ABSOLUTE CONTINUITY FOR RANDOM ITERATED
FUNCTION SYSTEMS WITH OVERLAPS

YUVAL PERES, KAROLY SIMON, AND BORIS SOLOMYAK

ABSTRACT. We consider linear iterated function systems with a random mul-
tiplicative error on the real line. Our system is {z — d; + \;Yz}i2;, where
d; € R and \; > 0 are fixed and Y > 0 is a random variable with an absolutely
continuous distribution. The iterated maps are applied randomly according to
a stationary ergodic process, with the sequence of i.i.d. errors yi,yo,..., dis-
tributed as Y, independent of everything else. Let h be the entropy of the
process, and let x = E[log(A\Y)] be the Lyapunov exponent. Assuming that
X < 0, we obtain a family of conditional measures vy on the line, parametrized
by y = (y1,92,...), the sequence of errors. Our main result is that if b > |x],
then vy is absolutely continuous with respect to the Lebesgue measure for a.e.
y. We also prove that if h < |x|, then the measure vy is singular and has di-
mension h/|x| for a.e. y. These results are applied to a randomly perturbed IFS
suggested by Y. Sinai, and to a class of random sets considered by R. Arratia,

motivated by probabilistic number theory.

1. INTRODUCTION

Let {fi,..., fm} be an iterated function system (IFS) on the real line, where
the maps are applied according to the probabilities (p1,...,pm), with the choice
of the map random and independent at each step. We assume that the system is
contracting on average, that is, the Lyapunov exponent x (appropriately defined)
is negative. In this paper the maps will be linear, fi(z) = Az + d;, and then

X = Yty pilogAi. If x < 0, then there is a well-defined invariant probability
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measure v on R (see [3]). It is of interest to determine whether this measure is
singular or absolutely continuous, and if it is singular, to compute its Hausdorff

dimension

dim , (v) = inf{dim (V) : »(R\Y) =0}
Let h = — > pilog p; be the entropy of the underlying Bernoulli process. It was
proved in [15] for non-linear contracting on average IFS (and later extended in [6])

that
dim,, (v) < h/Ix].

A question arises what happens when the entropy is greater than the absolute value
of the Lyapunov exponent. One can expect that, at least “typically,” the measure
v is absolutely continuous when h/|x| > 1. Essentially the only known approach
to this is “transversality” (see [17, 16, 18]), but it has its limitations. Even in
the case of two contractions, there remains a domain of parameters which is not
covered by existing results [13, 14]. If the system is not uniformly contracting (but
contracting on average), the situation gets even more complicated. We note that
there is another direction in the study of IFS with overlaps, which is concerned
with concrete, but non-typical systems, often of arithmetic nature, for which there
is a dimension drop, see e.g. [11].

In this paper we study a modification of the problem which makes it more
tractable, namely we consider linear IFS with a random multiplicative error. Our
system is {z — d; + \;Yx}",, where d; € R and \; > 0 are fixed and Y > 0 is
a random variable with an absolutely continuous distribution. The iterated maps
are applied randomly according to a stationary ergodic process, with the sequence
of i.i.d. errors yi,%s,..., distributed as Y, independent of everything else. Let h
be the entropy of the process, and let x = E [log(AY')] be the Lyapunov exponent
(the symbol E denotes expectation). Assuming that x < 0, we obtain a family of
conditional measures vy on the line, parametrized by y = (y1, 42, . . .), the sequence
of errors. Our main result is that if h > [x|, then vy is absolutely continuous with
respect to the Lebesgue measure L for a.e. y. We also prove that if h < |x|, then
the measure vy is singular and has dimension h/|x| for a.e. y. Random IFS are
quite well understood under separation conditions (see [9, 10]), and the novelty

here is that overlaps are allowed.
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Two applications that motivated our work, one of them a random perturbation
of a problem of Sinai, and the other a problem of Arratia, are described in Section
3.

2. STATEMENT OF RESULTS

Consider a random variable Y with an absolutely continuous distribution n on

(0, 00), such that for some C; > 0 we have

d
ﬁ < Ozl Va > 0. (2.1)

Let RY be the infinite product equipped with the product measure 1. = 7.

Let p be an ergodic o-invariant measure on ¥ = {1,... ,m}N, where o is the left
shift. Denote by h(u) the entropy of the measure p. We consider linear IFS with
a random multiplicative error {z — d; + \;Yx}";, where d; € R and \; > 0 are
fixed. The iterated maps are applied randomly according to the stationary measure
1, with the sequence of i.i.d. errors y1, 4o, . . ., distributed as Y, independent of the
choice of the function. The Lyapunov exponent of the IFS is defined by

() i= B log(\Y)] =B flog Y]+ [ Tog(,) du()
Throughout the paper, we assume that

x(p;m) <0, (2.2)

which means that the IFS is contracting on average. The natural projection II :
¥ x RN — R is defined by

U@, y) == diy +diy i1 + -+ di oy Ny iy Yo + oo (2.3)

where 1 = (i1,42,...), Ni; i, = Aiy -+ Ay, and Y1, = Y1 -+ Yn. Note that II(i,y)
is a Borel map defined y X 7o a.e., since n=1log(A1_ ny1.n) — Ellog(AY)] < 0
a.e., by the Birkhoff Ergodic Theorem. For a fixed y € RY we define I, : ¥ —-R

and the measure vy, on R as
Iy (i) :=({,y) and vy :=Ily), p. (2.4)

We need to impose a condition which guarantees that the maps of the IFS are
sufficiently different. We consider two cases which cover the interesting examples

that we know of. We assume that either all the digits are distinct:

Cli 75 dj, for all 4 75 j, (25)
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or all the digits d; are equal to some d # 0 (which we can assume to be 1, without

loss of generality), but the average contraction ratios are all distinct:
di =1, N #X;, foralli#j. (2.6)

Theorem 2.1. Let vy be the conditional distribution of the sum (2.8) given 'y =
(y1,y2,...). We assume that (2.1), (2.2) hold, and either (2.5) or (2.6) is satisfied.
(@) 1 h(u) > (i), then

vy L L forns a.e.y. (2.7)

(b) If h(p) < |x(psn)|, then
: h(p)
dim , (y) = ——— forne a.e. y. 2.8
10 = ) 25
Assuming that p is a product (Bernoulli) measure, that is, g = (p1,...,pm)"

and h(p) = [x(p,n)|, we can show that the measure vy is singular for a.e. y.

Proposition 2.2. Suppose that p = (p1,...,pm)Y and Y > 0 is any random
variable, such that (2.2) holds and (i,y) — pil)\;llyfl is non-constant on ¥ x RN,

If h(p) = —x(p,m), then vy L L for n a.e.y.

Note that in the proposition we do not make any assumptions on the distribution
of Y. If Y is any non-constant random variable, then the proposition applies. On
the other hand, it includes the case when Y is constant (in other words, this is a
usual IFS with no randomness), but \;/p; is not constant. Then of course Y can
be eliminated altogether and there is no a.e. y in the statement. In the special case
Y =1and \; <1 for all i <m, our statement is contained in [14, Th.1.1(ii)].

We should emphasize that Proposition 2.2, as well as the upper dimension esti-
mate in (2.8), are rather standard; they are included for completeness, in order to

indicate that our results are sharp.

2.1. Homogeneous case: random measures. Suppose that A; = A for all ¢ <

m, so we have d; # d; for i # j by (2.5). Consider the random sums
e .
X = Z Y1 Y N (2.9)
i=1

where Y; are i.i.d. with the absolutely continuous distribution n, and J; take the
values in {di,...,dy}, are independent of {Y;}, and are chosen according to an

ergodic o-invariant measure y. Then Theorem 2.1 applies to vy, the conditional
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distribution of X given y = (y1,¥2,...), a realization of the process {Y;}. The
Lyapunov exponent x(n) = log A + E [log Y] does not depend on u.

When g is Bernoulli, that is, 4 = (p1,...,pm)", there is an alternative method
to study 1, which goes back to the work of Kahane and Salem [7] and uses Fourier

transform. It requires a stronger assumption on the distribution 7, namely that

n has compact support and dn/dz is of bounded variation. (2.10)

Theorem 2.3. Let vy be the conditional distribution of the sum (2.3) given 'y =
(y1,Y2,...), defined by (2.4). We assume that (2.10) and (2.5) are satisfied, pu =
(p1y- ., pm)Y and N\; = X for all i < m. Suppose that x(n) =log A + E[logY] < 0.

(a) If [log(3" 1 p2)| > |x(n)|, then vy < L with a density in L*(R) for ne a.e.
y.
(b) If [log(3-1 1 p2)| > 2|x(n)|, then vy < L with a continuous density for N

a.e.y.

Observe that in the uniform case, when p; = % for ¢ < m, we get the same
threshold |x(n)| = log m for absolute continuity in Theorem 2.1(a) and for absolute

continuity with a density in L?, in Theorem 2.3(a).

2.2. Homogeneous case: random sets. The results on random measures yield
information on random sets. Recall that ¥ = {1,...,m}", and let I' C ¥ be a

closed o-invariant subset. For a digit set {d1,...,dy} and y € (0,00)" consider

Sr(y) = {Z da;Y1..(i-1) + {ai}1” € F} .
i—1

We let S(y) = Sx(y). Denote by hiop(I') the topological entropy of (I', o). In the
next three corollaries we consider a digit set {dy,...,dn} satisfying (2.5), that is,

all the digits are assumed to be distinct. For a random variable n we let x(n) :=

Jlogndn < 0.

Corollary 2.4. Suppose that n satisfies (2.1) and x(n) < 0.
(@) 1 huop(T) > x(1)], then £(Se(y)) > 0 for 1o a.c. y.
(b) If hiop(I') < [x(n)], then dim ; (Sv(y)) = hop(L)/[x(0)] for N a.c.y.

Corollary 2.5. Suppose that n satisfies (2.10) and x(n) < 0. We consider I' = 3.
(a) Iflogm > 2|x(n)|, then S(y) contains an interval for ne a.e.y.
(b) Iflogm < [x(n)|, then dim (S(y)) =logm/|x(n)| for ne a.c.'y.
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Corollary 2.6. Suppose that Y is any non-constant random variable on (0, 00)
such that x(n) < 0. Iflogm = |x(n)|, then L(S(y)) =0 for N a.e.y.

The rest of the paper is organized as follows. In Section 3 we consider the
applications that motivated this work. Theorem 2.1(a) is proved in Sections 4
and 5; the latter also contains a key “transversality lemma,” which is used in the
proof of both Theorem 2.1(a) and the lower estimate in Theorem 2.1(b). Then
Theorem 2.1(b) is derived in Section 6. Section 7 is devoted to the proofs of
other results, especially Theorem 2.3, following the method of Kahane and Salem.

Finally, Section 8 contains some open questions.

3. APPLICATIONS

3.1. A random perturbation of a problem of Sinai. Consider the random

series
X=14+A1+Z1Zo+ ...+ Z1Zy---Zp+... (31)

where Z; are i.i.d. random variables, taking the values in {1 —a, 1+ a} with proba-

bilities (3, 3), for a fixed parameter a € (0,1). The series converges almost surely,

since x = E [log Z] = 1log(1 — a?) < 0. Let v* denote the distribution of X. Sinai
[personal communication], motivated by a statistical analog of the well-known open

“3n+1 problem,” asked for which a the distribution of X is absolutely continuous.
1

a’
measure for the IFS {1+ (1—a)z, 1+ (1+a)z}, with probabilities (3, ). If b < ||,
that is, log2 < —3log(1 — a?), or @ > v/3/2, then the measure is singular. It is
natural to predict that v* < L for a.e. a € (0,+/3/2). While this question remains

Observe that v® is supported on [, 00) for all @ > 0. Note that v is the invariant

open, here we resolve a “randomly perturbed” version. The following corollary is

a special case of Theorem 2.1 and Proposition 2.2.

Corollary 3.1. Consider the random sum (3.1), with Z; = N\;Y, where \; €
{1 = a,1 + a} with probabilities (%, %) and Y has an absolutely continuous dis-
tribution on (1 —e1,1 4 €3) for small 1 and 9, with a bounded density, such that
EflogY] = 0. The “errors” y; at each step are i.i.d. with the distribution of Y,
and are independent of everything else. Let vy be the conditional distribution of Z,
given a sequence of errors’y = (y1,y2,.--)-

(a) If a € (0,v/3/2), then v < L for a.e. y;

(b) if a > /3/2, then v§ L L and dim, (vy) = 21log 2/log =3 for a.e. y.
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3.2. A problem of Arratia. Our second example is probabilistic in its origin
(rather than a random perturbation of a deterministic one, as above). It comes
from a question of Arratia (see Section 22 in [2]), who considered the following
distributions, motivated by some questions in probabilistic number theory. Let Y =
UY? where U has the uniform distribution on [0,1], and consider X; = Y7 --- Y},
where Y; are i.i.d. with the distribution of Y. The process {X;} is known as the
scale-invariant Poisson process with intensity #z~! dz. Consider the random sum
Z =3 51 JiXi where Ji, Ja, ... are “fair coins” with values in {0, 1}, independent
of each other and of everything else. One is interested in the conditional distribution
yg of Z given the process {Y;}, and in its support, Sf, ={>2,aiXi: a; € {0,1}}.
Observe that this fits into our class of IFS {d; + \;Yz}!",, by taking m = 2,
di = 0,dy = 1,\; = Ao = 1. The distribution of U/% has the density 21y ),
so we have Y = E[log\Y] = E[logY] = —6~!. The entropy of the “fair coins”
process is h = log 2, so h/|x| = 0log2.

Corollary 3.2. Let Z = .., J; X; as above. Let Vg be the conditional distribution
of Z given the process {Y;}, and let Sf, be the support of l/f,.

(a) If 0 > 1/log2, then l/f, < L with a density in L?(R), hence L(Sf,) >0, for
a.e.y.

(b) If 0 > 2/1og?2, then Vf, < L with a continuous density, hence Sf, contains
an interval, for a.e.y.

(c) If6 € (0,1/log?2], then L(S9) =0, and dimH(Sf,) = dimH(l/f,) = 0log?2 for
a.e.y.

Proof. Parts (a) and (b) follow from Theorem 2.3. Part (c) follows from Theo-
rem 2.1(b) and Corollary 2.6. O

An intriguing open problem is whether 5’3 contains intervals for a.e. y when
0 € (@, %) The proof of Corollary 3.2 is easily adapted to the Poisson-
Dirichlet distributions where the variables X; = Y7 ---Y; are replaced by X; =
Y1+ Yi_1(1 —Y;), see the equations (6.2) and (8.2) in [2].

Our results yield many variants of Corollary 3.2. For example, let §f, =
{3572, aiX; « a; € {0,1}, aa;41 = 0,4 > 1}; in other words, we consider only
the sums corresponding to the “Fibonacci” shift of finite type. Let 7 = (1++/5)/2.

Corollary 3.3. (a) If 0 > 1/logT, then E(gf,) >0, for a.c.y.
(b) If 0 € (0,1/logT), then E(gf,) =0 and dimH(gf,) = flog T for a.e.y.
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Proof. This follows from Corollary 2.4, since I' = {(a;)$° € {0,1} : a;a;11 =
: ‘ 145
0, i > 1} has topological entropy log ~5%5>>. O

4. PRELIMINARIES AND THE PROOF OF THEOREM 2.1(A)

Notation. For w € {1,...,m}"™ we denote by [w] the cylinder set of i € ¥ which
start with w. For i € ¥ let [i,n] = [i;...4,]. For i,j € ¥ we denote by i A j their
common initial segment.

By adding the constant E [log Y] to log A and subtracting it from logY’, we can
assume without loss of generality that E[logY] = 0, so that x(u,n) = x(n) =
E [log A]. In order to prove Theorem 2.1, we need to make a certain “truncation”
both in RN and in ¥. By the Law of Large Numbers,

n~! log(y1.n) — 0 for ne a.e. y. (4.1)

By Egorov’s Theorem, for any ¢ > 0 there exists Fr C RN, with ne(F.) > 1 —¢,
such that (ylmn)l/” — 1 uniformly on F.

Next we do the truncation in . By the Shannon-McMillan-Breiman Theorem,
n"og(uli,n]) — —h(u) for pae. i€ X. (4.2)

By the Birkhoff Ergodic Theorem,
n"log(N\iy.i,) — x(p) for pae. i€ X, (4.3)

Applying Egorov’s Theorem, we can find G, C X, with u(Ge) > 1 — ¢, such that
the convergence in (4.2) and (4.3) is uniform on G..

Define p. = g, and let vy = (ILy ) spe. If vy < L for all € > 0, then vy < L,
and dim  (vy) = sup.sqdim, (v5). Since we can obviously assume that F. C Fys

for & < e, (2.7) will follow if we prove that
Ve>0, vy < L forne ae. y € Fr. (4.4)
Similarly, (2.8) will follow if we prove that
Ve >0, dimy,(vy) = lp). for e a.e. y € FL. (4.5)
X

Thus, both parts of Theorem 2.1 will be established if the statements are proved

for the measures Vf, for all € > 0 instead of vy.
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Beginning of the Proof of Theorem 2.1(a). Fix € € (0, 1); our goal is to prove (4.4)
assuming that —h(u) < x(u) < 0. We can fix positive § < p such that

—h(p) <logh <logp < x(u) <0. (4.6)

Next fix § > 0 such that
(1+0)0 < p. (4.7)

Using the uniform convergence on F. and G, we can find N = N(g,0,0,p) € N
such that, in view of (4.1),

(140)™" <y yp < (140" foral n>N, yeF,, (4.8)
and, in view of (4.2), (4.3) and (4.6),
pli,n] < 0" < p" < X, .., forall m>N,i€QG.. (4.9)
We can decompose the measure into the sum of measures on cylinders:

= Z vy ., Where vg = (| mGa)oﬂ;l. (4.10)
|w|=N

Thus it is enough to show that

vy , K L forns aeye€F;, Vw, |[w|=N. (4.11)
Let o(y,i,j) == [y (i) — Hy(j)| and
gr(L,]) = neo{y € F:: o(y,1,j) <r}. (4.12)

Let P:= G. x G and pg := pi. X pe. Denote PN :={(i,j) € P: [inj| > N}.
Proposition 4.1. There exists C = C(e) > 0, such that for all r > 0,

//gr i,j)dus2(i,j) < Cr. (4.13)

We will prove the proposition in the next section. Before that, using the propo-

sition we prove Theorem 2.1(a).

Conclusion of the Proof of Theorem 2.1(a). In order to prove (4.11), it is enough
to verify that

where

D(v,x) := lim inf vl —;,x +71)
r— r
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is the lower derivative of a measure v, see [12, 2.12]. Observe that

2 / Vyw (& —rx +r]) dvy ,(2) = / LIy () -11y )| <ry D2 (1,J)

lw|=N R PN
by the definition of 15 . Using this with Fatou’s Lemma, and exchanging the order

of integration, we obtain that
Z <lim iélf(Q?")_lA(T), (4.14)
T
where A(r) was defined in (4.13). Thus Z < oo follows immediately from Proposi-
tion 4.1. O

5. TRANSVERSALITY LEMMA AND THE PROOF OF PROPOSITION 4.1

We begin with a technical lemma, which is a key for the proof of both parts of
Theorem 2.1. We are assuming all the conditions of Theorem 2.1, in particular,
that either (2.5) or (2.6) holds.

By the definition of ¢ and Il we have

o(y,i,j) = |diy — dj, + y1®(y, 1,j)|, (5.1)

where

q)(Y> i,j) = )‘i1di2 - )\jldj2 + Z mef()‘ilu-izdiul - /\j1~~jedje+1)' (5-2)
(=2

Note that ®(y,1i,j) does not depend on y;. If [iAj| =k > 1 then
PY,1,3) = i Y1k <a’“y,0ki, Ukj> : (5.3)
Lemma 5.1. Let § >0, p € (0,1), and N € N. Consider
F={yeRY: y; ,> (146" Vn> N},
G={ieX: N\, i, >p", Vn>N}.
There exists Co > 0 such that for all k > N, for alli,j € G, with i A ]| =k,
Nooly € F 1 o(y,i,§) <r} < Co(1+08) pFr  for all r > 0. (5.4)

Proof. First suppose that the condition (2.5) holds. Then b := ming., |dy —ds| > 0.
Since i € G and k > N, we have for y € F' by (5.1) and (5.3):

e(y,1,3) <7 = |dip,, — djpy + yre1®] < (1+6)%p P, (5.5)
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where ® = ®(c*y, o*1, 0*j) does not depend on yj1. Denote Ay := iy —dj iy
we have |Api1]| > b since ig41 # jr+1. We can assume that Agi; < 0; the case
A1 > 0 is similarly proved. Since the left-hand side of (5.4) is always bounded
above by one, (5.4) holds for r > (1 + 6)~%p*b/2 with the constant Cy = 2/b. If

r < (14 6)7%pkb/2 then
Py, 1,3) <7 = [Appr + yen1®] < (L+6)Fp7Fr < b2, (5.6)

and this implies ® > 0, in view of y;1 being positive and the fact that Ag; < —b.
Moreover, the right-hand side of (5.6) implies

A1 — (140" r =D+ (1L +0) pFr
(0] ’ P

Yk+1 € B, where B :=
Note that B depends on 2, Yk+3, ... but not on ygy1. We have (14 6)¥p~Fr <
b/2 < —Agi1/2, so

B C [~ Api1/(28),00) C [b/(28), 00).
By (2.1), we obtain that for any yxi2, Yki3, - - -
{ykr1 € B} < C1(20/b)L(B) = C1(4/b)(1 +6)*p~"r.

This implies the desired inequality (5.4) by Fubini Theorem, since yj1 is indepen-
dent of Yk4-2, Yk+35 - - -

Now suppose that the condition (2.6) holds. Then by (5.1) and (5.2),

Oy, 1,3) = Ny iy Yk, (k1) [Ny — Njews T U2V,

where

o0

v = )\ik+1ik+2 - Ajk+1jk+2 + Z y(k+3)...(k+€)(Aik+1~-~ik+e - )\jk+1~-~jk+2)
(=3

does not depend on yi42. Since i € G and kK > N, we have for y € F":
QO(Y7 i)j) <r = |)\ik+1 - >\jk+1 + yk+2\l" < (1 + 5)k+lp_k7“.

Here |[X;, .,
to the first case to obtain (5.4), with Co = (1 + §) max { 2, %t 1. O

— Njoa | = 0" i=mings, [Ag — Ag| > 0 by (2.6), and we argue similarly

Proof of Proposition 4.1. Let

P, ={ij)eP:iNj=w},
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where w = (w1,...,wg) € {1,...,m}"* for some k. Denote

A= [[ 09,
so that -

Ay =Y ) Auln). (5.7)

k=N |w|=k
We can apply Lemma 5.1 with N = N(¢). Then F. C F and G. C G by (4.8) and
(4.9), so for i,j € G¢, with |[iAj| =k > N, we have
9r(1L,3) = moo{y € Fo: p(y,1,§) <7} < Co(1+6)"p~"r.

Thus for |w| =k > N,

Ay(r) < Co(1+68) p~Fr - (u x w){(i,J) s in]=w}. (5.8)
On the other hand,
(e x w{(3,3) : 1AJ = w} < p(w])? = uli, k] - p(w]) < 6Fp(w]), (5.9)

in view of (4.9). Combining this with (5.8) and (5.7) we obtain

A(r) < Oy Z Z (1+ 0k p=*u([w]) - r < const - 7,
k>N |w|=k

where we used that }-,_; #([w]) =1 and (4.7). The proof is complete. O
6. PROOF OF THEOREM 2.1(B)

Fix ¢ € (0, 1); our goal is to prove (4.5) assuming that —h(p) > x(u).

ESTIMATE FROM BELOW. Fix an arbitrary a < h(u)/|x(p)|; it is enough to

prove that
dim, (v5) > a for nw a.e. y € Fr. (6.1)
We can find 6, p,d > 0 such that
log 0
: X(w)] < —logp, and h(n) > ~logh.  (6.2)

< )
log((1+4d)~1p)
Similarly to the proof of Theorem 2.1(a), we can find N = N (e, 0,0, p) such that

(14+6)™"<y1-yn <(1+9)" forall n>N, ye€F.

and
pli,n] < 0™ and p" <X i,, forall n>N, ie(G..

We will use the decomposition (4.10) again.
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By Frostman’s Theorem, see [4, Theorem 4.13], for any Borel measure v on the

line,

dim (v) > supq a >0: // ’f C|O‘

Thus the desired estimate (6.1) will follow by Fubini’s Theorem, if we show that

Z/U¢¢”%¢>M©%M<w

|lw|= NFE R2

After changing the variables and reversing the order of integration we obtain

szzﬂ/wwmwmn (6.3)

k=N |wl=k P f.
where again
P,={(1,j) € Ge x Gz : iNj=w}.
Suppose that |i A j| = k. The inner integral in (6.3) is equal to

0o (148)~kpk 00
a/ Nooly € F-: @(y,1,j) <r} r~Ldr = / +/
0

0 (1+468)kpk
The first integral in the right-hand side is estimated by Lemma 5.1, and the second
integral is estimated by the trivial estimate n{-} < 1 yielding the inequality
/ (y,1,3) 7 dinso(y) < comst - [(1+8)p~ 1]

Fe

Substituting this into (6.3) we obtain

S < const - Z Z ko{(i,§): iNj=w).

k=N |w|=k
Now we can apply (5.9) to get
S < const - Z [(1+6)p 1% 0% < oo,
k=N
by (6.2).

ESTIMATE FROM ABOVE. Dimension estimates from above are fairly standard.
This is also the case here, although there are technical complications because of
the generality of our set-up. Note that we obtain the upper bound for all, rather
than almost all, y € F., and the distribution of y;’s is irrelevant here. (Recall that
F. was defined at the beginning of Section 4.) Similar upper bounds for (possibly

nonlinear, but non-random) contracting on average IFS were obtained in [15, 6].
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Fix an arbitrary o > h(u)/|x(p)|; it is enough to prove that
Ve >0, dimy,(vy) <o forally € FL.

We fix € > 0 and y € F; for the rest of this proof.
Now let v > 0 and consider G, with u(G,) > 1 — «, such that the convergence
in (4.2) and (4.3) is uniform on G. Further, let C3 > 0 be such that

w(2y) >1—7, where Q,:={ieX: || <Cs}. (6.4)

Consider
E={ieX: p(i,n]no"Qy) > 05 uin)},
and let
AL =G yNo ", NED.
We claim that (A%) > 1 — 4y for all n € N. Indeed, (£)° is the disjoint union of
cylinders [w] of length n satisfying p([w]) < 2u([w] N (67", )¢). Therefore,
H((E)) < 20" 2,)%) = 2(1 — u(2,)) < 27,

by the o-invariance of y and (6.4). Thus,

u(AY) = Gy No " Qy) + u(E)) -1

> WGy) +p(o"y) -1+ N(‘S:/L) -1
> 1=+ =7)-1+1-2y)=1-4.
It follows that
p(Hy) > 1 -4y, where H, :=limsup(A]) = ﬂ U A% (6.5)

k=1n=k
Recall that our goal is to prove dim, (1) < «. Billingsley’s Theorem (see [5,
p.171]) states that

1 _
dim , (vy) = vy-esssup {lirg%nf 0g Vyl[zg@:,)x + ] } '

Thus it is enough to verify that

i inf log vy [z — 7,2 4 7] <
710 log(2r)

(6.6)

for vy a.e. x. Since vy = po H;l and in view of (6.5), this will follow if we prove
(6.6) for all x € IIy(H,), for every v > 0. To this end, let us fix v > 0 and
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x = Il (i) for some i € H,. Since i € H,, there exists a sequence n, — oo such
that

p([i,ng] No™" Q) > 0.5 pli,ng], VkeN. (6.7)
Since oo > h(p)/|x(p)|, we can find 6, p,§ > 0 such that

log 6
a>— > —logp, and h(u) < —logb. 6.8
oz (11 0)7) X ()] gp (1) (6.8)

Similarly to the proof of Theorem 2.1(a), we can find N such that (4.8) holds and
pli,n] > 60" and p" >N\, 4, forall n>N,iedG,. (6.9)

Let r,, = 2C3p™ (1 4 )™ . We claim that for all k sufficiently large,
Wl — o+l = pfi s @) - () < nd =05 i) (6.10)

(the equality here is by definition; the claim is the inequality). Indeed, let j €
[i,ng] N o™ Q. Then for k sufficiently large (so that n; > ), we have

Iy (i) — Hy (§)| = Aiyviing Ylom * Iy (0" i) — Iy (0" )| < 2C3p"* (1 + )™ = ry,

using (6.9), (4.8) and the fact that o™*i,0™j € (1, where Q, is defined by (6.4).
This, combined with (6.7), proves (6.10). Now, keeping in mind that the numerator
and denominator below are negative, we obtain

logv[z — ri, x + 78] log i, ng] — log 2

lim inf < liminf
e log(2ry) = RS log(2C3) + ny log((1 + 6)p)
. ny log 6
< 1
= ng log((1+ d)p) =@
where we used (6.9) and (6.8). The proof is complete. O

7. PROOFS OF OTHER RESULTS

7.1. Method of Kahane-Salem. Here we prove Theorem 2.3 using a variant of
the approach from [7]. Recall that for a finite measure v on R its Fourier transform
is defined by D(§) = [ €' dv(t).

Definition 7.1. (See [16].) For a finite measure v on R, its Sobolev dimension is
defined as

dimg(v) = sup {a eER: &(v) = /R [D(E))2(1 + 1)t de < oo} )
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Remark 7.2. If dims(v) < 1, then dimg(v) is also known as the correlation dimen-
sion of the measure v. If £,(v) < oo for @ > 1, then v < £, and its density is said
to have the fractional derivative of order (o — 1)/2 in L?(R). If & (v) < oo, then
v has a density in L*(R) (this is just Plancherel’s Theorem), and if dims(v) > 2,

then v has a continuous density, see e.g. [1, Th. 1.2.4].

Theorem 7.3. Let vy be the conditional distribution of the sum (2.8) given 'y =
(y1,92,...), defined by (2.4). We assume that (2.10) and (2.5) are satisfied, p =
(p1,-- . pm)Y and \; = X for all i < m. Suppose that x(n) = log A +E[logY] < 0
and denote 3 = Z;nzlp? Then

dimg(rvy) > [log B|/|x(n)| for 1 a.e.y.

In particular, if 0 > x(n) > log 3, then vy < L with a density in L>(R) for ne a.e.
y. If 0> x(n) > %log B, then vy < L with a continuous density for N a.e.y.

In view of Remark 7.2, Theorem 2.3 is contained in Theorem 7.3.

Proof of Theorem 7.3. Since A\; = A for all ¢ < m, we can assume without loss of
generality that A = 1 (just replace Y with AY"). Then x(n) = E[logY]. Our goal

. | log 8|
is to prove that for every a < MOIE

LB+ 1) ds < . (7.1)
for 1o a.e. y. Fix a < |Ii?(g77€|‘ for the rest of the proof. By the the Law of Large

Numbers and Egorov’s Theorem, for any ¢ > 0 we can find F. ¢ RY such that
Noo(Fz) > 1 — € and (ylmn)l/” — eX() yniformly on F.. It suffices to verify (7.1)
for neo a.e. y € F; > 0, for an arbitrary € > 0. Fix € > 0 for the rest of the proof.

The result will follow by Fubini’s Theorem if we can show that

[ [ @R+ b de dnoly) < o
F: JR

Recall that vy is the conditional distribution of X in (2.9) given y, with A =1,
which can be viewed as a sum of independent discrete random variables. Thus, vy

is the infinite convolution product

(o] m
Vy = * H ij(sdjyl,..(nfl) )
n=1 \j=1
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where § is the Dirac’s delta. Its Fourier transform is

Dy (€) = H ijeidjylm(nfl)f _. H Un(y, ).
n=1

n=1j=1

Now the argument essentially follows the proof of [7, Théoreme II]. We have

m
Wn(}’af)P = Zpjpke’(dj—dk)y14.4(n71)§

Ji.k=1
m .
- ZPJQ + Zpjpkel(dj—dk)yl...(nﬂ)g_
=l gtk
Clearly,
41
‘/V\y(f)’z < H W}n(ng)‘Q _. f§,£+1.

n=1

Denote by F!* the projection of F. onto R™ (the first n coordinates). Then, since
fe,e+1 depends only on y1, ...,y we obtain

/ feor1dnso(y) = / feerrdn(yr) - - dn(ye)
Fe ¢

FE
g‘/kwmwyuquyﬂwH@@me»wm
R

Rt

Recall that 8 = Z;-n:lpjz, SO

/R oy, P dn(ye) = B+ pipk /R el d1..n=E dp)(yy,)

7k
= B+ > pipi((dj — dr)yr.. (n-1)§)-

7k
Integration by parts (see e.g. [8, p. 25]) shows that the Fourier transform of a
compactly supported function of bounded variation is bounded above by c|t|~!.
Since |d; — d| > b > 0 for j # k, we obtain that for some C' > 0,

C
/wmumoﬁmwo<ﬁﬁ+) (7.3)
R Y1... -1 l€l

Recall that o < |log 8|/|x(n)]; choose p < eX( such that a < |log 8]/|x(n)|. Since

1/

Yy 7; converges to eX( uniformly on F., we can find N € N such that

Yi.m > (n+1)%p"" ¥n >N, VycF.
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It follows from (7.2) and (7.3) that for £ > N 41,

C
/Fe feor1dne(y) < /Fg Jerdno(y) -8 <1 + W)

/F feudnso(y) - B(1+CL2), (7.4)

IN

provided that |¢] > p~. Clearly this condition holds for ¢ < ¢ if it holds for £, so

we can iterate (7.4) to obtain, assuming |¢| > p~*:

l
[ femdna(s) < [ fewdna(y)- 0V L+ C0) < 09
Fe Fe k=N
where C’ > 0 depends on N but not on £&. We conclude that

/ Dy (§)]? dnoo(y) < C"|¢|loe B/ og pl,
k.

But log #/|log p| < —a, hence

[ ([ mranc)) -+ e i <

and the proof is complete. ]

7.2. Proof of Proposition 2.2. Consider the probability space ¥ x RN with
the measure P := p X 7)s. Under the assumptions of the proposition, Z, :=
log p;,, — log \;, — logyy, are i.i.d. non-constant random variables with mean zero.
Let

Bni={(4,y): ;;:Zj > Vny = {(i,y) : % > eﬁ}.
By the Law of Iterated Logarithm, we have
P (limsup By,) = 1. (7.5)
For (i,y) € limsup B,, and k € N let
T = 1(1,y) =min{n > k: (i,y) € B,},
which is well-defined and finite. Let

Ap ={(i,y) : [Mony(a"i)] < n};
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note that A, is independent of i1,...,%,,%1,...,Yn. Since the probability P is
o-invariant and Il (i) is finite a.s., we have P (4,) = P{(i,y) : Iy(i) < n} T 1.

Now,

Vv

P | J(A4nnBy) P [ JIAn N {7 =n}]

n>k n>k
= > Pl{r=n}-P(Ay) 2P (4) — 1,
n==k

as k — oo. In the last displayed line we used that A,, and {7, = n} are independent
events and that > 2, P{r, =n} =1 by (7.5). It follows that

P (limsup(4, N By)) = 1.
By Fubini, there exists 2 C RN such that 7,(©2) = 1 and
Yy:={ieX¥: (i,y) € limsup(A, N By,)}

has pu(Xy) = 1 for every y € . We claim that L(II, (3, )) = 0 for every y € Q,
which will imply that vy = po H;,l 1L L. Fixy € Q and k € N. Observe that
Yy CUpsili: (y) € An N By} For any (1,y) € A, N By, and (j,y) € [i,n] N A,

we have

My () = Ty ()| = Ayt 1 Ty (07) — Tgny (075)]

2niy inYl..n

IN

< 2n€_ﬁpi1...in-

Here we used first that (i,y), (j,y) € A, and then that (i,y) € B,. Summing over
all cylinders of length n (using that Zil...in Diy i, = 1), and then summing over n
we obtain
L(IIy(Xy)) < Z 2ne V" 0, as k — oco.
n>k
[l

7.3. Proof of Corollaries 2.4-2.6. By the Variational Principle (see e.g. [19]),
htop(I") = sup,, h(x), where the supremum is over ergodic o-invariant measures sup-
ported on I'. Thus, Theorem 2.1(a) implies Corollary 2.4(a), and Theorem 2.1(b)
implies the lower estimate for dim,, (Sr(y)) in Corollary 2.4(b).
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In Corollary 2.5, we have I' = ¥, for which the measure of maximal entropy is
(L,..., 2N Part (a) of Corollary 2.5 then follows from Theorem 2.3(b) by the
Variational Principle, and Corollary 2.5(b) is a special case of Corollary 2.4(b).

It remains to verify the upper estimate for dim (Sy) in Corollary 2.4(b). By
the Law of Large Numbers and Egorov’s Theorem, we can find F. C RN such
that 1. (F:) > 1 — € and yi/z — X uniformly for y € F.. Fix an arbitrary
a > hiop(T)/]x(n)|. It suffices to show that for every e > 0 we have dimpx(Sy) < «,
for a.e. y € F.. Here dimy, denotes the upper box-counting dimension. Fix ¢ > 0
for the rest of the proof.

Let 6 > 0 be such that x(n) + 6 < 0 and o > hop(I')/(|x(n)| — ). We can find

N € N such that
y1..n < exp(n(x(n) +4)), Vn> N, Vy € F..

Then for i,j € ¥ such that [iAj| > n > N, we have

Oy () -y () = D vieldip,, — dj,,)
l=n
s 2d... . enx(m)+9)
x(m)+o) _ “fmax® & 7
< 2dmax ; € B oxX(m+s

where dmax = maxj<,, |d;|. It follows that the diameter of the set Iy ([w]) for w
of length n > N and y € F. is bounded above by const - ¢"(X(M+9)  Denote by
#W,,(T') the number of cylinders [w] of length n such that [w] N T # (). We obtain
a cover of Sy by #W,(I') intervals of length const - e"X(M+9) hence

.i C log#Wa) (D)
dimpox(Sy) < Hmsup o o —6) ~ )] =8 =

Here we used the definition of the upper box-counting dimension and the definition

of topological entropy. The proof is complete. O

Proof of Corollary 2.6. This essentially follows the proof of Proposition 2.2. Let
"= (%, e %) Then Z, = —logm — log A — logy, are i.i.d. non-constant ran-
dom variables with mean zero on RY. Define B, = {y DY 2> \/ﬁ} . Then
Noo(limsup B),) = 1 by the Law of Iterated Logarithm. We can define 7, = 7 (y)
similarly to the proof of Proposition 2.2. Then let A, = {y : |y (c™i)| <
n Vi € X}. We have n(A]) T 1 and 1o (limsup(A4], N B),)) = 1 repeating the

argument in the proof of Proposition 2.2. Now we can take X, = X and conclude
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as in the proof of Proposition 2.2, obtaining that £(Sy) = L(II, (X)) = 0 for all
y € limsup(4], N B),). O

8. OPEN QUESTIONS

Question 1. Is the condition logm > 2|x(n)| in Corollary 2.5(a) for the random
set Sy to contain an interval almost surely, sharp? Perhaps, logm > |x(n)| is
already sufficient? This would mean that as soon the random set Sy has positive
Lebesgue measure, it has non-empty interior (almost surely). This is interesting,

in particular, for the example considered by Arratia, see Corollary 3.2.

Question 2. The results on continuous density and intervals in random sets (see
Theorem 2.3 and Corollary 2.5(a)) are obtained only in the case when p is a product

measure. Extend this to the general case of ergodic .

Question 3. In Theorem 7.3 we prove a lower bound for the a.s. value of the
Sobolev dimension dimg(vy). Is this actually an equality? If |log 8| < |x(n)l,
then the matching upper bound can be obtained from the fact that the Sobolev
dimension equals the correlation dimension when it is less than one, but what about
the case |log 8| > [x(n)[?

Acknowledgment. We are grateful to Richard Arratia and Jim Pitman for useful

discussions.
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