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Abstract

We consider a one parameter family of self-similar sets of over-
lapping construction. We study the exceptional set, that is the set
of those parameters for which the correlation dimension is smaller
than the similarity dimension. We find some connection between the
exceptional set and the multifractal analysis of a measure.

1 Introduction

When we compute a certain fractal dimension of a self-similar or self-affine
set there is always an easy upper bound for the dimension (see [2]). Al-
though, in many cases it turns out that this most natural upper bound is
actually the dimension, it also may occur that the dimension drops compared
to its expected value, on a dense set of configurations (see [10, Theorem 2]).
There have been lots of efforts trying to understand what causes the drop of
dimension but we know very little about the reasons. Obviously, for a self-
similar fractal in R (having similarity dimension smaller than one) if there
are two (possibly higher level) cylinders which coincide then the dimension
drops. We do not know however, even in this very simple situation, whether
there is any other reason for the drop of the dimension. In this paper we
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find a connection between this problem and the multifractal analysis of a
measure.

We investigate the simplest possible non-trivial one parameter family of
self-similar Iterated Function Systems (IFS) with overlapping cylinders on
the real line. For almost all parameters b the correlation dimension dimg
of the attractor A® is equal to the similarity dimension s. The set of those
parameters b for which dimg(A®)) < s is called the exceptional set F.
Our aim in this paper is to prove that for an exceptional parameter b the
correlation dimension of the attractor A® can be expressed as the pointwise
dimension of a certain measure v which is a projection of a self-similar
measure (3 of the plane. In the last section we discuss the connection between
the multifractal analysis of the measure v and the size of the exceptional
set F.

Acknowledgement 1 The author wishes to express his thanks to the ref-
eree for his valuable work which improved a lot on this paper. I am especially
grateful to the referee for finding a serious mistake in an earlier version of
this paper which was not at all trivial to correct.

2 Correlation Dimension

2.1 Three equivalent definitions for correlation dimen-
sion

Let {S;};~, be a self-similar IFS on R”. Assume that 0 < \; < 1, i =
1,...,m are the ratios of the similarities and s is the similarity dimension,
that is Zzl A = 1. As usual we write S;, ;, = S;,0---005;,. Let u be the
Bernoulli measure on X = {1,...,m}" with weights (A3,..., % ). Further,

let Io(s1) = [y, I1G) — G|~ da(D)dpa(j), where

(1) H(i) = lim Szozk(o)

k—o0

Following Chin, Hunt and York [1] the correlation dimension of the IF'S
{S;}:2, is defined as

(2) dime (A®) := sup {a > 0: I, (1) < 00} .
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That is, dimg(A®) is the correlation dimension of the natural measure
v = poII7t. Alternatively, we can define the correlation dimension as
follows: Fix a partition D; of R into a grid intervals of length 2/ for every
[ > 0. Denote 7, := > (v(Q))?. Peres and Solomyak proved in [7] that the

QeD;
limit
Do) = Ti log 7
v) = lim
2 1—0 logl
exists. It was proved in [9, Th.18.2] that for D := lim;_,o log [ vB@)dv o

logl
have: Dy(v) = D, where B(x) is the ball of radius [ centered at x. Further,

Sauer and Yorke [12] proved that: D =sup{a > 0: I,(u) < co}. Thus

(3)

‘ . logm . IngV(B(xa l))dv
(b) — > . = =

dimg(AY) =sup{a >0: I,(¢n) < oo} E% log 1 E% log ! ’

2.2 Rams’ Theorem on correlation dimension

The theorem in this section was proved by M. Rams in his Ph.D. Thesis [11,
Wn 6.5] in a much higher generality (in R? for self-conformal IFS). For the
convenience of the reader we present here Rams’ proof of this simplified
version of his theorem.

Let {S;}", be a homogenous self-similar IFS on R, S; (z) = Az +t;. To
keep the notations simple we assume that the smallest interval containing
the attractor A is [0,1]. We always write w”, 7" for elements of )  :=
{1,...,m}" and we index them like W™ = (wp...w,_1). Further, U, :=
Son (U), Upn := S (U) if U C R. For an [ > 0 and assuming U is bounded
we write M := {Uyn : Nl < |Uyn| < 1}, further let

Al (U) = # {(w",T") ‘an N UTn ?é @, an, UTn € Ml} .

Observe that A; (U) > m" if Al < A" |U| < I. Put s = ,bigl,\‘ We assume
that s < 1.

Theorem 1 (Rams) Let U be a non-empty bounded but not necessarily
open interval. For simplicity we suppose that U N [0,1] # (). Then

- log (4 (1))

i ——y = 2s — dim¢ (v).



In particular the limit exists and independent of U.

Proof. For an [ > 0 we call [;(z) the interval of the 2/ interval
grid D; which is centered at x. The set of centers of such intervals is
called C;. We assume that ' > [. For an 2’ € Cy we define Ny, (2') =
#{w" U NIy () # 0, Uy € M;}. First we prove that

> sz/,z@/)

x/ECl/

2
Ay <

(4) 1<

where § := 2(1;\7” + 1. The first inequality is obvious. To see the second one
fix an arbitrary 2’ € Cp. WU NIy (2') # O then Uyn C (2 — (' + 1), 2" + 1"+ 1).
Subdivide the interval (' — (I’ + 1), 2’ 4+ ' 4+ 1) into subintervals of length A,
(for Uy € My, we have |Uyn| > Al). There are exactly [ endpoints of such
intervals. Thus there is such an interval endpoint which contained in at

least Ny (2")/0 elements of M,. These elements of M, of course pairwise
2 /

intersect each other. So there are at least pairs of elements of M,
which pairwise intersect each other and which can be associated uniquely
with 2’. This completes the proof of (4).

Next we prove that there exists a ¢* = ¢* (U) > 0 such that

> v (L (x))

*\—1 zeCy *
(5) ()7 < TEA T <.

For this end, we fix a ¢ = ¢(U) < ﬁ such that the ¢|U| neighborhood

of U, called BC|U| (U) contains [0,1] D A. (We assumed that UN[0,1] # 0).

Thus |U| > 525 Then for a Uy € My, 575 < |U| < 2 and
1¢® 1
— ' < — < (2c+ 1)1,
m 28 mn (2e+1)

Using that p (w") = - and v = po II™" it follows that for an arbitrary
' € Cp and for I' = (14 c)l, we have

6)  (Nosa) < ( 2 L (A € Bay () # w})

Cs)\s n
@ < g 02 (I (@) 2 (B () + 02 (I (23)



where 2, and 2, are the centers of the neighbors of Iy (2') and s <1 is
the similarity dimension.

For an arbitrary x € Cj, let 2’ be the center of the interval from Dy
which contains z in its interior or as its right endpoint. Further, let 2, and
xy are the centers of the two neighbors of Iy/(z') in Dy.

v(L () < S#{w" A NI (z) # 0, Upn € My}

< (2c+ 1) {0 |(Iy (2h) ULy (/) U Iy (275)) N Upyn # O, Upn € M}

< (2¢4 1)° I5(Np () + Npy(2') + Npy(2)). Thus using (6) and using
twice that & = 2c+ 1

> v? (L1 (z)) <3(2c+ 1)1+2S 1% > (Nz%,z(x/ﬁ + Nl%,l(x,) + ng,l<x;%))

zeC; w’ECl/

<9(2c+1)"* 2 3 N2 (2)

:E'ECl/

<3902+ ) Ze S (02 (I (w4)) + 2 (In () + 12 (I (2)))

m'GCZ/

<99 (2c+ 1) 2 ; VA (Ip(a')) < 81 (2c+ 1)*7% 2o ; V2 (I, (x)).

xT i x 1
. el 28 s
Thus we obtained that (%) m < r;jl v (I (x)) /12 'ezc N (2') <
x 1
9(2¢+1)"°. This and (4) completes the proof of (5). This and (3)
immediately implies the statement of Rams’ theorem. m

2.3 A Corollary of Rams’ Theorem

Since we assumed that the attractor A spans the interval J := [0, 1], thus the
n—1

left end point of the cylinder interval J, o, , = Sug.on_s (J) is D wpAF.
k=0

Therefore if U := [0, 2]

n—1 n—1
(8) jg:(ukkk‘—-§£:7kkk
k=0 k=0

§ ZA" <~ an N UTn 7é (Z)

n—1 n—1
o wpA = 3T AP
k=0 k=0

a corollary of Rams’ Theorem we obtained that

That is A, (U) = # {(w",T”) :

< z/\”}. So, as



n—1
1og#{<w,fn>: S oA S ok sm}
k=0 k=0

Lemma 2 For ecvery z > 0 lim,_ —Tog A" -
2s — dime (v).

Observe that A; (U) is constant in [ on the interval [ € [\" |U|, \"~! |U]).
We write A/ (U) for this constant. That is, for every [ > 0 we choose an
n = n (l) such that

logl log|U| logl log|U|
log A log A\ log A log A\

9) +1

Put
AL (U) 1= A (U) = 4", 7) U 1 Upn £ 0}

and
N’Vl (U) = #{(wnaTn) |w0 7é 70, Uw" N Urn 7é Q), an, Uq—n € Ml} .

Observe that

(10) Al (U) = Zm"_k]\/'k (U)+m".
k=0
From the definition it is obvious that
. log AL (U) . logA(U), 1
(1) S i Ry ey DY

Our aim is to prove that in the interesting case (when the exponential
growths rate of A/, (U) is greater than n) A/, (U) growth as fast as N,, (U) at
least for U = [0, z] where 1 < z. To do this we define o« = o (U), 5 = (5 (U)
and 7 = 7 (U) by

log 4, log N,
loga := lim Og—n(U)7 log 3 := limsup Og—"(U)
n—oo n N—00
and o
log y = lim inf 128V (U)

n—oo n
Let z > 1 be arbitrary. In the rest we assume that U := [0, z].
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Lemma 3 If 8 < m then a = logm.

Proof. From the definition &« > m. Let ¢ > 0 be arbitrary. There exists
a K such that for every k > K, Ni(U) < (m +¢)". Thus from (10) we

K n

obtain that A (U) < S, m" "N (U)+ 3. m™*(m+¢)* +m". That is
k=0 k=K-+1

Al (U) <const-n-(m+e)"+m" Thusa <m. m

Lemma 4 If § > m then 3 = «.

Proof. Obviously f < a. On the contrary assume that § < «a. Let
e < a— (3. Then for all k big enough N;, (U) < (8 +¢)*. Then as above we
obtain that o < 3+ ¢. Which is a contradiction. m

Lemma 5 If 3 > m then a = [ = 7.

Proof. Since we assumed that A C [0,1] C U we have that S; (U) C U
t=1,...,m. Therefore U,n D U n+1 for any w™ € ¥,,. Thus

(12) N1 (U) < m?N, (U).

To get contradiction we assume that 7 < a. Choose € > 0 so small that the
following three requirements are satisfied: v +e <a —¢, m < a — ¢, and

_ clog &t
(13) log ate < log @TE Eyre
a—¢e m  logm

If ¢ is small enough then (13) holds because for € = 0 the left hand side is
0 and the right hand side is positive and both sides are continuous in €.
From the definition of v we get that there exists {ny},., such that

Ny (U) < (v +)™.
Using (12) k—times and that for every j > 0, N; (U) < const - (a + ¢)’

(since N; (U) < A’ (U)) it follows from (10) that A], ,, (U) = ZZ mTRING (U)+

7=0
Yo mMTREIN (U) + mmtF < const - nim® (o + €)™ + k(v + )" m** +
Jj=n;+1
m™** holds for every k > 0. By (13), we can choose {k;};~, such that

a+te a+te
log o log
nzl o < k; < n; logm .



For such a k; we have

uz

(14)  (a+e)"mh < (a—e)"™ and (y+ )" m® < (a+e)" mb.

Therefore
loe A’ . (U 1 . . _ \nitki
i 08 Anik, (U) < lim og(const - (n; + ki) (v —e)™™) log (0 — ).
1—00 n; + k‘l 1—00 n; + kz

Which contradicts the definition of a. m

Since we know from Rams theorem that a does not depend on U = [0, 2] ,
z > 1 therefore the same is true for g and v if 5 > m. These lemmas and
Rams’ theorem imply:

Proposition 6 Let z > 1 be arbitrary. Then for U = |0, z] we obtain that

dime A s if limsup,,_, . % <logm
imc A =
© 25 — lim,, o kfr’ﬁgg(g) otherwise
n—1
Observe that Uy« N U;» # () if and only if the left end points Y wpA*
k=0

n—1
and > 7A\F are closer to each other than the length of |Un| = [Usn| = 2A®
k=0

n

1 n—1
that is W AF — ST AR

< zA"™. Thus
k=0 k=0

Corollary 7 For an arbitrary z > 1 if

n—1 —1
Z wk/\k — Z Tk/\k
k=0

n
k=0

< z)\"}

then the limit exists and the limit is the same for all z > 1 further,

n—1 n—1
log#{(w”,’r"):wo#m, S wpAF— 3 A\ §z)\"}
k=0 k=0
n

log # {(w”, ) wo # To,

> logm

lim sup
n—oo n

= (2s — dimc A) log 5.

lim,, oo

This is the corollary of Rams’ theorem we are going to use in the proof
of our theorem.



3 A certain family of fractals with overlaps.

We construct the simplest possible one parameter family of self-similar IFS
with overlapping cylinders. This is a simplification of those IFS which ap-
pear in M.Keane’s so-called ‘(0,1,3)-problem’ (see [4]).

11
43

similar IFS {s§”>(x)} _owhere V = {06, (1—a)}, and $ (x) = a-w+.
1€

First fix an arbitrary a € ( ) . We define the one parameter family of self-

1 € V. The similarity dimension is s = %'

1—3a
2

In what follows we always

assume that the parameter b € (=52, a). (a is not a parameter, a was fixed.)

This provides that

(15) SPAOY A SPHA®Y £ and A® — A® = [—1,1]

holds, where A®) C [0, 1] is the attractor of the IFS {Si(b) (x)} y and A— B

1€
means the arithmetic difference of the sets A and B. It follows from the
second part of (15) that

(b) ®  _ 7 (6)
(16) A'LOZ’m - Aj()---jm - [iO---i7rL - ]jO---j7n7
where Az((?..z‘m = Sz(:)zm (A®) = Si(f)o . 'OSS:L) (A®) and IZ(OZ)_)..im = Sf(’j?__im([o, 1)).

Using an argument of Falconer [2] one can easily prove the first part of the
next theorem. The proof of the second part is the same as [10, Theorem 2].

Theorem 8 1. For Lebesque-almost all b € (52, a)

(17) dimy (A®) = dime(A®) = s.

1-3a
5

2. There is a dense exceptional subset E of the parameter interval a),

such that for b e E
(18) dime(A®) < s.

As usual, we denote the symbolic space by Y. That is

Y = {(ig,11,1%2,...) 1 ix € V, k > 0}. Note that the indices start with
zero. Let p be the {3, 3,3} equally weighted Bernoulli measure on . We
denote the product set ¥ x X, the product measure p x g and the product
of the metric by X9, po and ps respectively.

9



3.1 The construction of the measure

First we construct a self-similar measure 3 on the plane. Let

(19) T:=V -V ={x(1-a),+b,+(1—a—b),0}

We define a self-similar IFS {R,}, .7 on the plane as follows:
R:I:(l—a) (l’, y) = (CL]}, be) + (07 j:a)a Rib(l', y) - ((IZE, ay) + (:Fa7 0)7

Ri(lfafb) (l’, y) = (CML‘, Cly) + (ZlZCL, ia)a Ro(l', y) - (CLJ,‘, a'y)

Write A’ for the attractor of {R,}, 7. In fact what we need is a trans-
lation of A’. Let A = A’ + (1,0). Let ¥ := {(rn,7.): €T, k>1}
(the indices of the symbolic sequences start with 1). We denote the natural
projection from ¥ to A by

(20) (7)== lim R, . (0,0)+ (1,0),

for 7 € 2. We call 3 .
Apor = H(Tl,..  Tm) = {xeA'x:H(T),WhereT]m:Tl...Tm}

an m-cylinder of A, where 7, € Z, k=1,...,m.

Define the Bernoulh measure ﬂ on the symbohc space Y as follows: The
weight of 0 is § (we get 0 in V' — V in three different ways), and the
weight of all other elements of Z are % . In this way for 7,,, = iy ...4%,, and
Jm =7J1---Jm, Where iy, jp € V for k =1,...,m we get

(21) B(lm_]m):_#{( ma]m) : _jmzim_j;n}

The push down measure of 3 is called 3. Since a < %, the cylinders of
A are disjoint. So [ is a nice self-similar measure on the plane which does
not depend on b. Via projections with rays through the origin 3 induces a
measure v on the real line with compact support. Namely, consider the cone
Clc,e) = {(z,y) : c—e < L < c+e}. We define the measure 7 as follows:

10



(22) Y(c—¢e,c+¢e) = PB(Clce)).

The pointwise dimension of 7 at = is denoted by dvy(z). That is dy(z) :=
log y(x— Tx—i-r)

hmrﬂo log T

4 The main result
Theorem 9 dimc(A®) = min {dv(:%), s}.

Before we prove this Theorem, we need some observations stated in the
following Lemmas.

We know from Proposition 6 and Corollary 7 that dimcA® < s = _kfgg)\
if and only if for wy, 7 € {0,b,1 — a}
(23)

log # {(Wm+177m+1) D wo # o, | Y wea® — Y mak| < amﬂ}

lim sup h=0 h=0 > log 3.

First we observe that for iy # jo Z(f ) i NI ]0 i 7 0 holds if and only
if either ig = 0 and jo = b or vice versa. (We remind the reader that
Il(f)l = SZ:) 4. ([0,1]) was defined previously.) We write

fmiz(il,...l’m):{j622j0:i17...,jm_1:im}

that is the k—th coordinate of an element of 7,, is i34 for 0 < k& < m — 1.
Moreover (ig, o) = {j :jk = ix, 0 < k < m}.
Pt (b) (b)
_ = b b
B, = {(lma]m) : IO...z'm N [b...jm # (Z)} .

The cardinality of B, is called Np, ®) which is Just the half of the cardi-

nality which appears in the numerator of (23) since Z ixa® and b+ z jra®

are the left end points of the intervals [0...im7 I éb)]m respectlvely, and a

the length of these intervals. To estimate N®

m+1 is

we observe that

11



_ = b b
(24) (T im) € B = MG OAL. 0.

Since 12(021 i = [ ika®, oy ikak + a™ ] we get (i, jm) € By <=
(25) |Z i — jr)a® — b < a™
k=1

holds for every m > 1.
Fix arbitrary 7, = (i1,...,% m),Jm = (J1,---,7 m) such that iz, j, € V
for 1 < k < m. Observe that

(26) > ik = je)a" = b =b(gm — 1) + (1 = a)pm

where using the notation Tp,(m) = {1 <k <m:iy —jr =u} (u €TL), pp =
P Ty Jm) and @y = G (T, Jm) are defined as follows:

(27) pm = Z a — Z a + Z a® — Z a®

k€T _o(m) kET_(1_q)(m) k€T (1—q—p)(m) kET_(1_q_p)(m)
and
(28) Z a® — Z a + Z a® — Z a®.
kET,(m) kET_y(m) kET_(1_q_p)(m) kET)_o_p(m)
Let ¢, : m then
(29) l<en,<a

It follows from (25) and (26) that

_ = Pm
(30) (2 Jm) € B <= '1_% —

m+1

< Ccpa

Thus we have proved that:

12



Lemma 10

L= Pm b
1 _ m
(31) if (tmy Jm) € B then 0. 1_a <a
and
b _
(32) if ‘1 Pimq — 17| < a™ "t then (tm, jm) € B

Using (20) for (71,...,7m ) (@'1, eoyim) = (J1s -+ -, Jm) the center of the
m—th cylinder of A— =A,

(33) center (A;m) =Ryy..rn(0,0) 4+ (1,0) = (1 — g, Pim)-

Roughly speaking, (im,jm) € B,, means that the slope of the center of As
is ¢pa™-close to 7, where 7,,, =7, — Jm- Let
b am+2

where 714 = Tmid — Jjmesa. Denote the cardinality of U®) (m) by u® (m).
We need two simple geometric observations:

Z/{(b) (m) = {<7m+473m+4> |]\7——m+4 C C (1

Lemma 11 If center (A > € C (&, a™) then A, C C (&, a™?).

Lemma 12 If ATm+4 NC (&, a™?) # 0 then A, C O (%,
That is, if Tmia — Jjmia = Tmia and As ., 0 C(L,am3) # 0 then
(s Jmta) €UP (m).

m+2> )

Since their proofs are almost identical we should see the proof of Lemma
12 only. )
Proof. (of lemma 12) Observe, that A;

~ ~ Tm+4
and Az, C C(0,%), further A;

Tm+4

lies in the x > % half plane
is contained in a square parallel to the

coordinate axes, of sides % called ()=, ,,. Assume that center </~\;m +4>
is not above the line y = Tl’ax (The opposite case is similar.) Then

we have to prove that the right bottom corner of @7, ., is contained in

13



C (L am+2) From the geometric position of Qz,.,, this would imply

1—a’
that Qs,., CC (1 - m+2) Let (zo,10) be the left upper corner of Q. ,.
b

Then it is enough to show that yy — 2 - side(Qm14) > xo (— — am+2) since

ATm cC(0 ( , 4) . From the assumption of the Lemma: gy, > (1Tba — am+3) x

Thus we have to show that ({2 — a™"3) x0—4‘;n:5 > 7o (& — a™*?) , what

is obvious since xg > % and 0 < a < % [
Using (31) and (33), Lemma (11) immediately implies that

Lemma 13 For 7, = Tm — jm if (ims jm) € B then Az, C C (1=, am™3).
As a consequence of Lemma 13 we can see that

Lemma 14 &= < B(C (&, am?)).

Proof. Using (21) first we observe that for (7, i) € Bm 5 (A,Lm_jm> =

Q_M#{(Zm’]m):zm_jmzlm jm}_QM#{< m’jm)EB : _jm_Zm_jm}
This is so, because by (25) if 7, — 7/ = &, — jm and (Zm,jm) € B,, then
(@,,J..) € By, either. Using this and Lemma (13) we obtain the statement
of the lemma. m

As a trivial consequence of Lemma 12 we obtain

Lemma 15 C’(lf m+3) NA c U AFm+4; where Tpiq4 =
_ (Tmt4,dmta)€U®) (m)
Tmtd — Jmaa QS uSual.

As a consequence of Lemmas 14,15 we get:

N b b b
m < m—3 — _ ,m=3 m—3
(349 m _5(0(1—a’a )) 7(1—a “ Tt )
b mts D m+3 b m+3 ul® (m)
_ _ — < N
7(1—@ T o\c 1-a" - gmt

respectively. To get asymptotic for N and u® (m) we prove some further

lemmas:

14



Lemma 16 If

(36)

then (tmaa, jmaa) €U (M) .

Proof. Using (26) and (29) we see that (36) implies [(1 — a) ppya — b (1 — @mia)| <

a™*? (1 —a) (1 — gp+a) . Therefore, |22t — 1Tba‘ < a™"3. From (33) we

obtain that center (f\ eC (fba, am+3) . Using Lemma 12 we obtain

the statement of our lemma. =
Using the Corollary of Rams’ Theorem we shall prove that for those b
for which

‘T'm+4

log N®

(37) lim sup

m—0o0

> log 3

the exponential growth rates of u® (m) and N are the same.

Lemma 17 If (37) holds then

log N\, log u® 1
lim —8 = lim logu™ (m) = (2s — dimg A) log —
a

m— oo m m— oo m

i particular the second limit exists.

Proof. If two cylinders Al(s)ln and Ay;)]n of A® with different first
digits i9 # jo, are close to each other then either g = 0 and j, = b or vice

versa. Thus it follows from Lemma 16 that for 7, w, € V
n—1 n—1
Zwkak - ZTkCLk < za”}
k=0 k=0

where n = m + 5, 2 = a~'. Using (25), we obtain that for 7;,,w; € V and
n=m-+1,and z =1
< za”}

(38)  u® (m) > %# {(w", ™) wo % 7o,

1

(39) N?Sf) = 5# {(wn77_n) L Wo 7£ 70,

n—1 n—1
E wkak — E Tkak
k=0 k=0

15



Finally, if (7n14, jm14) € U® (m) then by definition A, € C (2, am"?).

So, in particular, center(A-, ) € C (ﬁ, am+2) . Then by an argument par-

77'm+4
m-+4
allel to the one in the proof of Lemma 16, we obtain that | >~ (ix — j) a — b‘
k=1

a™ (1 —a) (1 — guya) < a™2. Thus, for 7, w, € V and n = m + 5, and

-3
n—1 n—1
E wpa® — E mak| < za®
k=0 k=0

z=a
Now, putting together (38), (39) and (40), Corollary 7 immediately implies
the statement of our lemma. m

Now we are ready to prove our main Theorem.
Proof of the Main Theorem. Assume that (37) holds. Then from

(40)  u® (m) < %# {(wn,T") wo £ 7o,

(34) and (35) we get that

N(b) (m) < v ( b m—3 b + am—S) < u(b) (m B 6) )

gm o 9m—2

a/ )
1—a 1—a
o b a™
From Lemma 17 we get that lim,, .. : gﬁ(rcn(hl);;’ ) _ —2s+dimge A®) —

2%3%2 = dimg A®). If (37) does not hold then it follows Proposition 6 that

dime A® = 5. This completes the proof of the main theorem. m

5 Connection with multifractal analysis

It follows from our result above that if b € FE, that is, b is exceptional
(dime A® < s) then the correlation dimension is given by the lower point-
wise dimension of 7. So to understand how big the exceptional set is, we
have to understand, how big is the set on which the pointwise dimension of
~ is smaller than s. This so because if the lower pointwise dimension of ~
at ﬁ, dy (%) < s then (37) holds. Therefore in this case dy (ﬁ) =
dy (%) = dime A®).

For this reason the multifractal analysis of 7 may be useful. Let f(a) =

dimg{z|dy(z) = a} and o, = inf{a|f(a) > 0}.
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Since the measure 7 is not a self-similar measure, it is not trivial to find
its multifractal analysis. However, 7 is the projection via rays through the
origin of a very nice (no overlaps) self-similar measure £3.

In the literature there are estimates on E from above (see e.g. [6] or

[10]) but there are no estimates on E, even at special cases, from below. If
Qmin < S then it implies that the exceptional set E has positive Hausdorff
dimension, and in this way it would prove that the dimension drops not
only in case of having two cylinders which coincide. This could be a partial
answer on the problem mentioned in the introduction.
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