ii), we prove a more general statement. The calculations are
similar to those of Lemma 4.1(ii), so we shall be brief.
LetG, T e I'. Denote by (G, T) the unique solution of the equation

P(pg +r1(G, T)er) =0.

We shall prove thatG, 7) +— r1(G, 7) is continuous in the metric induced byG, H).
LetG, 7, H,U € I'. Using Corollary 3.2(i), it is easy to see that

[P(pg + ri(H, UeT)| = |P(pg +r1(G, T)eT) — Plpg + ri(H, U)eT)]
> |logAz|lri(G, T) — ri(H, U)|.
On the other hand, again using Corollary 3.2(i) and Lemma 3.1(ii), we obtain
[P(pg + ri(H, Ue)| = |P(pg + ri(H. UeT) — P(on +ri(H, U)gy)|
< Cori(H, U)e(G, H)* + ri(H, U)o (T, U)*].
Combining the inequalities yields the desired continuity. |
Below we denoteB?(0) := B5(0) x Bs(0).

LEMMA 5.2. Fix 6 > Oandleté§ > 0be as in Lemma 3.5. Further, fixj € X, such
thati Aj = (i1,....in). LetK := |G, (0)|*"? and L := |T{,(0)|**?. Then for each
1 < a < 2there is a positive constadt; = C;(a) (independent of, j, n) such that

dt o 1
7 := g < Cimin —> — (-
tes20) ITIH(H — Tl K-L" L-K

Proof. Without loss of generality, we may assurkie> L. Using Lemma 3.5 twice (for
v = t1 andv = t, and the familiesj, 7 respectively), one can see that

o0
T—a / Lanlt < BHO):IM0) — TG < oo~ dp
p:
< Cé'a./oo min[ﬁ, 1} . min{ﬁ, 1} o ap
N =0 K L

2 p2 —-1- o _1-
<Ct-a- — “dp + — “d
5-a [/0 0 0 /L P ,oi|

o 1 ’ 1 O
= Cy(a) - KLl < Ci(a)- TRa1°

Now we are ready for the main lemma in the proof of Theorem 1(ii).

LEMMA 5.3.
(i) Supposethd < r < 1. Then for every > 0there exist$ > 0 such that

dimy (A'(z)) > 1+r —¢ fora.e.t e B2(0).

(i) Ifr > Lthen
L2(A'(z)) > 0 fora.e.t € BZ(0).
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Proof. (i) Fix ¢ such that 1> » = r1 > ¢ > 0 and then choosgsatisfying

elogiz
2logi’

0<0 < (25)

Determines from 6 as in Lemma 3.5. The desired estimate follows from the potential-
theoretic characterization of the Hausdorff dimension if we show that

dua(i,j)
1 / // i i dt < oo.
tes20) J Jxz ITIE(GQ) — TIEG) || 1Hrae

Using Fubini’'s theorem we obtain

dt o
T= | | i
Z Z //iAj—r </te33(0) | TTt(0) — Ht(J)||l+rls) pa(l, ))

n>0 t=(i1...iy)

dpa(i, )
constant s
< Z Z //i‘/\j—r |G-’ (0)|1+9 . |Ti/,n(0)|(1+0)(rl_8)

n>0t=(i1...in) i,n

by Lemma 5.2 withu = 14 r1 — ¢ € (1, 2). It follows from (24) that
Thus,
G, O - 1T}, - (i1, - .., in])
7z tant ’ ; . 26
< constan Z Z |Gi/,n(0)|l+9 . |Ti/,n(0)|(r17€)(1+9) (26)

n>0 (i1...in)

Sinced < g/2andr < 1we have; — (14 0)(r1 — &) = ¢ + 0 —0r1 > ¢/2. Therefore,

|Gi/,n(0)| ) |Ti{n(o)|rl < ATn0pnel2 g
_ -1 2 3
|Gi/,,,(0)|1+9 : |Ti/,n(0)|(r1 &)(1+6)

for somexrz < 1, since)é/2 < 24 by (25). Now (26) implies

T< constan'{ Py Z wlit, ... in]) = constantX: A < o0
n>0 (i1...0n) n>0
and the proof of part (i) is complete.
(ii) The proof of this part follows the scheme of Mattild1 p. 130]. As above, we
assume that = r1 sory > 1. Letuy := u o (ITY) 1 be the push-down measure supported
on Al(z) and set

o u(Bp(U))
D(ut, u) ;= liminf ———,
Dl 0= 08 (B, )
whereu € R? and B, (u) is the ball inR? in the/**-metric. To prove thatz(A'(z)) > 0
fora.et e BSZ(O) it is enough to show that is absolutely continuous with respectfe
fora.et e B§(O). However, to see this it is enough to prove the following statement (see
Mattila [21, p. 36]):

z ::/ / D(ut, ) dut dt < oo.
teB2(0) JAL(2)
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We fix 0 so that
log Az

logi1 + logaz
and choosé for thisf as in Lemma 3.5. Then we apply Fatou’s lemma and make a change
of variable to get

O0<f<(@1—-1

¢ . . -
7 <timinf = [ [ Lanlt e BO) < I ~ TO)) < pldnatic)).  @7)
p—0 4p ¥2
For anyi, j EZZ withi Aj = (i1, ..., i), applying Lemma 3.5 twice we obtain
02

2.y - nmten Tt 2
Lomf{t € B§(0) : [TT°(1) — T ()l < p} < C5|G.’ (0)|1+9|Tifn(0)|1+9'

i,n

This and (27) yield

Ifconstantz Z GO (0)|l+0y,([zl,...zn])

n>0 (i1...in)
- constant G, T, O (i1, .. .in))
= 1 1
=i, 1GLOT L O
< constant ¥ A5 N p(lin, .. Lial) < oo,
n>0 (i1...1n)
sincek(zrl’l’e) < A? by the choice ob. This completes the proof of part (ii). |

COROLLARY 5.4. Letz € [0, 1] be such thak, # ¢ and letQ be the set oF -admissible
t. Then:

() dimgy (A9 (2)) > 1+ min{r(t), 1} for a.e.t € Q such that(t) > O;

(i) L2(Al(z)) > Ofora.e.t € Q such that(t) > 1.

Proof. (i) follows from Lemma 5.3(i) and Lemma 5.1 (the continuity-¢f)) similar to the
proof of Corollary 4.3.

(i) Suppose that the statement is false. Then there is an admissibletpanth
thatr(tp) > 1 but in any ball aroundp there is a set of having positiveL2-measure
for which £2 (A'(z)) = 0. ConsideringA' instead ofA leads to a contradiction with
Lemma 5.3(ii). |

6. Conclusion of the proof
In the following lemma we collect estimates above for the upper box dimension. They are
rather standard and hold for all, not just almost all, horseshoes.

LEMMA_6.1. Let A be a horseshoe ande [0, 1] is such thatZ,; # 0. Then:

(i) dimg(A(2) <5 = max(sa, s2};

(i) dimg(A(z)) < 14r =1+ maxry, r2} provideds > 1 (and hence > 0);
i)y dimg(A) <8, +

(i) B(A) < 0 1+r ifs>1

Herer;, s; are defined in (6) and, is from (3).
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Proof. (i) Let Izl,il,...,i,, = Gj.n([0, 1]) and Izz,il,...,i,, := T;.,([0, 1]), wherez = T13(i).
Then
U iy x 20y D A

We say tha”zj,il,...,in is ang-interval if |Izj,i1,...,i,1,1| <eg bUt“zj,il,...,in,ﬂ > ¢ (herej can be
1 or 2). The number of-intervals// is not greater than constaat™/, similar to the proof
of Lemma 4.1(i). It follows thatA (z) can be covered by constant —*! + £752) squares
of sidee which implies the desired estimate.

(ii) Let Ay be the set of finite sequences = (i1, ..., i,) (for any n) such that

1}, . isane-intervalandi?, | >|I}, . | Let.A;be the set of finite sequences
u=(i1,...,iy) (foranyn) such thatr?, . isans-intervaland}, . |=>112, |

It is easy to see that ariye X, belongs to a cylinder séti], with u € A3 U Az. Thus,

A(z) is covered by
U (1t x12)u U (I}, x I2).
ue Ay ueAj

The rectangles?, x 12, for u € A1 U A have the shorter side of length betwega
ande. If u € Az the rectangle is stretched in thelirection, and ifx € A2 the rectangle is
stretched in the direction. LetN (¢) be the minimal number of squares of silaeeded
to coverA(z). Then

YOESY Ul ) 4 > Vel g
B 12t,] 112,]

ue Ay uc Ay
2
< —[ LD |13,u|]. (28)
1€ uE.Al uE.Az

Let u be the measure 0B, as in 85. Then
u(lul) = CHlI2, | - 112,
for someC;, > 0 by (21). Therefore,

1> " uul) = Cy > L1 12,1 = Coyler)™ D 12,1,
ueAs ueAs ueAj

hence)",c,!71,] < constant A, "s~"1. Similarly, using the Gibbs measure for
r29g+oT we obtainthaEueA1 |I§u| < constanﬁfzs—’z. Combining these inequalities
with (28) yields

N(g) < constant =17,

wherer = maxry, r2}. Sincedimg (A (z)) = lim sup._,qlogN(e)/log 1/¢, the statement
is proved.

(iii) A straightforward calculation based on (1), (H2) and (H3) shows that the unstable
manifolds for our horseshoe map are smooth curves which form angles bounded away from
zero with horizontal planes (the stable manifolds). Then the statement routinely follows
from parts (i) and (ii) and Theorem 3. a
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Now we are ready to prove our theorems which follow by Fubini’s Theorem from
Lemma 6.1, Corollary 4.3, and Corollary 5.4.

Proof of Theorem 1The upper estimates are obtained in Lemma 6.1 so we only have to
show the lower estimates. Fix a horseshoe rAagnd letQ be the set off'-admissible

t. ThenQ is a non-empty bounded open set. kdixed, we defingg and7 as in (23).
Further, we writes(t) := maxX(s(G1), s(T2)} fort = (t, t2) € R?". Then Corollary 4.3
implies that diny (A'(z)) > s(t) fora.et such thak(t) < 1 sinceA9" (z) isthe projection

of A(z) onto thex axis andA9? (z) is the projection ofA (z) onto they axis. Thus, we
have, together with Corollary 5.4(i), that for everg Repy), for Lebesgue almost every

te 0,

y K s(t) if s(t) <1 29
img (A (2)) > 14rt) ifst) > 1. )

Recall (Theorem 3) that < H% (Rep(y)) < co. DefineA := Q x Rep(y). Then
(Lom x H)(A) > 0. We call a pailt, z) € A ‘good’ if (29) holds. By Fubini's theorem,
for £,,,-almost event € Q, for H%-a.e.z € Rep(y), the pair(t, z) is ‘good.” Then by
the ‘generalized slicing theorem’ (see Corollary 7.12 in Falcob®]) e get the desired
lower bound. The proof of Theorem 1 is complete. |

Proof of Theorem 2The proof is the same as for Theorem 1, except thatdete 1. Part
(iii) follows from Fubini’s theorem and Corollary 5.4(ii). |
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