ON THE SCOPE OF AVERAGING FOR FRANKL’S
CONJECTURE

GABOR CZEDLI, MIKLOS MAROTI, AND E. TAMAS SCHMIDT

ABSTRACT. Let F be a union-closed family of subsets of an m-element set A.
Let n = |F| > 2. For b € A let w(b) denote the number of sets in F containing
b minus the number of sets in F not containing b. Frankl’s conjecture from
1979, also known as the union-closed sets conjecture, states that there exists
an element b € A with w(b) > 0.

The present paper deals with the average of the w(b), computed over all
b € A. F issaid to satisfy the averaged Frankl’s property if this average is non-
negative. Although this much stronger property does not hold for all union-
closed families, the first author [7] verified the averaged Frankl’s property
whenever n > 2™ — 2/2 and m > 3.

The main result of this paper shows that (1) we cannot replace 2m/2 with
the upper integer part of 2™ /3, and (2) if Frankl’s conjecture is true (at least
for m-element base sets) and n > 2™ — [2™ /3] then the averaged Frankl’s
property holds (i.e., 2"/2 can be replaced with the lower integer part of 2™ /3).
The proof combines elementary facts from combinatorics and lattice theory.
The paper is self-contained, and the reader is assumed to be familiar neither
with lattices nor with combinatorics.

1. INTRODUCTION AND THE MAIN THEOREM

Given an m-element finite set A = {ay,...,an}, a family (or, in other words,
a set) F of subsets of A4, i.e. F C P(A), is called a union-closed family (over
A)if XUY € F whenever X,Y € F. We always assume that A is finite with
3 < m := |A] and n := |F| > 2. It was Peter Frankl in 1979 who formulated
the following conjecture, now known as Frankl’s conjecture or the union-closed sets
conjecture: if F is as above then there exists an element of A which is contained
in at least half of the members of F. In spite of at least three dozen papers, this
conjecture is still open. Hence it will be convenient to use the following terminology:
we say that Frankl’s conjecture holds over m-element base sets, if for any union-
closed family F of subsets of an m-element (equivalently, at most m-element) set
A with |F| > 2, there exists an element of A which is contained in at least half of
the members of F.

Clearly, it is sufficient to consider only those union-closed sets that contain the
empty set. Hence in the sequel, when the size |F| of F will be important, we will
always assume that ) € F.
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The known achievements on Frankl’s conjecture belong to two categories. The
first category is constituted by those (in fact, the majority of) results that be-
long to pure combinatorics, with respect to both the statements and their proofs.
There are several directions and the titles of the listed references speak for them-
selves, so we mention only a few results relevant to our investigations. Bosnjak and
Markovié¢ [5] prove that Frankl’s conjecture holds over eleven-element base sets,
while Roberts [30] settles the case n = |F| < 40 and n < 4m — 1. As an opposite to
Roberts’ result on “small families”, Gao and Yu [13] verify the conjecture for “very
large families”, i.e. for those with

(m/3]
(1) nzzm—m(g) —5(@ —gm+44.5.

For other achievements of combinatorial nature cf., e.g., Norton and Sarvate [21]
and Vaughan [32]. One can read more about the problem at [37] or, of course, in
Frankl [12].

On the other hand, Stanley [31] and Poonen [22] establish a nice lattice theo-
retic version of Frankl’s conjecture. (For details one can also see [7] or Abe and
Nakano [3].) This initiated a series of lattice theoretical papers given by Abe and
Nakano [1], [2], [3], [4], Herrmann and Langsdorf [14], and Reinhold [24] (some
of which contained results already known in the folklore); these are the results
belonging to the second category.

However, there were no real links between the combinatorial and the lattice
theoretical approaches before [7], except of course for the statement of their equiva-
lence. In particular, results that look “combinatorial” were proved by combinatorial
methods, and the lattice theoretical results have not had a significant influence on
combinatorists. This is very surprising, for the lattice theoretic approach has at
least one obvious advantage: while it is fairly difficult to visualize a union-closed
family with, say, (m,n) = (5, 12), depicting the Hasse diagram of the corresponding
twelve element lattice creates no problem at all.

Probably, [7] is the first case when a purely combinatorial statement is proved
within lattice theory. Similarly, the present paper belongs to neither of the above-
mentioned two categories. Our main result is purely combinatorial without men-
tioning lattices. Its proof is a mixture of lattice theory and combinatorics. However,
only the rudiments of lattice theory and those of combinatorics are used. So the
paper is intended to be self-contained for most of the readers.

Let F be a union-closed family over A and let the notations n = |F| > 2,
m = |A] = {a1,...,an} be fixed throughout. For a € A let

(2) wla)={XeF:acX}-{XeF:a¢ X}.
Then Frankl’s conjecture claims the existence of an a € A with w(a) > 0. With
the notation )
W(F) = Tl Z w(a)
| | acA
let us say that F satisfies the averaged Frankl’s property if

w(F)>0.
Although this property clearly implies that Frankl’s conjecture holds for the given

F, it belongs to the folklore that many union-closed families fail to satisfy the
averaged Frankl’s property.
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For a given m = |A|, the maximum value of n is of course 2™. For “large”
union-closed families F including 0, it is proved in [7] that

(3) |F| >2m —2m/? — W(F) >0.

This statement is much stronger than Gao and Yu's (1) in two senses: (3) covers
many more instances of F, and “Frankl’s” is replaced by “averaged Frankl’s”.

Even if 2/2 is better, i.e., larger, than the corresponding expression in (1),
already [7] observes that 27/2 is not the optimal value. The original target of
the present paper was to replace 2”/2 in (3) with the best possible value, in the
additional hope that the improved version of (3) gives more information on the
original Frankl’s conjecture as well. Unfortunately, this extra hope is not fulfilled
yet, for the main theorem below assumes the validity of Frankl’s conjecture. As
usual, the upper resp. lower integer part of a real number = will be denoted by [x]
resp. |z |; for example [32/3] = 11.

Main Theorem. Let m > 3, and let A be an m-element set.

(1) There exists a union-closed family F over A with() € F and |F| = |2mT1/3] =
[2mFL /3] — 1 such that F fails the averaged Frankl’s property.

(2) Assume that Frankl’s conjecture holds over m-element base sets. Then each
union-closed family F over A with ) € F and

(4) ni=|F| > [2"F1/3]
satisfies the averaged Frankl’s property.

Frankl’s conjecture has been intensively studied and it is almost three decades
old. Hence it is reasonable to conjecture that (4) in itself implies W(F) > 0 for
union-closed families F.

The rest of the paper is devoted to the proof of this theorem and will run as
follows. First we introduce some integer sequences, and study their elementary
properties. This requires only elementary arguments with induction. Then we
study order-ideals and (order-) semi-ideals (to be defined later) of finite Boolean
lattices. We are interested in how to maximize the sum (equivalently, the average)
of heights of elements of an order-ideal or semi-ideal X when |X]| is fixed. Using the
properties of our integer sequences we will show the expected but nontrivial fact
that this maximum is available via the obvious greedy algorithm. Order-ideals do
not create an invincible problem; however, our treatment for semi-ideals needs the
assumption that Frankl’s conjecture holds over m-element base sets. This leads to
a new conjecture, formulated at the end of the paper.

Once the greedy algorithm for semi-ideals is proven to be appropriate, the Main
Theorem follows immediately from its obvious reformulation for semi-ideals. Al-
though this reformulation translates the problem to Lattice Theory, this is an easier
and less elegant translation than the usual one by Stanley [31] and Poonen [22].

2. SOME INTEGER SEQUENCES

We are going to define and study three kinds of integer sequences: &, 5 and 7.
The & resp. 5 sequences calculate the total height of greedy order-ideals resp. greedy
semi-ideals (to be defined later). The ¥ sequences are the stepping stone between
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these two kinds of ideals, and the 4 sequences are also needed to understand the
inner structure of 5 sequences.

In this section, m and n will denote arbitrary natural numbers. Given two
integer sequences @ = (ay, ..., a;,) and b= (b1,...,by), their concatenation will be
denoted by

(al,...,am)w(bl,...,bn):(al,...,am,bl,...,bn).

The length of a sequence @ is denoted by length(d@); it is always a positive integer

and we have length(@) + length(b) = length(d W b). When length(d) = length(b)
then @ + b and @ — b are understood componentwise, e.g.,

(al,...,ak)—F(bl,...,bk):(CLl—l-bl,...,CLk—l-bk).

The constant sequence (4,4, ...,7) will be denoted by j; we use this notation only
in connection with addition, so there will be no ambiguity what the length of j is.
For example, (a1,...,ax) +11is (a; +1,...,ar + 1). When there exists a sequence

¢ with @ W ¢ = b then we say that @ is a (proper) initial segment of b. Now, via
induction, let us define

a9 =(0), at*th=adwy(1+a®),
D =1+a® (i=0,1,2..), and
5(1) =0, ﬁ(”l) = i(i) W 6@'), which means that
BU) = 0Dy ... wyD w0 (j=1,2,3,..).
For example,
a® I+a®
a® =(0,1,1,2,1,2,2,3,1,2,2,3,2,3,3,4) and
—_—— ——

a? 14+a®
A =(1,2,2,3,2,3,3,4,1,2,2,3,1,2, 1 ).
—_—— — =

53 7@ 50 5O
Notice that length(@®) = length(7®) = 2¢ (0 < i) while length(3®) = 2 — 1
(1 <4). The first member of a sequence is always indexed by 1. The ith member
of @™ will, of course, be denoted by &l(-"), and similar notations apply for 5(")
and 4("). For convenience, let @(°) resp. (> denote the infinite sequence whose
initial segment of length 2* is @*) resp. ¥*) for each k € N = {1,2,...}.

For 0 < k < n, the subsequences of the form

- ok \ .__ L n—k
Segm(a’,Z ,'L) = (ai2k+1,a/i2k+2,...,a,(,i+1)2k), Z—O,l,...,Z —1

are called 2F-segments of @ = (ay,...,azn). Consecutive 2F-segments will play an
important role in the forthcoming considerations. Let

segm(d, 2%,1),...,segm(a@, 2%, i +¢ —1) and
segm(d, 2%, 4),... segm(a@, 2%, j + 0 —1)

be two families of £ consecutive 2*-segments, and consider two subsets X and Y
of the corresponding index sets, i.e., let X C {t : 28 +1 <t < (i + ¢)2%} and
Y C{t:j28+1 <t < (j+4)2%}. We say that X and Y are equally positioned in
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these families of 2F-segments if X — Y, 2+ x + (j — )2¥ is a bijection. That is,
“equally positioned” has the natural meaning.

Given a sequence d@ = (a1, .. ., ay); the sum of ¢ consecutive members of @ begin-
ning at the ith position will be denoted by

o(@,i,t) = a; + @ip1+ -+ Qipr—1 -

This notation assumes that 1 <4, 0 < ¢ and i+t —1 < ¢. Notice that o(d,7,0) =0
by convention. The forthcoming lemmas will be formulated only for @™, but other
than Lemma 2 they will be obviously valid and used for Y™ as well. As usual,
Ny = N U {0} denotes the set of nonnegative integers.

Lemma 1. Let i € N and j € Ng with i +j — 1 < 2". Then o(a™,1,5) <
a(@™ i, j).
Proof. We can assume that ¢ > 1. We use induction on j. Since &g") is the only
occurrence of 0 in @™, the statement is evident for j < 1. So we assume that
j > 1 and the lemma holds for 1,...,5 — 1. For brevity, let z = o(a(™), 1, 5) and
y = o(a@™ i, j).

If + < j (pictorially: if x and y overlap) then

z=0(@",1,i—1)+o(@™,i,j—i+1) and
(5) y=o(@™, i,j—i+1)+o@m, j+1,i—1),

and x <y follows from the induction hypothesis.
Hence we can assume that ¢ > j. The pictorial illustration below (even if it does
not reflect the full generality) will be useful for what comes next:

a1 4a® 14a® i+a® 54+a® g4 ak

~(n) _ (N — ——
al" =(e,...;0 0 . .. 0 e .. 0. . "0 . . . 0. . . 0 e .. . )
&("):(o,...,o, o ...,0 0 ... 0 .. e ... 0 o .. 0 . . . 0. . ).
——— ————
z Y

Consider the unique k& € Ny such that 2¢ < j < 2+ The assumption that = and
y do not overlap implies that £k <n — 1.

Firstly, we assume that & < n — 1. Then we can choose three consecutive 2-
segments, say segm (@™, 2%, q), segm (@™, 2% ¢+ 1) and segm (@™, 2% ¢+ 2), such
that the summands of y belong to this family B of consecutive 2¥-segments. (More
precisely but less pictorially, such that ¢2¥ + 1 < i and i +j — 1 < (g + 3)2%.)
Consider also the family A of the 2*-segments segm(a(, 2%,0), segm(a(™, 2%, 1)
and segm(a@(™, 2%, 2), that is, the first three 2F-segments. Let z be the sum of j
consecutive members in the first three 2¥-segments such that the summands of z in
A and the summands of y in B are equally positioned. (More formally, i = ¢2* + r
and z = (@™, r, j).) Observe that A consists of @*), 14+ @*), 1 + a*) while B
consists of @+ a®, 5+ a®, @+ a@% for appropriate positive integers u, v, w.

Now, 0 < u, 1 < v and 1 < w, whence the elements of the first three 2*-
segments are less than or equal to the corresponding elements of segm(&("), 2% q),
segm (@™, 28 q+1), and segm(a(™), 2%, ¢42). Hence z < y, for z and y are equally
positioned. Further, = < z follows from the previously considered “overlapping”
case, and we conclude =z < y.
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Secondly, we assume that k = n—1. Then @™ consists of two 2¥-segments only.
Since z and y do not overlap, we obtain that j = 2* and i = 2* + 1. Using @™ =
a®) W (1 +a®), we conclude that = o(@*),1,2F) < o(1+a®,1,2¥) =y. O

Define the inverse of a sequence @ = (a1, as, .. .,ax) as

inv(ay,as,...,ar) = (ag, Gg—1, ..., a1).
The proof, a trivial induction, of the following lemma is left to the reader.
Lemma 2. a@™ 4 inv(a@™) = 7.

Now we formulate a statement on the sum of the last j members of @(™).

Lemma 3. If j < 2" and 1 <1i < 2" — j then o(@™,4,7) < o(a™, 2" — j 4+ 1,).

Proof. Consider the sequence i — @(™). This sequence is the inverse of &™), so the
sum of the last 7 members becomes the sum of the first j members. Hence the
assertion follows from Lemma 1. O

Lemma 4. Let i,j < 2™ and define

i+7, ifi4gj <2 S
U= o and v:i=i4j—u.
2", ifi47>2"

Then o(@™,1,7) + o(@™, 1, 5) < (@™, 1,u) + o(a™, 1, ).

Proof. If i 4 j < 2" then v = 0 gives o(@™, 1,v) = 0, and the assertion is a trivial
consequence of Lemma 1. Hence we can assume that ¢ + j > 2™. Let us compute;
the application of Lemma 3 will be denoted by *, and we will use that j —v = 2" —4
and (therefore) j > v:
0,(07(71), 15 ’L) + 0,(07(71), 15]) = 0,(07(71), 15 ’L) + 0,(07(71), 15 ’U) =+ 0(07(")5 v+ 15.] - ’U)
<o (@™ 1,0) + o(@™, 1,0) + o(@™ i +1,2" — i) =
o(@™,1,2") + o(@™,1,v) = o(@™, 1,u) + o(@™,1,v) . O

Lemma 5. I[f1<i<2" then 5" < 5.

Proof. An easy induction on n. If i < 2"~! then 65"’ = ”71(") by definition. Other-
wise B = g0, <7D < A+, g = 7. O

j—9on—1 =

Lemma 6. If0 < j < 2" ! and 0 < i < 27! then o(f™, 271 + 1,5) <
o (6™, 5).

Proof. For brevity, let z = o(, 271 + 1,) and y = o(F™, i, §).

First assume that i + j — 1 < 277!, This means that the summands of y lie
entirely in ¥("~1); however, the following illustration is only a particular case (for
y and z may overlap):

Fn=1) g(nfl)
6("):(o,...,o,...,o,...,o,...,o,o,...,o,o,o,o,o,...,o)
—— —— ——
z y x

For z = a(g("), 1,7) = o(3 1, 1,5) we obtain < z from Lemma 5. Then
2z < o7 Y,i,5) =y by Lemma 1, whence = < y.
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Now we assume that 2"~! < i+ j — 1, which means that x and y overlap.
Let z = a(g("),2"*1 +1,i+j — 2"t —1), the “intersection of z and y”, u =
a(g("),i +4,2" 41 —4), v = 0(57"),1',2"*1 + 1 —4), and, further, let w =
o(f i+j—271 2n=141—4). Thenz = z+u and y = 2+, cf. the illustration
below (notice that w and v may overlap).

Fn=1) 5("*1)
5("):(o,o,...,o,o,...,o,...,o,...,o,o,o,...,o,o,...,o,...,o,...,o)
w v z u

Since v and w are “equally positioned”, Lemma 5 gives uv < w. Then Lemma 3
applied to ¥("~1 yields w < v. Finally,u <v impliesz =z +u<z+v=y. O

Lemma 7. If0<i<2" ! and 0 < j < 27! then
oD, 1,8 + o (7", 1,5) < o (B, 1,0+ ).
Proof. Since 3™ = 5=y =1 we can compute:

o(BV,1,0) + o (77,1, 5) = o(F™), 277+ 1,0) + o(F™ 1, 5) <
o(F™ i+ 1,0) +o(B™, 1,5) = o (B7, 1,0 + ),

where * stands for an application of Lemma 6. O
For a sequence @, let E(@, 1, ..., ) denote
E(a’l’,]) _ U(aala]_l‘i‘l) _ ai‘i‘CL.iJrl"i‘""i‘CLj ,
j—i+1 j—1+1
the average of the elements in the segment (a;, a;41, ..., a;). Remember that 7(°)

was introduced for convenience right before the definition of segments; of course
7(>) could be replaced by 4™ in the following lemma.

Lemma 8. Let 2 <n & N.
(1) Fork=1,2,...,12"/3], E(B™,1,...,k) = E(7),1,...,k) <n/2.
(2) B(B™,1,...,[2"/3] +1) = B, 1,..., [2"/3] + 1) > n/2.
(3) For [2"/3] <k <2" —1,E(™,1,...,k) > n/2.

Notice that the equations in Parts (1) and (2) are clear by definitions. Although
Part (3) implies Part (2), we will prove only Parts (1) and (2). Part (3) will not
be proved, for it will not be used in the sequel and its proof is similar to but
considerably lengthier than the proofs of Parts (1) and (2).

Proof. Define
S, ={keN:EF>) 1,....t)<n/2fort=1,2,...,k}.

One can easily see that proving that |2" /3] is the largest member of \S,, is equivalent
to proving Parts (1) and (2) for n. We prove this via induction on n. The case
n = 2 is evident. Now suppose that n > 3 and that Parts (1) and (2) hold for n—1.
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The first few members of 7(*) are depicted below for n = 5:

,7("*1)

,7("*3) 1+ ,7("*3) 1+ ,7("*1)

—

1,2,2,3, 2,3,3,4 ,2,3,3,4,3,4,4,5, 2,3,3,4,3,4,4,5,3,4,4,5,4,5,5,6, . ..

,7("*2) 1+ ,7("*2)

Since 273 < [2"71/3], the induction hypothesis gives
(6) EF),1,... k)< (n—1)/2 forl1 <k <23
Hence {1,2,...,2"73} C S,,. It follows from Lemma 2 that

Rewriting (6) from the first 2" 3-segment to the second one, which is T + 7("~3),
we obtain

E@C), 273 +1,...,2" 3 4 k) < (n+1)/2 for1<k<2773

This implies {1,2,...,2"72} C S,,. Now, (7) for the second 2" 3-segment gives
E(§0), 2773 41,...,27 3 + 2"=3) = (n 4 1)/2, which combined with (7) yields

(8) E({),1,...,2"7%) = n/2.

The shift from the first 2"~ ?-segment to the second one, 1 + 7"~2) changes (8)
into E(7(°),272 4 1,...,2""1) = 1 4 n/2 = (n + 2)/2, which together with (8)
gives E(7(>),1,...,2"" 1) = (n 4+ 1)/2. Hence 2" ' ¢ S, and we conclude that
the largest member of S, is 2”72 4+ k for some 0 < k < 2772, It follows from
(8) that k is the largest number in {0,1,...,2" 2 — 1} such that E(y(>), 272 +
1,...,2" 2 4+k) < n/2. Now going from the second 2" 2-segment 1+ 5("~2) to the
first 2"~ 2segment (" ~2), we see that k is the largest number in {0,1,...,2" 21}
such that E(7°),1,...,k) <n/2—1 = (n—2)/2. Hence k is the largest member of
Sn—2, whence the induction hypothesis gives k = [2"72/3|. Therefore, the largest
member of S, is 272 4 [272/3] = [272 + 272/3] = [2"/3]. 0

3. SEMI-IDEALS AND A THEOREM EQUIVALENT TO THE MAIN THEOREM

By a lattice (L; <) we mean a partially ordered set such that for any x,y € L
the supremum and infimum of {z,y} exist; they are denoted by x V y and x A y,
respectively. We deal only with finite lattices; they necessarily have a unique least
element 0 and a unique largest element 1. For a < b € L the subset {x € L : a <
x < b} is denoted by [a, b] and it is called an interval of L. When a =0 or b =1
then a particular notation applies: Ta = [a, 1] and [b = [0, b]. The covering relation
< is defined via a < b iff a < b and |[a,b]| = 2. If 0 < a then a is called an atom of
the lattice.

Let B,, denote the Boolean lattice of size 2. Each x € B,, has a unique com-
plement x’ satisfying V' = 1 and Az’ = 0. Notice that B,, is isomorphic to the
power set lattice over an m-element set; the singleton sets, the complements of sub-
sets, the empty set and the whole set corresponding to the atoms, the complements
of elements, 0 and 1 of B,,, respectively. The height h(x) of an element x € B,, is
the length of any maximal chain in |x. In the powerset model, the height is just
the number of elements of the given subset. If X is a subset of B,,, then the total
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height h(X) of X is defined to be the sum ) _ h(a). If X is a nonempty subset
X of By,, then its average height is defined to be and denoted by

h(X) = h(X)/|X].

A nonempty subset X of B, is called an order-ideal if for any z € X, |z C X. If
a nonempty set X is the union of certain intervals [a;, b;] such that the a; are (not
necessarily distinct) atoms, then X is said to be a semi-ideal of By,.

The goal of the next section is to show that whenever the size | X| of an order-
ideal is fixed, then a straightforward greedy algorithm produces an order-ideal with
maximum total height. We also prove the analogous statement for semi-ideals;
however, we could not avoid assuming Frankl’s conjecture in that case. The impor-
tance of semi-ideals is revealed by the following theorem and the lemma following
it.

Theorem 1. Let m > 3.

(1) There exists a semi-ideal X of By, such that h(X) > m/2 and |X| =
(2 /3].

(2) Assume that Frankl’s conjecture holds over m-element base sets. Then for
each semi-ideal X of By, | X| < [2™/3] implies h(X) < m/2.

By a proper subalgebra of (B,,,V,0) we mean a V-closed subset Y of B, such
that 0 € Y # B,,. The importance of the above theorem is due to

Lemma 9. Let m € N.

(1) For X C By, X is a semi-ideal iff By, \ X is a proper subalgebra of
(Bm, V,0).

(2) The Main Theorem and Theorem 1 are equivalent statements.

(3) Assume that Frankl’s conjecture holds over m-element base sets. Then for
each semi-ideal X of By, other than By, \ {0}, |X N Tal < |X]|/2 for some
atom a € By,.

Proof. Let X be a semi-ideal, and let u,v € Y = B,,, \ X. By way of contradiction,
suppose uV v € Y. Then [p,uVv] C X for some atom p € B,,,. From p <u Vv we
conclude p < w or p < v, say, p < u, whence u € [p,uV v] C X contradicts u € Y.
This shows that Y is a subalgebra of (B, V,0). It is proper, for X # {.

Now let Y = By, \ X be a proper subalgebra of (B,,,V,0). Then X # ). Let
u € X, we have to find an atom p € B, with [p,u]NY = (. Let y denote the
join of the set Y N Ju. Since y € Y, we have y < u and therefore there is an atom
p € lu\ |y, which does the job. This proves Part (1).

Now, keeping formula (2) and the powerset model of B,, in mind, for a proper
subalgebra F of (B,,,V,0), we let

W(F)=—" > w(a)
a is an atom of B,,
where

w(a) =[FNTa|—|FNld|=2-|FNTa|—|FNla|—|FNld]
=2-|FNta|—|F|.
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Hence W(F') > 0 iff

0< Y @ Fntel-IF)=2(- Y IFl2+ Y IFnTal)

a atom a atom a atom

:2(—m|F|/2+ 3 1)

(a,b): a < b€ F, a atom

:2(—m|F|/2+ 3 3 1)

be F a<b, aatom

:2(4MFV2+ 3 mm)zzpqmFuz+huwy
be F

Dividing by 2|F| we obtain that W(F') > 0 iff h
a semi-ideal by Part (1). Since h(B,,) = m/
completing the proof of Part (2).

Finally, the straightforward deduction of Part (3) from the above arguments is
left to the reader. O

(F) > m/2. Now let X = B, \ F,
2, h(F) > m/2 iff h(X) < m/2,

4. GREEDY ORDER-IDEALS AND GREEDY SEMI-IDEALS

Given an integer k € {1,...,2™}, we are looking for a k-element order-ideal X of
the Boolean lattice B,, with maximal total height h(X). It is natural to construct
X in a greedy way by induction on k. For k < 3, every k-element order-ideal has
the same total height. Suppose we know how to construct a (k — 1)-element order-
ideal Y of maximal total height. Then we let X = Y U {z} such that 2 ¢ Y, X
is an order-ideal and h(x) is as large as possible. Now we have roughly described
our greedy algorithm. The goal of this section is to show that it maximizes the
total height, indeed. First of all, a more exact description of the greedy algorithm
is necessary.

Let ay,as9,...,a, be a fixed enumeration of the atoms of B,,. Associated with
this enumeration we define a greedy enumeration of B, via induction as follows.
(For x,y € By,, x <y will denote that x precedes y in the greedy enumeration.)
For m < 1, let < coincide with the strict lattice order (which is a linear order,
i.e., a chain, in this case). Now assume that m > 1. Clearly, a1 V -+ V aym-1
is a!,, the complement of a,,. The isomorphism theorem of intervals yields that
a1V Qmy ..y m_1 V Gy is an enumeration of atoms of Ta.,,, which is a Boolean
lattice. Let <2 denote the greedy enumeration of Ta,, associated with the men-
tioned enumeration of its atoms. Let <1y denote the greedy enumeration of |al,
associated with the enumeration aq,--- , a,,—1 of its atoms. Finally, let <1 be the
“concatenation” of <13 and <9 in the following sense: for xz,y € B,,, z < y iff
x,y € la,, with x Q1 y, or z,y € Ta, with z <3y, or € |al, and y € Ta,,. The
left-hand lattice in Figure 1 shows the greedy enumeration of Bs associated with
the “from left to right” enumeration (i.e., a; = ca, as = cs, ag = ¢5) of its atoms.
(The greedy enumeration is defined by the indexing: ¢; < ¢; iff ¢ < j.) Now, by a
greedy order-ideal of By, we mean a nonempty subset of the form {x € B,,,: x < b}
where < is a greedy enumeration of B,,,, * < b means x < bor x =b, and b € B,
In other words, the greedy order-ideals are the nonempty initial segments of greedy
enumerations. The smallest greedy order-ideal is {0} (take b = 0) while the largest
is By, (take b = 1). The first part of the following lemma justifies our terminology.
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FIGURE 1

Lemma 10. Let X be a greedy order-ideal of By,. Then X is an order-ideal of
B, and its total height is

h(X)=0o(@"™,1,|X]), whence h(X)=E(@"™,1,...,|X]).

The trivial induction proving this lemma is left to the reader. Now, let a1, as,
.y Gy, still be a fixed enumeration of the atoms of B,,. For j = 1,..., m we define
the interval
I; = [aj,a/l/\~~~/\a;-71].

In particular, I1y = [a1,1] & Bp—1, Im = [am,a) A+~ ANal,_1] = [am, am] = By,
and in general, I; = By,_;. In the right-hand lattice in Figure 1, if we start with
the a1 = ey, as = eg, ag = e13, a4 = e1s enumeration (i.e., from left to right
enumeration) of atoms, we have Iy = [e1,es], I = [eg,e12], Is = [e13,€14] and
I, = {e15}. Notice that {I1,..., I} is a partition of By, \ {0}.

The sequence Iy, Is, ..., I, is called a standard interval sequence of B,; there
are m! such sequences, for there are m! enumerations of the atoms. Now, by a
greedy semi-ideal of By, we mean a nonempty subset X of the form

(9) X=LU---Ul,_1UU
where U is a greedy order-ideal of I,. (Hence U # () but U = I}, is permitted.) The

unique k € {1,...,m} in (9) is said to be the rank of the greedy semi-ideal X, and
it will be denoted by rank(X).

Lemma 11. Let X C B,, be a greedy semi-ideal of By,. Then it is indeed a
semi-ideal, and its total height is

h(X) = o(A,1,1X]), whence B(X)=B(F™,1,...,|X]).

It follows from Lemmas 10 and 11 that for each n < 2™ resp. k < 2™, B,, includes
a greedy order-ideal resp. greedy semi-ideal of size n resp. k; this observation will
be relevant in the following proofs.

The following lemma is presented not only for its own interest; it will be used in
the next section.

Lemma 12. Let X and Y be order-ideals of By, such that |X| = Y| and Y is
greedy. Then h(X) < h(Y), i.e., h(X) <h(Y).

Proof. We prove the lemma via induction on m. We can assume that m > 2. Let
X be an order-ideal of B,,. It suffices to construct a greedy order-ideal U such that
|U| = |X]| and h(X) < h(U). We can (and often will) change X during the proof so



12 GABOR CZEDLI, MIKLOS MAROTI, AND E. TAMAS SCHMIDT

that h(X) does not decrease and | X| remains the same. Now, for later reference,
we formulate four facts; they are evident consequences of definitions. If, for some
k, Y is a greedy order-ideal of By and Z is an order-ideal of By then

(Fact 1) |Y| > 2*~! implies that Y contains a coatom of By;

(Fact 2) |Y] < 2*~! implies Y C |c for some coatom c of By;

(Fact 3) if Z contains a coatom d’ € By and Z N 1d is a greedy order-ideal of 1d
then Z is a greedy order-ideal of By (here d = d” is an atom);

(Fact 4) 1 < j < |Y] implies that By has a j-element greedy order-ideal which
is a subset of Y.

Now, if there is an atom a € B,;, \ X then X is an order-ideal in |a’, a Boolean
lattice with m — 1 atoms, whence the induction hypothesis yields an appropriate U
in |a’, which is a greedy order-ideal in B, as well. Hence we can assume that X
contains all the atoms of B,,.

Let a € B,, be an atom. Since B,, is a disjoint union of Ta and |a’, X is the
disjoint union of G’ := X N |a’ and G := X N Ta. (Figure 2, where G' = G}, U |p,
depicts a particular but important case.) By the isomorphism theorem of intervals,

FIGURE 2

p:ld —Ta, z—2xVa and v:ta— la, r—xAd

are reciprocal isomorphisms. We know 1 < |G| from the latest assumption. The
injectivity of ¢ and the fact that ¢(x) < x € X gives ¢(z) € G’ for any z € G
show that |G| < |G|

We can assume that G’ resp. G is a greedy order-ideal of |a’ resp. Ta such that
P(G) C G'. (Then G U G’ is necessarily an order-ideal, so it is still denoted by
X.) Indeed, if this is not the case then, instead of G and G’, we could use H and
H’ obtained as follows. First the induction hypothesis allows us to replace G’ by a
greedy order-ideal H' of |a’ with |G'| = |H'| and h(G’) < h(H'). Clearly, @(H') is
a greedy order-ideal of Ta, and Fact 4 gives a greedy order-ideal H of Ta such that
|H| = |G| and H C p(H'). Since h(G) < h(H) by the induction hypothesis, H and
H’ do the job.

There are three cases. First we assume that 272 < |G| or 27! < |X]|. We
have 2~! < |X] in both cases, for |G| < |G’|. By Fact 1, there is an atom q € B,,
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such that |¢ € X. By the induction hypothesis, there exists a subset Y with
Y| =|XNTql and h(Y) > (X N Tq) such that either Y is empty or it is a greedy
order-ideal of Tq. We can let U =Y U | ¢/, which does the job by Fact 3.

The case when |G’| < 2™~2 is even simpler. Indeed, G’ C |p for some coatom
p of |a’ by Fact 2. Let ¢ = ¢(p), which is a coatom of B,,. Clearly, X C |q.
Applying the induction hypothesis to |¢ we obtain a greedy order-ideal U in |g¢
with 2(X) < h(U) and | X| = |U|, and U does the job in B,,, too.

So we are left with the case depicted in Figure 2; namely, let |G| < 2m~2 < |G|
and | X| < 2™~!. By Fact 1 we can choose an atom b € |a’ such that its complement
p taken in |a’ belongs to G'. Notice that p = a’ A b = (V). We can assume that
G C [a, V'], for otherwise G can be replaced by a |G|-element greedy order-ideal of
[a,0]. Let GY = G' N [b,d], i = |G|, j = |G|, and, to prepare an application of
Lemma 4 for n = m — 2, let u := i+ j and v := 0. Since |X| < 2™~ 1 4 < 2m~2,
Choose a u-element greedy order-ideal HY in [b, a’]. Then, by Fact 3, U := H,U |p
is a greedy order-ideal of |a’, whence U is a greedy order-ideal of B,,. Finally,
Lemmas 4 and 10 yield h(X) = h(|p) + h(G%) + h(G) = h(lp) + o(F™=2) 1,4) +
o(77,1, 1) < h(lp) + o(7™ 2, 1,u) + o(77D,1,0) = A(lp) + h(Hj) + 0 =
h(O). O

Lemma 13. Assume that Frankl’s conjecture holds over m-element base sets. Then

h(X) <E(F"™ 1,...,|X]|) for each semi-ideal X of By,.

Proof. We prove the lemma via induction on m. Let X be a semi-ideal of B,,.
According to Lemma 11, it suffices to find a greedy semi-ideal Y of B, such that
|X| = Y] and h(X) < h(Y). Part (3) of Lemma 9 allows us to fix an enumeration
ai,...,a;, of the atoms in B,, such that with the notations

Xo=Xnla,, Xi=XnNTan)\{an}, Xo=Xn{an}

we have |X1| + |X2| S |X0| Note that X = XO @] Xl UXQ and Xl n Xj = 0 for
0<i<j<2.

Clearly, Xy is a semi-ideal of |a! 2 B,,_;. To see that X; is a semi-ideal of
Tam = Bp—1, let € X;. Then there is an atom p € By, with [p,z] C X. If p # a,,
then pV a,, is an atom of Ta,, and [pV a,,x] C X;. If p = a,, then for each atom
q of Tam, [g,x] C X;. Therefore X; is indeed a semi-ideal of Tay,.

Now let I, ..., I,,—1 be the standard interval sequence of |a], determined by the
enumeration ay, . .., a,,—1 of its atoms. Similarly, let Ji, ..., J,—1 be the standard
interval sequence of Ta,, determined by the enumeration aj V @y, ..., @m—1V @y, of

its atoms. Notice that the mappings
pj: Ly — Jj, x—aVa, and it J; — I, vz Aal,

are reciprocal lattice isomorphisms for each j € {1,...,m — 1}. In fact, they are
the restrictions of the reciprocal isomorphisms

o lal, = Tam, T—Van and Vi Tam — lal,, v~ xAal,.
Now let
Yo=LU---Ul,_1UU

be a greedy semi-ideal of |a/, (of rank k) such that |Yo| = | Xo|. Here U denotes a
greedy order-ideal of Ij. Since |X;| < | X[, we can choose a greedy semi-ideal Yy
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of Ta, such that |Y7| = |X;| and ¥ (Y1) C Yy (cf. Fact 4 from the previous proof).

Let ¢ be the rank of Y7. Then ¢ < k and Y is of the form
Yi=JiU---UJi1 UV,

where V is a greedy order-ideal of .J;. The induction hypothesis gives h(Xg) < h(Yp)
and h(X7) < h(Y7), whence h(X) < h(YoUY; U X3). Notice that

Ki=hUJy, Ko=01UJy, ..., Kpy_1 =Inn_1 Udp_1, Ky = {an}

is the standard interval sequence of B,, associated with the enumeration a1, ..., a,
of its atoms.

First we consider the case when k = ¢; the situation for £ = ¢ = 3 is outlined
in Figure 3. Since U is a (greedy) order-ideal of Iy, V is an order-ideal of Jj, and

FIGURE 3

Y(V) C U, we conclude that U UV is an order-ideal of Ky, = I, U Ji. Let W be
a greedy order-ideal of K such that |W| = |U|+ |V]| = |U UV|. We know from
Lemma 12 that A(U UV) < h(W). Clearly,

Z = (IlUJl)U"'U(kalLJkal)UW:K1U"'UK]€71UW
is a greedy semi-ideal of By,, and we have h(Yy U Y1) < h(Z). If Xo = 0, ie.
am ¢ X, then | X| = |Z| and h(X) = h(Xo) + h(X1) < h(Yy) + h(Y1) < h(Z), as

requested. In case of a,, € X we need an easy further step: let Z+ be a greedy
semi-ideal of B,, such that Z C Z* and |Z*| = |Z| + 1. Then

h(X) = h(Xo) + h(X1) + h(am) <RY)+1 < h(Z)+1 < h(Z)
together with | X| = |Z1| settles the case k = /.
The general case is when rank(Yy) = k& > £ = rank(Y7). This will be settled by
an induction on k — ¢. For k — ¢ = 0 the job has already been done. Now assume
that k — ¢ > 0; the situation for (k,¢) = (4, 2) is outlined in Figure 4. We are going

to define a pair (Tp,T1) of greedy semi-ideals with the same properties as those
assumed for (Yp, Y1) such that rank(7p) — rank(7h) < k — £.
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FIGURE 4

As an intermediate step we define a greedy semi-ideal Ry of |a), and a greedy
semi-ideal Ry of Tay,. Let i = |U| and j = |V/|. In order to harmonize with the
notations of Lemma 4, define u =i + j if i + j < 2™ %1 = | Jy| and let u = |Jy|
otherwise. Let v =i+ j —u. Nowlet Ry = JiU---UJy_1 UV where VT is a
u-element greedy order-ideal of J,. Let U™ be a v-element subset of I, such that
U~ is a greedy order-ideal of Iy when v > 0. Then Ry=6L U---Ul;_UU".

Finally, if V* = Jy and U~ # 0 then let Ty = Rp \ U™, and add v = |U~|
many new elements to R; to obtain the greedy semi-ideal T of Ta,,. (These new
elements will of course go into Jgy1.) In the other case when V™ C J, or U™ = (),
we simply let (Tp,T1) = (Ro, R1).

Clearly, we have |Yy UY1| = |Tp U T3] and rank(Yp) — rank(Y7) > rank(7p) —
rank(71). So we are left with the duty of showing h(Yp) + h(Y1) < h(To) + h(Th).

It follows from Lemmas 4 and 10 that

hi (U) 4+ hy, (V) < hp (UT) + hy (VT).
Therefore, measuring the total height in B,,, rather than in I} and Jy, we conclude
RU) + U +h(V)+2|V|<h(U™) +|U |+ (VT +2/VT,

which implies h(U) + h(V) < h(U™) + h(VT), for [U~| + |VT| = |U| + |V| and
V| < |V*|. Therefore h(Yy) + A(Y1) < h(Ro) + h(Ry). Finally, h(Ro) + h(Ry) <
h(To) + h(T1) is evident. O

5. THE END OF THE PROOF AND TWO CONJECTURES

Now Theorem 1 follows from Lemmas 8, 11 and 13. Finally, Lemma 9 guarantees
that Theorem 1 implies the Main Theorem.

We conclude the paper with two conjectures. Although they are formulated
in terms of lattice theory, which goes well with the present paper, they will be
translated to pure combinatorial language afterwards.

e For cach semi-ideal X of B,,, h(X) < E(F™ 1,...,|X]).
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e There is a function f(m) such that f(m)/2™/? tends to co and h(X) < m/2
for every semi-ideal X C B,, with |X| < f(m).

According to Lemma 13 and Theorem 1, a positive solution of Frankl’s conjecture
would solve both problems in the affirmative. However, these conjectures might be
easier (to prove or refute) than Frankl’s one.

The ideas of Lemma 9 lead easily to the following combinatorial interpretation
of the first conjecture. Given 1 < k < 2/4!, we want to find a union-closed family
F, ) € F C P(A), such that W(F) be minimal. The conjecture asserts that we
can obtain such an F by the obvious greedy algorithm in 2/4l — k steps, starting
from Fy = P(A) and deleting just one member of F;_; in the ith step. Note that
Bosnjak and Markovi¢ [5] settle the first conjecture for m < 11.

A positive solution of the second conjecture would simply say that even if we
cannot leave the assumption “Frankl’s conjecture holds over m-element sets” out
of the Main Theorem, the averaged Frankl’s property holds for union-closed sets
which are “essentially” larger than those treated in [7] (and mentioned in the In-
troduction.)
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