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6.1 Congruences and Constructions
by George Grätzer in Winnipeg, Canada and E. T. Schmidt in
Budapest, Hungary

Let Con L denote, up to isomorphism, the class of congruence lattices
of lattices and let DA denote the class of all distributive algebraic lat-
tices. For every lattice L, it it clear that the congruence lattice ConL
is algebraic. By a 1942 result of N. Funayama and T. Nakayama, ConL
is also distributive, so Con L ⊆ DA. Is the converse true: Is every
distributive algebraic lattice isomorphic to the congruence lattice of a
suitable lattice? This is one of the most famous open questions of lattice
theory. We shall briefly review this topic here, together with its related
results; for a more complete overview (up to 1998), see Appendix C in
(Grätzer 1998); we shall only reference later papers here.

The Finite Case
The question is answered for the finite case by a result of R. P. Dil-

worth, first published by G. Grätzer and E. T. Schmidt in 1962. These
original results, for a finite distributive lattice D with n join-irreducible
elements, constructed a lattice L with ConL ' D of O(22n) elements. A
series of papers (concluding with a 1995 paper of G. Grätzer, H. Lakser,
and E. T. Schmidt) improved this number to O(n2) (in fact, the opti-
mal lattice constructed happens to be planar). G. Grätzer, I. Rival, and
N. Zaguia proved in 1995 that this number is “best possible” in the sense
that size O(n2) cannot be replaced by size O(nα), for any α < 2.

A finite distributive lattice D can be represented as the congruence
lattice of a lattice L with very special properties:

(i) A finite sectionally complemented lattice L (Grätzer and Schmidt
1962).

(ii) A finite semimodular lattice L (Grätzer, Lakser, and Schmidt 1998).
(iii) A relatively complemented lattice L (Grätzer, Lakser, and Wehrung

2000).
(iv) A modular lattice L, in fact, a sublattice of all subspaces of a count-

ably infinite dimensional vector space over the two element field
(Schmidt 1974).

The General Case
In the general case, it is more convenient to consider Conc L, the

distributive semilattice with zero of compact congruences of the lattice L
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and the corresponding class DS of distributive semilattice with zero.
The original question can be rephrased: Is Conc L = DS?

Let us call S ∈ DS representable if S ∈ Conc L. Each one of the
following conditions implies that S is representable:

(i) S is a lattice (E. T. Schmidt 1968).
(ii) S is locally countable (that is, for every s ∈ S, (s] is countable) (A. P.

Huhn and H. Dobbertin in the early eighties).
(iii) |S| ≤ ℵ1 (A. P. Huhn in the early eighties).

It was hoped for a long time that the two successful approaches solving
the case for a lattice S can be used to answer the general question.
F. Wehrung in 1998 proved that neither method can answer the general
question even for lattices of size ℵ2.

Complete Congruences
For complete lattices, we have complete congruences, and the com-

plete lattice of complete congruences. These lattices were characterized
by G. Grätzer in 1990:

6.1.1 Theorem Every complete lattice K can be represented as the lat-
tice of complete congruence relations of a complete lattice L.

In a series of papers, much sharper results have been obtained, cul-
minating in the 1995 statement by G. Grätzer and E. T. Schmidt:

6.1.2 Theorem Every complete lattice L can be represented as the lat-
tice of complete congruence relations of a complete distributive lat-
tice K.

Congruence-Preserving Extensions
A lattice K is a congruence-preserving extension of the lattice L,

if K is an extension and every congruence of L has exactly one extension
to K. Of course, then the congruence lattice of L is isomorphic to the
congruence lattice of K; we could say that the congruence lattice of K is
naturally isomorphic to the congruence lattice of L or that the algebraic
reasons determining the congruence lattice of L are carried over to K.

Every finite lattice has a congruence-preserving extension to a finite

(i) atomistic lattice (M. Tischendorf 1992);
(ii) sectionally complemented lattice (Grätzer and Schmidt 1999);
(iii) semimodular lattice (Grätzer and Schmidt 2000).

Let A and B be ∨-semilattices with zero. We denote by A ⊗ B the
tensor product of A and B, defined as the free ∨-semilattices with zero
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generated by the set (A− {0})× (B − {0}) and subject to the relations

l(a, b0) ∨ l(a, b1) = l(a, b0 ∨ b1), for a ∈ A− {0}, b0, b1 ∈ B − {0};
l(a0, b) ∨ l(a1, b) = l(a0 ∨ a1, b), for a0, a1 ∈ A− {0}, b ∈ B − {0}.

The classical 1981 isomorphism of G. Grätzer, H. Lakser, and
R. W. Quackenbush on tensor products of finite lattices:

ConA⊗ ConB ' Con(A⊗B)

shows that it is easy to construct a congruence-preserving extension in
the finite case: A ⊗ B congruence-preserving extension of B, for any
simple A. This has been extended to wide classes of infinite lattices
(substituting Conc for Con) in Grätzer and Wehrung (2000b) and to
arbitrary lattices with zero using box products (a variant of tensor prod-
ucts) in Grätzer and Wehrung (1999a). Among the many applications,
you will find the statement that every lattice has a proper congruence-
preserving extension (Grätzer and Wehrung 1999b), every lattice has a
congruence-preserving extension into a regular lattice, that is, into a lat-
tice in which any two congruences sharing a congruence class are equal
(Grätzer and Schmidt 2001), and the Strong Independence Theorem
for automorphism groups and congruence lattices of arbitrary lattices
(Grätzer and Wehrung 2000a).

Recent Developments
A great deal has happened in this field in the last few years. We

did not discuss the results of F. Wehrung and J. Tůma on congruence
amalgamations, the results of H. Lakser and the authors on simultaneous
representations, and many others. We would like to conclude with a very
recent result of F. Wehrung of tremendous importance and depth:

6.1.3 Theorem Let L be a lattice with the property that the meet of any
two compact congruences is compact again. Then L has a congruence-
preserving extension to a relatively complemented lattice.
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