REPRESENTING CONGRUENCE LATTICES OF
LATTICES WITH PARTIAL UNARY OPERATIONS AS
CONGRUENCE LATTICES OF LATTICES.

I. INTERVAL EQUIVALENCE

G. GRATZER AND E.T. SCHMIDT

ABSTRACT. Let L be a bounded lattice, let [a,b] and [c,d] be intervals of
L, and let ¢: [a,b] — [c,d] be an isomorphism between these two intervals.
Let us consider the algebra L$ = (L; A, V, ¢, 1), which is a lattice with

two partial unary operations. We construct a bounded lattice K (in fact, a
convex extension of L) such that the congruence lattice of L~ is isomorphic

to the congruence lattice of K, and extend this result to (many) families of
isomorphisms.

This result presents a lattice K whose congruence lattice is derived from
the congruence lattice of L in a novel way.

1. INTRODUCTION

1.1. The “magic wand” approach to constructing congruence lattices.
A typical way of constructing an algebra A with a given congruence lattice C is to
construct an algebra B with a much larger congruence lattice and then “collapsing”
principal congruences O(a,b) and ©(c,d) in B in sufficient numbers so that the
congruence lattice “shrinks” to C'. To do this we need a “magic wand” that will
make a = b equivalent to ¢ = d. Such a magic wand may be a pair of partial
operations f and g such that f(a) = ¢, f(b) = d, and g(c¢) = a, g(d) = b. For
instance, this is the start of the Congruence Lattice Characterization Theorem of
Universal Algebras of the authors (see [9], and also [1], [3].)

If you want to construct a lattice K with a given congruence lattice C, how do you
turn the action of the “magic wand” into lattice operations? To construct a simple
modular lattice, E. T. Schmidt [17] started with the rational interval L = [0, 1] and
by a “magic wand” he required that all [a,b] (0 < a < b < 1) satisfy that a = b
be equivalent to 0 = 1. The action of the magic wand was realized with the M3[D]
construction (which is the same as the Boolean triple construction in Section 2
except that it applies only to bounded distributive lattices D). This method was
successfully used for the representation of finite distributive lattices as congruence
lattices of modular lattices in E.T. Schmidt [17].
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In this paper, we prove that one can apply the magic wand to arbitrary lattices
with zero.

1.2. The “magic wand” for lattices. If we are considering a “magic wand” that
will realize that a = b be equivalent to ¢ = d in the lattice L, we immediately notice
that we have to say something about the intervals [a, b] and [c, d]. For instance, if
a=b (© VW), for congruences © and ® of L, then ¢ = d (0O vV ), therefore the
sequence in [a, b] that forces a = b (O V ¥) (see, for instance, Theorem 1.3.9 in [4]),
must somehow be mapped to a sequence in [¢,d] to force ¢ = d (© vV ¥). So for
lattices, “magic wands” must act on intervals, not on pairs of elements.

The lattice K is an extension of the lattice L, if L is a sublattice of K. The
lattice K is a convex extension of the lattice L, if L is a convex sublattice of K.
A conver embedding is defined analogously.

To set up “magic wands”—as (convex) extensions—for lattices formally, let L
be a bounded lattice, let [a,b] and [c, d] be intervals of L, and let ¢: [a,b] — [c,d]
be an isomorphism between these two intervals. We can consider ¢ and ¢! as
partial unary operations. Let us call a congruence © of L a g—congruence iff ©
satisfies the Substitution Property with respect to the partial unary operations ¢
and 1. (The « signifies that the partial operations go both ways; in the paper
G. Grétzer, M. Greenberg, and E.T. Schmidt [7], we take up partial operations
going only one way.) Let Lg denote the partial algebra obtained from L by adding

the partial operations ¢ and ¢~'. Thus, a congruence relation of Lg is the same

as a g—congruence of L. We call an extension K of L a @-congruence-preserving
extension of L, if a congruence of L extends to K iff it is a Z_o)—congruence and every
z—congruence of L has exactly one extension to K. As a special case, we get the
well-known concept of a congruence-preserving extension (in case, ¢ is trivial).

Let us call ¢ (resp., ¢~ 1) algebraic iff there is a unary algebraic function p(x)
(that is, p(z) is obtained from a lattice polynomial by substituting all but one
variables by elements of L) such that z¢ = p(z), for all z € [a,b] (resp., zp~! =
p(x), for all = € [c,d]).

We prove the following result:

Theorem 1. Let L be a bounded lattice, let [a,b] and [c,d] be intervals of L, and
let p: [a,b] — [c,d] be an isomorphism between these two intervals. Then L has a
;—congruence—preserving convex extension into a bounded lattice K such that both
¢ and o1 are algebraic in K. In particular, the congruence lattice of the partial
algebra Lg is isomorphic to the congruence lattice of the bounded lattice K.

So the lattice K constructed in this result is the magic wand for .

We base the realization of the magic wand on a construction of G. Gratzer and
F. Wehrung [12] and an application of this construction in G. Gréatzer and E.T.
Schmidt [11].

1.3. Outline. Section 2 deals with the boolean triple construction. The relevant
results from G. Gréatzer and F. Wehrung [12] and G. Grétzer and E. T. Schmidt [11]
are summarized and generalized.
Section 3 states two trivial lemmas on gluing and congruences from the folklore.
Section 4 constructs the lattice K of Theorem 1, while Section 5 verifies that K
has the required properties.
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In Section 6, we state and prove Theorem 2, which generalizes Theorem 1 to a
family of pairwise isomorphic intervals; in Section 7, we further generalize Theo-
rem 1 to any number of intervals (Theorem 3), allowing us to generalize Theorem 1
from isomorphic intervals to isomorphic convex sublattices.

In Section 8, we point out that Theorem 1 and its generalizations hold for lattices
with zero.

In Section 9.1, we discuss how the results of this paper relate to the congruence
lattice characterization problem of lattices. Section 9.2 comments on the congruence
distributivity of the partial algebra LZZ' Section 9.3 lists some open problems.

We use the standard notation, as in [4].
1.4. Acknowledgment. We would like to thank the referee for an unusually per-

ceptive report, especially, for his criticism of Section 6. His report resulted in a
much improved paper.

2. THE BOOLEAN TRIPLE CONSTRUCTION

Following G. Gritzer and F. Wehrung [12], for a lattice L, let us call the triple
(r,y,z) € L3 boolean iff the following equations hold:
r=(xVy A(zVz),
y=@WVva)A(yVz),
z=(zVa)A(zVy).
We denote by M3(L) C L? the poset of all boolean triples of L. We summarize the
relevant results of G. Grétzer and F. Wehrung [12] in two lemmas.
Lemma 1. Let L be a bounded lattice.
(i) For every triple {x,y,z) € L3, there is a smallest boolean triple (x,y,z) €
L3; in fact,
(,y,2y ={(xVy) A(zVz),yVa)A(yVz),(zVa)A(zVy)).
(il) Mg(L) is a bounded lattice, with bounds (0,0,0) and (1,1,1), with the meet
operation defined as
(@,y,2) Na'y 2) = (@ Aha',y Ny 2 A2
and the join operation defined by
(,y,2) V("¢ ,2") = (@va,y vy, 2z V)
(iii) The lattice M3(L) has a spanning Ms, that is, a {0, 1}-sublattice isomor-
phic to M3, namely,
{{0,0,0),(1,0,0),(0,1,0),(0,0,1), (1,1,1)}.

(iv) The intervals [{0,0,0), (1,0,0)], [(0,0,0),(0,0,1)] and [(1,0,0), (1,1,1)] of
Ms(L) are isomorphic to L. We identify the lattice L with the interval
[(0,0,0),(1,0,0)] under the isomorphism z — {(x,0,0), for x € L. The
natural isomorphisms of these intervals with one another are algebraic.

For a congruence O of L, let ©3 denote the congruence of L3 defined component-
wise. Let M3(0O) be the restriction of ©3 to M3(L). In [12] the congruences of
M (L) were characterized as follows:

Lemma 2. M3(0) is a congruence relation of Ms(L) and every congruence of
M;s(L) is of the form M3(0), for a unique congruence © of L.
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Corollary 3. Let L be a bounded lattice. The lattice M3(L) is a congruence-pre-
serving convex extension of L = [(0,0,0),(1,0,0)] and also of [{1,0,0),(1,1,1)].
In [11], the authors introduced, for arbitrary a € L, the principal dual ideal
Ms{(L, a) of M3(L):
M3<L7a> = [<0’a70>) - M3<L>7

and observed (see Lemma 1 and Section 4 of [11]) that
Yo: T (T,0,T A a)

is a congruence-preserving convex embedding of L into M3(L, a).

(1,1,1)

(0,0,1)

(0,0,0)

FIGURE 1. The shaded area: The lattice M3(L, a, b).

In this paper, we need a new variant of this construction; namely, for a, b € L
with a < b, we introduce the interval Ms(L, a, by of Ms(L):

Ms({L,a,b) = [{0,a,0), (1,b,b)] C M3(L).
Again,
Ya: T (T,a,z A a)
is a (convex) embedding of L into M3(L,a,b). (Note that if L is bounded, then
M3<L7a> = M3<L7aa 1>)
Using the notation (illustrated in Figure 2; the black filled elements form J):
B={{(z,a,xzNa)|ze€ L} (= Ly,),
Ia,b = [<07 a, O>7 <07 ba 0>]7

J={{xANa,a,z) |x<b},
we can now generalize three lemmas (Lemmas 5-7) of [11]:
Lemma 4. Let v = (x,y,z) € Ms(L,a,b). Then v has a decomposition in

Ms(L,a,b):
V=vVpg \/VIM Vvy,

where
vp = {x,y,2) AN(1l,a,a) = (x,a,x A a) € B,
Vi, = (#,9,2) A (0,0,0) =(0,y,0) € Iop,
vy ={(z,y,2) N{a,a,b) = (zNa,a,z) €J.
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(1,b,0)

[ )
(0,0

o
=~

FIGURE 2. The lattice M3(L, a, b).

Lemma 5. Let ® be a congruence of M3(L,a,b) and let v, w € M3(L,a,b). Then

v=w (9)
iff
VB =Wpg (D),
Viee =W, ((I))7
Vg =Wy ((I))

Lemma 6. For a congruence © of L, let M3(©,a,b) be the restriction of ©3 to
M;3(L,a,b). Then M3(0, a,b) is a congruence of M3(L, a,b), and every congruence
of M3(L, a,b) is of the form M3(0, a,b), for a unique congruence © of L. It follows
that @, is a congruence-preserving convex embedding of L into M3(L, a,b).

We shall use the notation
Dy =1[(0,b,0),(1,b,b)] = {{x,b,z Ab) |z € L}.
The following two observations are trivial.
Lemma 7.

(1) Iap is an ideal of M3(L,a,b) and I, is isomorphic to the interval [a, b]
of L.
(ii) Dgyp is a dual ideal of Mg(L,a,b) and Dq is isomorphic to L.
We can say a lot more about D, ;. But first we need another lemma:

Lemma 8. Let L be a lattice, let [u,v] and [u',v'] be intervals of L, and let
@: [u,v] — [u',v'] be an isomorphism between these two intervals. Let ¢ and ¢~*
be algebraic in L. Then L is a congruence-preserving extension of [u,v] iff it is a
congruence-preserving extension of [u’,v'].
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Proof. Let us assume that L is a congruence-preserving extension of [u’,v']. Let
O be a congruence relation of [u,v] and let O¢ be the image of © under ¢. Since
© is an isomorphism, it follows that Oy is a congruence of [u/,v'], and so O¢ has
a unique extension to a congruence ® of L. We claim that ® extends © to L and
extends it uniquely.

1. ® extends ©. Let x =y (0). Then zp = yp (Op), since ¢ is an isomorphism.
By definition, ® extends Oy, so ¢ = yp (). Since ¢! is algebraic, the last
congruence implies that © = y (®). Conversely, let z = y (®) and z, y € [u,v].
Then zp, yp € [u',v']; since ¢ is algebraic, it follows that x¢ = yp (P). Since
extends O¢, we conclude that xp = yp (O¢). Using that ¢! is an isomorphism,
we obtain that © =y (0), verifying the claim.

2. & extends © uniquely. Let U extend © to L. As in the previous paragraph—
mutatis mutandis—we conclude that U extends O to L, hence ¥ = &, proving
the uniqueness.

By symmetry, the lemma is proved. (]

Note that the lemma is true for any two sublattices; however, we shall only use
it for intervals, as stated.

We have already observed in Lemma 6 that M3(L, a, b) is a congruence-preserving
convex extension of [(0,a,0),(1,a,a)] (= Ly,). Since the isomorphism

x+— 2V {0,b,0)
between [(0,a,0), (1,a,a)] and [(0,b,0), (1,b,b)] = D, is algebraic, and so is the
inverse
r—xA(la,a),
from Lemma 8 we conclude the following;:
Corollary 9. M3(L,a,b) is a congruence-preserving convez extension of Dy .
We summarize our results:

Lemma 10. Let L be a bounded lattice, and let a, b € L with a < b. Then there
exists a bounded lattice Ly, (with bounds 044 and 14p) and uap, Vap € Lap, such
that the following conditions are satisfied:

(1) va,p s a complement of ug.p.

(11) a,b — [Ua by ]-a,b] = L.

(iii) ab—[ab,vab]N[a b].

(iv) Ly is a congruence-preserving (convex) extension of [0qp,Uap] and of
[Ua,b7 111,17]

(v) The congruences on I, and D, are synchronized, that is, if © is a
congruence on L, © is the extension of © to L, (we map © to Dy, under
the isomorphism, and then by (iv) we uniquely extend it to L,y), and x,
y € [a,b], then we can denote by xp, ,, Yp,, € Dap the images of x, y in
Dap and by x1, ,, yr1,, € lap the images of x, y in I, p; synchronization

means that xp, , = yp,, (©) iff v1,, =Y., (©).
Proof. Of course, L, , = M3(L,a,b). O

The lattice L, is illustrated by L = C in Figure 3, the five-element chain, a is
the atom and b is the dual atom of C5. This figure is the same as Figure 2, only
the notation is changed.
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la,b

Ua,b

FIGURE 3. The lattice Lg .

We shall continue to use the notations: I, = [04p, Va] (an ideal of L, ;) and
Db = [Vabs Lap] (a dual ideal of Lg ).

3. GLUING AND CONGRUENCES

We briefly digress to state two trivial lemmas on gluing and congruences.

Let S and T be lattices, let F' be a dual ideal of S, and let G be an ideal of T'.
If F is isomorphic to G (with 1 the isomorphism), then we can form the lattice Z,
the gluing of S and T over F' and G (with respect to v¢), where Z = SUT and
every a € F' is identified with ai) € G; the partial order on Z is the natural one
inherited from S and T with one step transitivity.

Now if Og is a binary relation on .S and O is a binary relation on 7', we define
the reflezive binary product ©g 6 O1 as OgUOr U (Og 0 Or).

The following statement is folklore:

Lemma 11. A congruence © of Z can be uniquely written in the form
0 =0O500r,

where Og is a congruence of S and O is a congruence of T satisfying the condi-
tion that ©g restricted to F equals O restricted to G (under the identification of
elements by ).

Conversely, if Og is a congruence of S and O is a congruence of T satisfying
the condition that Og restricted to F equals ©r restricted to G, then © = Og o Or
is a congruence of Z.

Lemma 12. Let us further assume that S is a congruence-preserving extension
of F'. Then Z is a congruence-preserving extension of T.

Proof. Represent the congruence © of Z as in Lemma 11 in the form © = Og 5O
Since S is a congruence-preserving extension of F| the congruence ©g = ©]g
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A = M;3(L)

The four building blocks. Two gluings.

The final gluing.

Fi1GURE 4. Constructing the lattice K.

(where ] indicates restriction) is determined by its restriction to F, ©]p. But
Olr = Or]g, so Or determines O. O

4. THE CONSTRUCTION OF K

In this section, we build the lattice K of Theorem 1.

Let the bounded lattice L, the intervals [a,b] and [c¢,d], and the isomorphism
©: [a,b] — [c¢,d] be given as in Theorem 1. We start the construction with four
lattices, which are assumed to be pairwise disjoint, see the top left of Figure 4: The
four building blocks.

(i) A = M3(L). Let {04,p1,p2,p3,14} be the spanning M3 in A—as in
Lemma 1.(iii).
(i) B = M3([a, b]), with the spanning M3: {0p,q1, 492,43, 15}
(iii) The lattice L, p—as in Lemma 10.
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(iv) The lattice L, g—as in Lemma 10.

Some notation: An element of one of the four building blocks is described as a
triple (x,v,2) € L? belonging to the particular building block. Note that a triple
(x,y, z) may belong to two or more building blocks. If it is not clear the element of
which building block a triple is representing, we shall make it clear with subscripts:

(x,y,2)a, for (z,y,z) as an element of A,
(x,y,2)ap, for (z,y,z) as an element of L, p,
(,y,2)c.a, for (z,y,z) as an element of L. 4,
(z,y,2)p, for (x,y,z) as an element of B.

We start the construction by gluing together B and L, to obtain the lattice U,
see the top right of Figure 4: Two gluings.
In B, we use the dual ideal

[(h) = { <1,l‘,.’L‘> | a<x< b}>
while in L, ; we utilize the ideal
Ia,b = {<0,$,0> ‘ a S T S b}a
and we consider the natural isomorphism
v1: (Lz,2)p — (0,2,0)4p, x € [a,b],
between the dual ideal [¢1) of B and the ideal I, j, of Lg 5 to glue B and L, , together
to obtain the lattice U.
Similarly, we glue L. 4 and A over the dual ideal
Deg={{z,djxNd)y|z €L}
of L. 4 and the ideal
(ps] ={(0,0,z) |z € L}
of A, with respect to the natural isomorphism
w2 (x,d,x Nd)eqg— (0,0,2)4, x€L,
to obtain the lattice V.
In U, we define the dual ideal
D = [g3,1] U Dqp,

which is the union of [¢g3,15] and D, ;, with the unit of [g3, 1] identified with the
zero of D p.
In V, we define the ideal

I'=1.4U[04,p1],
which is the union of I.. 4 and [04,p1], with the unit of I, 4 identified with the zero

Of [OA 5 pl] .
Next we set up an isomorphism v : D — I. Since

[QSalB] :{(x,a:,b>|a§x§b}

and
I.a={(0,2,0) |c<x<d},
we define ¢ on [g3, 1 5] by

Yz, x,b)p — (0,20,0)cq, = € [a,b],
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where ¢: [a,b] — [¢,d] is the isomorphism given in Theorem 1. We define ¢ on
Da,b by

P (x,b,x Ab)gp— (2,0,0)4, x€ L.
It is clear that ¢p: D — I is well-defined and it is an isomorphism.

Finally, we construct the lattice K of Theorem 1 by gluing U over I with V' over
D with respect to the isomorphism : D — I, see the bottom half of Figure 4: The
final gluing.

By Lemma 1.(iv), the map = — (,0,0) 4 is a natural isomorphism between L
and the principal ideal (p;] of A; this gives us a convex embedding of L into A.
We identify L with its image, and regard L as a convex sublattice of A and therefore
of K. So K is a convex extension of L. We have completed the construction of the
bounded lattice K of Theorem 1.

5. THE VERIFICATION

We now verify that the lattice extension K of L satisfies the conditions stated
in Theorem 1.

First, we shall describe the congruences of K. We need some notation: For a
congruence © of L,

© 4 denotes the congruence ©2 restricted to A;
O, denotes the congruence ©° restricted to Lq p;
Oc,q denotes the congruence ©3 restricted to Le.d;

©p denotes the congruence ©3 restricted to B.

Let us start with U. The lattices B and L, ; are glued together over [¢1) and I,
with the isomorphism ¢1: (1,z,2)5 — (0,2, 0)4., and obviously (1,z,z) = (1, y,y)
(©3) iff (0,2,0) = (0,y,0) (©3). Hence by Lemma 11, the congruences of U are of
the form ©p 0 O, .

The lattice B is a congruence-preserving extension of [g1) (formed in B) by
Lemma 1.(iv); therefore, by Lemma 12 and Corollary 9, the lattice U is a con-
gruence-preserving extension of L, ;, which, in turn, is a congruence-preserving ex-
tension of D, (= L). So U is a congruence-preserving extension of D, 5 (= L). Sim-
ilarly, V' is a congruence-preserving extension of A, which, in turn, is a congruence-
preserving extension of [04,p1] = L, so V is a congruence-preserving extension of
[0A7p1] =L

We glue U and V together over D and I over ; equivalently, we identify the
dual ideal

Dyp={(z,bjxAb) |z €L} U
of U with
[04,p1] = {(2,0,0) |z € L} C A,
and note that for any congruence © of L,
(x,b,x Ab) = (y,b,y AD) (6°)
iff
(2,0,0) = (y,0,0) (%),
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so ©2 restricted to D, p is mapped by v to © restricted to [0.4, p1]—and we identify
the dual ideal
lg3,18] = {{z,2,b) la<z<b} C B
of B with the ideal
I.g={{0,2,0) |c<ax<d}CL.q
of L. 4 by identifying (z,z,b) with (0,z¢,0), for z € [a,b]. So in K, (z,z,1) =
(y,y,1) iff (0, z¢,0) = (0,yep,0); translating this back to L, we obtain that x =y
(0) iff xp = yp (O). This condition is equivalent to the statement that © has the
Substitution Property with respect to the partial unary operations ¢ and @=1.
This proves, on the one hand, that if © extends to K, then O is a Z—congruence,
and, on the other hand, that a Z—congruence O extends uniquely to K, that is, K
is a g-congruence—preserving extension of L.
Second, we have to show that ¢ and ¢! are algebraic in K. We define

p(z) = ((((z A {a,a,b)ap) V (b,a,a)ap) AN a2) V(d, ¢, C)e,a) Ac, e, d)c,a) V p2) A pr.
For x € [a,b], we want to compute p(z). There are seven steps in the computa-
tion of p(x) (see Figure 5):

x=(x,0,0)4 = (x,b,2)0p

x1 =z A{a,a,b)

in A and in L, ),
computed in L, ),
x2 =21 V (b, a,a) computed in Ly p),
T3 = T2 A Qo computed in U),
x4 =23V (d,c,c) computed in K),
x5 = 24 A {c, ¢, d) computed in L 4),

ZTg = X5 V Do computed in V),

(
(
(
(
(
(
(
(

T7 = Tg A\ P1 computed in A).

Our goal is to prove that x7; = zy.
By the definition of ¢, when gluing U and V together, we identify x = (z,0,0) €
A with (z,b,x AD) = (z,b,z) € Layp, so v = (x,b,x) € Lyyp. Therefore, z1 =
(x,b,2) A (a,a,b) = (a,a,z), computed in L, p.
We compute z2 completely within L, 3, utilizing Lemma 1:
x9 =1 V (b,a,a) = (a,a,z) V (b,a,a) = (b,a,z) = (b,z,x).
x3 = 2 A\ gz is computed in U, which we obtained by gluing L, and B together
with respect to the isomorphism
Y1 <lB,x,.T>B = <07x70>(1,b7 T e [a7b]a
between the dual ideal [¢1) of B and the ideal I, of L, ;. So x3 is computed in
two steps. First, in L, p:
T2 NVUgp = <ba (E,iL’> A <07 b, O> = <071', O>
The image of (0, x,0) under <pf1 is (b, z,z) = (b,x,x), so in B:
x3 = (b,x,2) A gz = (b,z,x) A (a,b,a) = {a,z,a).
Now comes the crucial step. To compute x4 = 23V (d,c,c), we first compute
in B
xg \/ q3 = <a’ x’a> \/ <a" a7 b> = <a7x7 b> = <x’ x? b>'
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FI1GURE 5. The seven steps.

Take the image of (z,z,b) under 9 and join it with (d,c,¢) in L. 4:
x4 = {x,2,0)0 V (d,c,c) = (0,2¢,0) V{d,c,c) = (d,zp,c) = (d, zp, zp).

So
x5 = x4 N{c,c,d) = (d, zp, x0) N {c,c,d) = (c,c, zp),

computed in L 4.
To compute g = =5 V p2, we note that

25V veq = (c,c,x0) V (0,d,0) = (c,d, ) = (xp,d, ).
Then we take the image of (z¢, d, z¢).,q under ¢, and join it with py in A:
w6 = (v, d, 2p)p2 V p2 = (0,0,20) V (0,1,0) = {0, 1, 2} = (wpp, 1, 20)-
Finally, in A,
x7 =26 Ap1 = (zp, 1, 20) A (1,0,0) = (xp,0,0),

and zp is identified with (xy,0,0), so 27 = zp, as claimed.
The proof for ¢! is similar, using the algebraic function

a(y) = (((((y V p2) A e, ¢, d)e,a) V(ds ¢ €)e,a) A ga) V (b, a;a)ap) A (a;a,0)ap) V a

This completes the proof of Theorem 1.
As you can see, the four sublattices of K isomorphic to M3 play a crucial role in
the proof; the elements forming these Ms-s are gray-filled in Figure 5.
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6. A FAMILY OF INTERVALS

Let L be a bounded lattice, let [a;, b;], ¢ < «, be intervals of L (« is an initial
ordinal > 2), and let

Gij: lai,bi] = laj, b5, fori, j <a,

be an isomorphism between the intervals [a;, b;] and [a;, b;]. For notational conve-
nience, we write [a, b] for [ag, bo]. Let

®={pi;li,j<a}
be subject to the following conditions, for i, j < «:

®.(1) s, is the identity map on [a, b;].

D.(2) ¢, =pji

D.(3) ¥i,j o Pk = Pik-

Let Lg denote the partial algebra obtained from L by adding the partial oper-
ations ¢; j, 1, 7 < a. (Note that within the framework of Theorem 1, the partial
algebra LZ; is the same as Lg with & = {<p,gpfl,id[mb],id[c’d]}.) Let us call a
congruence O of L a ®-congruence iff © satisfies the Substitution Property with
respect to the partial unary operations ¢ € ®. Thus, a congruence relation of Lg is
the same as a ®-congruence of L. We call K a ®-congruence-preserving extension

of L, if a congruence of L extends to K iff it is a ®-congruence of Ly and every
®-congruence of L has exactly one extension to K.

Theorem 2. Let L be a bounded lattice, and let o > 2 be an ordinal. Let [a;,b;],
i < a, be intervals of L, and let ¢; ;: [a;, b)) — [a;,b;] be an isomorphism between
the intervals [a;, b;] and [a;,b;], for i, j < «, subject to the conditions ®.(1)-P.(3),
where ® = {;; | i, j < a}. Then the partial algebra Le has a ®-congruence-
preserving convex extension into a bounded lattice K such that all p; 5, i, j < «,
are algebraic in K. In particular, the congruence lattice of the partial algebra Lg
is isomorphic to the congruence lattice of the lattice K.

To prove this result, we have to go somewhat beyond what we did in Section 4.
We have to replace A and B with lattices of similar structure but with spanning
M,-s (as opposed to Ms-s), and we must have « lattices Lq, p,-s to insert (not two).
As a result, the construction cannot be done by a series of gluing as illustrated in
Figure 4.

We assume that a > 2; the a = 2 case was done in Theorem 1. For notational
convenience, we write ¢; for g ;, i < a.

Let Lg, denote the partial algebra obtained from L by adding the partial oper-
ations p;, i < a. In view of ®.(3), it is sufficient to prove the theorem for Lg,.

Our first task is to find a substitute for the M3(L) construction.

In G. Gritzer and F. Wehrung [13], the lattice tensor product of two lattices
is introduced (for an alternative approach, see G. Grétzer and M. Greenberg [6]).
We state some of the basic properties of this construction for M, and L.

Lemma 13. Let L be a bounded lattice. Then the lattice tensor product of M,
and L, denoted by M, X L, is a bounded lattice with the following properties:
(i) The lattice My R L has a spanning My, that is, a {0, 1}-sublattice isomor-
phic to My; we denote by {p; | i < a} the atoms of this spanning M,.
(ii) The intervals [0,p;] and [p;, 1] are isomorphic to L, for alli < «. The nat-
ural isomorphisms of these intervals with one another are algebraic.
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(iii) Let J C « be a three-element set. Then the sublattice of M, X L generated
by U([0,pi] U [pi, 1] | @ € J) is naturally isomorphic to Ms(L).

(iv) The lattice M, W L is a congruence-preserving convex extension of the
interval [0, p;], for any i < a.

All these statements are explicit or implicit in G. Gratzer and F. Wehrung [13],
with the exception of (iv); a direct proof can easily be obtained from Theorem 9.3
of [13] utilizing the embedding of L into M, X L given by z — p; K x.

To start proving Theorem 2, let A = M, X L, with spanning M, with atoms p;,
i < «, and let B = M, K [a,b], with spanning M, with atoms ¢;, i < a.

For i < «, we define the lattice K (i).

First, let ¢ = 0. We obtain K(0) by gluing together, as in Section 4, the lattice
B with the dual ideal [go, 1] and the lattice L, with the ideal I, ; with respect
to the appropriate isomorphism (as in Section 4); the resulting lattice has a dual
ideal D, with an isomorphism to [04,po] (an ideal of A), and we perform this
gluing to A, as illustrated in Figure 4—mutatis mutandis. As before, K(0) is a
congruence-preserving extension of [04,po] = L, and the congruences are of the
form Oy = (Op o Oup) 60, (the definition of these congruences is also borrowed
from Section 5, here A and B denote the lattices defined in this section not the
lattices of Section 5).

Second, let ¢ > 0. Glue the lattice B with the dual ideal [g;, 1 5] and the lattice
L, »; with the ideal I,,;, with respect to the isomorphism induced by ¢;; the
resulting lattice has a dual ideal D,, ;, with an isomorphism to [04,p;] (an ideal
of A), and we perform this gluing, as illustrated with L. 4 in Figure 4—mutatis
mutandis. Again, K (i) is a congruence-preserving extension of [04,p;] = L, and
the congruences are of the form ©; = (Op o Oui i) o O4.

We define

K =|J(KG) i <a),
partially ordered by |J( <;| i < a), where <; is the partial ordering of K (i), i < c.

Observe that K is a lattice, and each K (i), i < «, is a sublattice. If z, y € K,
and z, y € K(i), for some i < «, then z Ay and = V y are formed in K(i). The
result does not depend on i, because if also z, y € K(j), for i # j < «, then
x,y € K(i) N K(j) = AU B, independent of ¢ and j, and the operations are
performed in the lattice AU B. If x, y € K, but z, y ¢ K(i), for any ¢ < «, then
x € K(i)— K(j) and y € K(j) — K (i), for some i # j with i, j < «, and then

TANY = (J) AK (9) 13) AB (y NK(5) 1p),
and dually,
zVy= (x \/K(i) OA) Va (y \/K(j) OA).

For a congruence © of Lg, we define the binary relation © on K:
o=Jo;li<a).

It is obvious that © restricted to K (i) is ©;. To prove that © is a congruence of K,
we shall utilize the following lemma from [4] (see also [2], G. Grétzer and E.T.
Schmidt [8], and F. Maeda [14]):

Lemma 1.3.8. A reflexive binary relation © on a lattice L is a congruence relation
iff the following three properties are satisfied, for x, y, z, t € L:

(i) z=y (O) iffeAy=zVy (O).
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(i) x <y<z,z=y (0©), andy =z (O©) imply that x = z (O).
(i) x <y and x =y (O) imply that ANt =y At (©) andxVi=yVt (O).
Now observe that any two comparable elements and any three element chain of K
is contained in some K (i), ¢ < a; moreover, given two comparable elements in some
K (i), i < o and an element not in the same K (7), then the meet and join formulas
exhibited above take care of the computation. So it follows from Theorem 1 and
Lemma 1.3.8 that © is a congruence on K.
The remainder of the proof of Theorem 2 is similar to the proof in Section 5.

7. ANY NUMBER OF INTERVALS

Let L be a bounded lattice, let  be an ordinal, and for i < «, let ¢; be an
isomorphism between the interval [a;, b;] and the interval [¢;, d;]:

@i [ai, bi] — [ci, di].

Let
¢ = {901 | i <a }7

and let Le denote the partial algebra obtained from L by adding the partial oper-
ations ;, for i < a. Let us call a congruence © of L a ®-congruence iff © satisfies
the Substitution Property with respect to the partial unary operations ¢;, i < «,
that is, x = y (©) implies that z¢; = yp; (©), for all z, y € [a;,b;] and i < a.
Thus, a congruence relation of Lg is the same as a ®-congruence of L. We call K a
D-congruence-preserving extension of L, if a congruence of L extends to K iff it is
a ®-congruence of L and every ®-congruence of L has exactly one extension to K.

Theorem 3. Let L be a bounded lattice, let ® be given as above. Then the partial
algebra Lo has a ®-congruence-preserving convex extension into a lattice K such
that all p;, i € I, are algebraic in K. In particular, the congruence lattice of the
partial algebra Lg is isomorphic to the congruence lattice of the lattice K.

Note that we do not claim that the lattice K is bounded; in the construction,
the lattice A is bounded but the lattice B (as the dual discrete direct product of—
possibly—infinitely many bounded lattices) is not, so K has a unit but no zero, in
general.

Observe that this is a very general setup. It allows us to consider a single interval
[a,b] and some (or all) automorphisms of it. Or we may take two intervals [a, ]
and [¢,d], and two isomorphisms ¢: [a,b] — [c,d] and ¢: [¢,d] — [a,b] without
requiring that ¢ =1 = .

It would be nice to be able to claim that this theorem can be proved by applying
Theorem 2 to the isomorphisms ¢; one at a time, and then forming a direct limit.
Unfortunately, the direct limit at w produces a lattice with no zero or unit, so we
cannot continue with the construction.

Nevertheless, the proof of Theorem 3 can be obtained by one modification of the
proof of Theorem 2.

To start proving Theorem 3, let A = M, X L, with spanning M, and with atoms
pi, @ < . Let B; = M, X [a;,b;], with spanning M, and with atoms ¢; j, j < o
Now we define the lattice B as the dual discrete direct product of the B;, i < a. So
B has a unit element; it contains (after the obvious identifications) each B;, i < «,
as a dual ideal, and every element of B is a finite meet of elements from these dual
ideals.
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For i < a, let us define the lattice K(4) in a manner very similar to the construc-
tion in Section 4, in the proof of Theorem 1, starting with the lattice A and gluing
to it L, p, over the ideal [04,p;] of A and the dual ideal Dy, p, of Lq, »,; and then
gluing the resulting lattice to B over the ideal I,, ;, and the dual ideal [g;, 15] of
B. Observe that for ¢, ¢/ < «

K@i NK@G")=AUB, ifi#4,

and the convex sublattice of K generated by A U B is equal to K. Now for a
congruence O of Lg, let ©(i) be the unique extension of © to K (i), as defined in
Section 5.

We define the lattice

K =|J(K(@)|i<a),

and for a congruence © of Lg, the binary relation O on K:

o=J@) |i<a)

The rest of the proof is analogous to the proofs of Theorems 1 and 2. The differ-
ence is, of course, that while in any B;, any two intervals [p; j, ¢ ;] and [p; j, gi ;]
are congruence equivalent (4, j, j* < ), the intervals [p; ;,¢; ;] and [py 7, giv j], for
1 #14, 7, j < a, are congruence independent, since they appear in distinct direct
factors of B.

Theorem 3 allows us to generalize Theorem 1 from isomorphic intervals to iso-
morphic convex sublattices. Let L be a bounded lattice, let U and V be con-
vex sublattices of L, and let ¢: U — V be an isomorphism between these two
convex sublattices. We introduce a z—congruence, the partial algebra L;, and a

z—congmence—pr@semmg extension as in Section 1.2, mutatis mutandis.

Here is the generalization of Theorem 1:
Theorem 1'. Let L be a bounded lattice, let U and V be convex sublattices of L,
and let ¢: U — V be an isomorphism between these two convex sublattices. Then
L has a <4,_5—congrm:nce—preservmg convex extension into a lattice K such that both
¢ and o~ are algebraic in K. In particular, the congruence lattice of the partial
algebra Lg is isomorphic to the congruence lattice of the lattice K.

Note that K is no longer claimed to be bounded because we obtain it from
Theorem 3.

Proof. Let [a;,b;], ¢ < «, be the family of all subintervals of U. Let [¢;,d;] =
[ai, bi]p, for i < a, be the family of all corresponding subintervals of V. Let

©i: [aia bl] - [Ci7 dz]a for i < Q,

be the restriction of ¢ to [a;,b;]. Now we get Theorem 1’ by a straightforward
application of Theorem 3. (]

Of course, we can similarly generalize Theorems 2 and 3.

8. LATTICES WITH ZERO BUT NO UNIT

Theorems 1-3 remain valid if we only assume that the lattice L have a zero (of
course, then we conclude the existence of a lattice only with zero). The existence of
the unit element was required only for the clarity of the exposition. The lattice A
in the proof of Theorem 1 (and similarly, in the proofs of Theorems 2 and 3), then,
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will not necessarily have a spanning M3, which we utilized in Section 5. However,
we can easily find p1, ps, and p3 in A that generate a sublattice M3 and will have
all the properties required in Section 5.

Theorem 1’ requires a trivial modification.

Let L be a lattice, let A, B C L, and let ¢: A — B be a map. We call the map
¢ locally algebraic iff for every [u,v] C A, there is a unary algebraic function p(z)
such that z¢ = p(z), for all z € [u,v].
Theorem 1”. Let L be a lattice with zero, let U and V' be convex sublattices of L,
and let ¢: U — V be an isomorphism between these two convex sublattices. Then
L has a @-congruence-preserving convex extension into a lattice K such that both
@ and @~ are locally algebraic in K. In particular, the congruence lattice of the
partial algebra L$ is isomorphic to the congruence lattice of the lattice K.

9. DISCUSSION

9.1. Congruence lattices of lattices. This field is dominated by the following
problem (see Problem IL.7 of [2]): Can every distributive algebraic lattice be repre-
sented as the congruence lattice of a lattice? Despite the fact that this question had
already been considered by R. P. Dilworth in the early forties, and that so many of
the best in the field spent so much time trying to answer it, an answer still eludes
us. For a detailed review of this field as of 1998, see Appendix C of [4], and for a
recent survey, see J. Tuma and F. Wehrung [19].
Based on Theorems 2 and 3, this problem can be restated as follows:

Problem 1. Which distributive algebraic lattices can be represented as congruence
lattices of partial algebras of the type Lg introduced in this paper.

This is not a trivial reduction; as mentioned in the Introduction, this method
was successfully applied in E.T. Schmidt [17]. Of course, the techniques existing
then allowed Schmidt to apply this method only to isomorphic distributive intervals.
Also, the theorem: FEvery lattice has a regular congruence-preserving extension, was
first proved using the construction developed in this paper; the proof published in
[11] uses a different construction.

To illustrate this problem, consider that in F'(3) (the free lattice on 3 generators)
there are infinitely many prime intervals. Any partition II of these yields a ® for
Theorem 3 (since any two prime intervals are isomorphic). Hence we get a lattice
K(®) whose congruence lattice is isomorphic to F(3)s.

E.T. Schmidt [16] states the best result in the field of congruence lattice repre-
sentations:

Theorem 4. Let D be a distributive algebraic lattice in which the meet of two
compact elements is compact again. Then D can be represented as the congruence
lattice of a lattice.

Recent developments include the following result, see F. Wehrung [20] and M. Plos-
¢ica, J. Tuma, and F. Wehrung [15]:

Theorem 5.

(i) Let D be a distributive algebraic lattice in which the meet of two compact
elements is compact again. Then D can be represented as the congruence
lattice of a relatively complemented lattice with zero.

(ii) Congruence lattices of free lattices with > Vo generators cannot be repre-
sented as congruence lattices of relatively complemented lattices.
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See also F. Wehrung [21] and J. Tuma and F. Wehrung [18].

These results are basically negative. They state that the classical approaches
(E.T. Schmidt and P. Pudldk) have limited reach: they do not even get to the
congruence lattice of a free lattice with > Ny generators.

Our approach is completely different from the classical approaches. We hope that
for many new classes of distributive algebraic lattices it will provide representation
theorems as congruence lattices of lattices.

9.2. Congruence distributivity. A trivial corollary of Theorems 2 and 3 is the
following:

Corollary 14. The congruence lattice of the partial algebra Lg is distributive.

Let us prove this directly. To simplify the presentation, we prove this under the
assumptions of Theorem 1 for Lg. Corollary 14 trivially follows from the following
statement:

Lemma 15. Con L; is a sublattice of Con L.

Proof. Let ©, & € Con Lg. We only have to prove that © V @ (the join formed in

Con L) has the Substitution Property with respect to ¢ and p=1. Let z =y (OV®),
where a < z < y < b. Then there exists a sequence v = 29 < 21 < --- < 2z, =y
of elements of L such that for every ¢ < n, either z; = z;41 (0©) or z; = zi41
(®). But then either z;¢0 = z;41¢ (O) or z;p = ziy1¢0 (), because © and P are
z—congruences. So the sequence z¢p = 29, 219, ..., 2z, = yp establishes that
2o = yp (OV®P). The same argument applied to ¢! establishes that zp~! = yp =1

OV ). O

9.3. Problems. Theorem 1 is proved in this paper only for lattices with zero. So
the following is natural to raise:

Problem 2. Let L be a lattice, let [a,b] and [¢,d] be intervals of L, and let
¢: [a,b] — [c,d] be an isomorphism between these two intervals. Does L have

a @-congruence-preserving (convex) extension into a lattice K such that both ¢
and ¢~ ! are algebraic in K?

In Theorem 1, we start with a bounded lattice L, and obtain a bounded lattice K.
However, the construction does not preserve the bounds.

Problem 3. Let L be a bounded lattice, let [a,b] and [c,d] be intervals of L, and
let ¢: [a,b] — [c,d] be an isomorphism between these two intervals. Does L have
a p-congruence-preserving, {0, 1}-preserving, (convex) extension into a lattice K
such that both ¢ and ¢! are algebraic in K?

In Section 8 we discuss that Theorems 1, 2, and 3 are valid for lattices with zero,
and in Theorems 1 and 2 we obtain lattices with zero. So we ask:
Problem 4. Let L be a lattice with zero, let [a,b] and [c,d] be intervals of L, and
let ¢: [a,b] — [c¢,d] be an isomorphism between these two intervals. Does L have a
(p-congruence-preserving, {0}-preserving, (convex) extension into a lattice K such
that both ¢ and ¢~ are algebraic in K?

Of course, we can raise Problems 2—4 also for Theorem 2. For Theorem 3, we do
not even know the existence of a K with zero.
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Magic wands extend to unary algebraic functions. But algebraic functions,
though isotone, are not necessarily isomorphisms. An affirmative answer to the
following problem would be a two-fold generalization of Theorem 1.

Problem 5. Let L be a lattice and let ¢ be an isotone map of L into L. Does there
exist an extension K of L and a unary polynomial p of K such that the following
conditions hold:

(i) The restriction of p to L is .
(ii) A congruence relation © of L can be extended to K if and only if x = y
(©) implies that zp =y (0), for z, y € L.
(ii) Every congruence of L has at most one extension to K.

Note that the argument in the proof of Lemma 15 applies to this situation, so
the algebra L with the unary operation ¢ has a distributive congruence lattice.

There are, of course, variants of this problem for more than one isotone map and
for {0}-preserving and {0, 1}-preserving extensions.
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