REPRESENTATIONS OF JOIN-HOMOMORPHISMS
OF DISTRIBUTIVE LATTICES WITH
DOUBLY 2-DISTRIBUTIVE LATTICES
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To the memory of Andrds Huhn, 1947-1985.
We remember you.

ABSTRACT. In the early eighties, A. Huhn proved that if D, E are finite dis-
tributive lattices and ¢: D — FE is a {0}-preserving join-embedding, then
there are finite lattices K, L and there is a lattice homomorphism ¢: K — L
such that Con K (the congruence lattice of K) is isomorphic to D, Con L (the
congruence lattice of L) is isomorphic to E, and the natural induced mapping
ext p: Con K — Con L represents 1. The present authors with H. Lakser
generalized this result to an arbitrary {0}-preserving join-homomorphism .

It was also A. Huhn who introduced the 2-distributive identity:

A VyaVys) = (@A (Y1 V)V (@AW Vys)) V(A (y2 Vys)).
We shall call a lattice doubly 2-distributive, if it satisfies the 2-distributive
identity and its dual.

In this note, we prove that the lattices K and L in the above result can be
constructed as doubly 2-distributive lattices.

1. INTRODUCTION

The congruence lattice, Con L, of a finite lattice L is a finite distributive lattice
(N. Funayama and T. Nakayama [1]). The converse is a result of R. P. Dilworth,
first published in G. Grétzer and E. T. Schmidt [6].

Many paper have been published making L planar, “small”, modular (for count-
able L), and so on. See Appendix C in [2] for a review.

Recent publications consider simultaneous representations. Let K, L be lattices
and let ¢ be a homomorphism of K into L. Then ¢ induces a map ext ¢ of Con K
into Con L: for a congruence relation © of K, let the image © under exty be
the congruence relation of L generated by the set O = { (ap,bp) | a = b (0) };
obviously, ¢ is a {0, V}-homomorphism of Con K into Con L. The simultaneous rep-
resentation problem asks when a {0, V}-homomorphism between finite distributive
lattices can be so represented.
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The following result was proved by A. P. Huhn in [9] in the special case when
1 is an embedding and was proved for arbitrary v in G. Grétzer, H. Lakser, and
E. T. Schmidt [5]:

Theorem 1. Let D and E be finite distributive lattices, and let
v: D — FE

be a {0, V}-homomorphism. Then there are finite lattices K and L, a lattice homo-
morphism ¢: K — L, and isomorphisms

a: D — ConK,
B: E— ConL

with
VB = alextp).
Furthermore, ¢ is an embedding iff 1 separates 0.

Theorem 1 concludes that the following diagram is commutative:

P

D —— FE

<o |o

Con K —%, ConL

See G. Gritzer, H. Lakser, and E. T. Schmidt [4] for related results.
A. Huhn introduced n-distributivity in [8]. Let n > 1 be an integer. A lattice L

is n-distributive, if for all z, y1, ..., Yynt1 € L,
n+1 n+1 n+1
e (\ w) =V @r(\ y))
i=1 i=1 j=1

J#i
In particular, a lattice L is 1-distributive iff it is distributive and 2-distributive iff
it satisfies the identity:

(2D) A (Y1 Vy2Vys) = (@A Y1 Vy) V(@AWY Vys)V(ZA Y2 Vys)).

We shall call a lattice L doubly 2-distributive, if it satisfies the 2-distributive identity
and its dual. For instance, N5 and M3 are doubly 2-distributive lattices.
Now we can state our main result:

Theorem 2. In Theorem 1, K and L can be constructed as finite, doubly 2-
distributive lattices.

The background for this paper is briefly presented in Sections 2 and 3. The con-
struction of the lattice L is presented in Section 4 in six easy steps. We verify in
Section 5 that L is 2-distributive and in Section 6 that L is dually 2-distributive.
The crucial step is Lemma 9, proving that under very special circumstances we
can glue 2-distributive lattices and obtain a 2-distributive lattice. The concluding
Section 7 provides some discussion.
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2. MULTI-COLORING

The construction that leads to the proof of Theorem 2 is based on an extension
lemma first proved in [4]. We state this lemma in this section. But first some
concepts.

Let M be a finite lattice and let € be a finite set; the elements of € will be called
colors. A coloring p of M over € is a map

p: P(M) — €
of the set of prime intervals P(M) of M into € satisfying the condition: if two

prime intervals generate the same congruence relation of M, then they have the
same color; that is,

p, q € P(M) and O(p) = O(q) imply that pu = qpu.
Since the join-irreducible congruences of M are exactly those that can be generated
by prime intervals, equivalently, p can be regarded as a map of the set J(Con M)
of join-irreducible congruences of M into €:

w: J(Con M) — €.

A multi-coloring over € is an isotone map p from B(M) into PT(€) (the set of all
nonempty subsets of €); isotone means that if p, g € P(M) and O(p) < ©(g), then
pu € qu. Equivalently, a multi-coloring is an isotone map of the poset J(Con M)
into the poset P*(€).

The extension lemma states that a multi-colored lattice has a natural extension
to a colored lattice:

Lemma 1. Let M be a finite lattice with a multi-coloring . over the set €. Then
there exist a lattice M* with a coloring p* over € such that the following conditions
holds:
(i) M* is the colored direct product of the lattices M., ¢ € €, where M. is a
homomorphic image of M colored by {c}.
(ii) There is a lattice embedding a — a* of M into M*.
(iii) For every prime interval p = [a,b] of M,

pu={aqu" [ g€ P(M~) and q C [a",b"] }

and the minimal extension of ©(p) under this embedding of M into M* is of
the form

[Tk | cco),

where
(a) pe is a prime interval of M. iff ¢ € pu;
(b) pc is a trivial interval otherwise (in which case, ©(p.) = war, ).

3. THE PLANAR CONSTRUCTION

For a finite distributive lattice D, the authors and H. Lakser constructed in [3] a
finite planar lattice K with Con K = D. To construct K, we take two finite chains,
Go and G (whose length depends from the number of the join-irreducible elements
of D) colored by € = J(K); we assume that the coloring of Go: po: PB(Go) — €
is an onto map. We form the colored direct product, G = Gy x G1; we call G the
grid. We adjoin some elements to this grid:
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(i) for some prime intervals [a,b] of G, we adjoin the new element n(a,b) such
that a < n(a,b) < b in the extended lattice;
(ii) for some prime squares [a,b] of G (that is, [a,b] is isomorphic to C3), we
adjoin the new element m(a, b) such that [a,b] extends to an Ms.
K is constructed as such an augmented grid; for the details, see [3].
The following property of this construction is important in this paper.

Lemma 2. Let K be the planar lattice constructed for D. Let © be a congruence
of K and let d € D be the element corresponding to © under the isomorphism
ConK = D. Then Ky = K/© s isomorphic to the lattice constructed for the
distributive lattice D1 = [d,1] C D.

Another obvious property of this construction is the following:

Lemma 3. Let K be the planar lattice constructed for D. Let K be the lattice we
obtain from K by adjoining a new element m(a,b) for all prime squares [a,b] of K
so that [a,b] extends in K to an Ms. Then K is a finite, planar, simple lattice.

4. THE 2-DISTRIBUTIVE CONSTRUCTION

In this section, we construct the lattice L for Theorem 2 and verify its congruence
properties.
Let D, E be finite distributive lattices and let

Pv: D — F

be a {0, V}-homomorphism.

In [3], we have observed that we can assume, without loss of generality, that
separates Q.

Step 1: the lattice K. We represent D as the congruence lattice of a planar
lattice K as constructed in [3], see Section 3. We identify D with Con K, so we
view ¢ a {0, V}-homomorphism of Con K into E.

Step 2: the lattice L. We define a map p of P(K) to subsets of J(E):

pu=J(E) N (O(p)¢].
1 is obviously isotone. 1 separates 0, so pu # @. Therefore, i is a multi-coloring
of K over J(E). We apply Lemma 1 to obtain the lattice

K* =T](K.|ceJ(E)).

K, is a homomorphic image of K, so by Lemma 2, K. is also a lattice of the type
described in Section 3; in particular, K. is planar.

By Lemma 3, we can extend K. to a finite, planar, simple lattice K. of color
{c}. Define

Lo =[](K.|ce IE)).

Since Ly is a direct product of simple lattices, it follows that J(Con Lg) is unordered;
the congruence lattice of Ly is a Boolean lattice with |J(E)| atoms. K is a sublattice
of K* and K* is a sublattice of Ly (under  — z*), so we obtain an embedding
p: K — Lg.

Let p. be an arbitrary atom of the direct component K .; then the prime interval
[0, pc] of Lo has color ¢. The atoms p., ¢ € J(E), generate an ideal By of Lg that is
a Boolean lattice with the following two properties:



REPRESENTATIONS OF JOIN-HOMOMORPHISMS 5

(i) for any two distinct atoms, p and ¢, the prime intervals [0, p] and [0, g] have
distinct colors;
(ii) every color ¢ € J(E) is the color of some prime intervals [0, p].

Step 3: the lattice L;. We represent E as the congruence lattice of a finite
planar lattice Ly as in [3], see Section 3. Then Con Ly, is isomorphic to E. The
grid H of E is the direct product of chains Hy and H; colored by J(E). The grid
H = Hy x H; inherits the coloring.

Step 4: the lattice M. Let n be the cardinality of J(F), and let B a Boolean
lattice with 2™ elements; color this Boolean lattice by J(E) such that conditions (i)
and (ii) above hold.

Take the colored direct product B x Hy. The elements (b,0), b € B, form an
ideal isomorphic to B; we identify B with this ideal. Similarly, Hy is identified with
the ideal {(0,z) | z € Hyo}. In B x Hy, a prime square is of the form p x g, where p
is a prime interval in B and ¢ is a prime interval in Hy. We call the prime square
p X q monochromatic, if p in B and ¢ in Hy have the same color.

Represent B as a sublattice of M3 and Hy as a sublattice of some ME; then
B x Hy is a sublattice of M5, Let M denote the sublattice of My ¥ containing
B x Hy with the property that, for every monochromatic prime square in B x Hy,
the corresponding sublattice of M is an M3. M is a modular lattice in which B X p
is isomorphic to C;fl x Ms, for any prime interval p of Hy. The dual ideal H}, of
M generated by (1,0) is isomorphic to Hp.

Step 5: the lattice Ly. Glue together L1 and M by identifying the ideal Hy
of Ly with the dual ideal Hj) of M. Denote by Lo the lattice we obtain. Con Ls is
isomorphic to E and Ly contains an ideal which is a Boolean lattice colored by the
different colors.

We consider on Lo the natural coloring over J(E) (a prime interval p is colored
by ©(p)B; " € J(E)). Note that Lo and Ly are colored over the same set, namely,
J(E). Then B is an ideal of B x Hy and B x Hy is an ideal of Ly, consequently,
B is an ideal of Ly. This ideal B is a Boolean lattice satisfying the conditions (i)
and (ii).

Step 6: the lattice L. Now we have the lattice Ly with the ideal By and Lo
with an ideal B. Note that By and B are isomorphic finite Boolean lattices with the
same coloring. Take the dual of Ly, denote it by L3. In L3, the ideal B corresponds
to a dual ideal B’. Again, note that By and B’ are isomorphic finite Boolean
lattices with the same coloring. Glue together Ly and L3 by a color preserving
identification of By and B’. The resulting lattice is L. The prime intervals of L
are colored by J(E), and we have the isomorphism 3: E — Con L. Since L is a
sublattice of L, we may view ¢ as an embedding of K into L.

This completes the lattice constructions. As in [3], we have to verify that ext ¢ =
Y. Tt is enough to prove that ©(ext ) = Oy, for join-irreducible congruences ©
in K.

So let ® = ©O(p), where p = [a,b] is a prime interval of K. By Lemma 1,
O(p) ext o = O(a*, b*) collapses in K* the prime intervals of color < O); the same
holds in Ly and in L.

Computing ©15 we get the same result, hence O(ext ¢) = Oy, completing the
proof.
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5. VERIFYING THE 2-DISTRIBUTIVE IDENTITY

In this section, we verify that L is 2-distributive. We start with some general
statements about 2-distributivity.

Lemma 4. If the 2-distributive identity fails in the lattice L with x and y1, y2,
y3, then both {y1,y2,y3} and {y1 V y2,y1 V ys,y2 V ys} are antichains; therefore,
{y1 Vy2,y1 V ys,y2 V ys} generates an eight-element Boolean sublattice.

Proof. This is obvious. If, say, y1 < y2 or y1 V y2 < y1 V y3, then the right side of
(2D) equals the left side, trivially. The last statement is Lemma 1.5.9 of [2]. O

Corollary 5. A planar lattice is 2-distributive.

Proof. By Lemma 4, if it was not, then it would contain an eight-element Boolean
lattice, a contradiction. O

Lemma 6. If the 2-distributive identity fails in the lattice L, then L contains an
element a € L and a sublattice B that is an eight-element Boolean lattice with dual
atoms (in B) dy, da, d3 and unit element up, satisfying

(1) a<ug,
(2) atd;, i=1,2, 3,
(3) (andr)V(aNndy)V (aNds) < a.

Proof. If the 2-distributive identity fails with = and y1, y2, y3, then set di = y1 Vyo,
dy = y1Vys, ds = y2Vys. By Lemma 4, d;, do, d3 generate an eight-element Boolean
lattice B with dual atoms dy, da, d3. Set up = dy Vda (= dy Vds = dy Vds) and
a =z A ug. The statement of the lemma is now clear. O

The following technical lemma will allow us to dispense with some trivial cases
in the computations of this section and the next.

Lemma 7. Let K be a lattice with the dual ideal D and let L be a lattice with
the ideal I. Let D and I be isomorphic under a fized isomorphism and let N be
obtained from K and L by gluing them together over D and I.

If both K and L are 2-distributive, then N is 2-distributive provided that the
following condition holds:

(SC) Let dy, da, ds, a € N satisfy

(SCl) di, do, d3€ L, a e K—L
or
(SCQ) dl, dQEL—K, dgeK—L.

If dy, da, ds generate an eight-element Boolean lattice B (with unit element ug) as
the dual atoms of B and a € N satisfies a < up, then

(4) a=(aNdy)V(aNd2)V(aNds)
holds in N.

Proof. Let us assume that N satisfies (SC) and N is not 2-distributive. We shall
get a contradiction.

By Lemma 6, N contains an element a and a sublattice B that is an eight-
element Boolean lattice with dual atoms dy, d3, d3 and unit element upg, satisfying
(1)—(3). We distinguish several cases.
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Case 1. BC L. If a € L, then (4) holds because it follows from (2D) by applying
it to the three atoms of B and to a, contradicting (3). So we can assume that a ¢ L,
that is, a € K — L and so condition (SCy) is satisfied. Thus (4) contradicts (3).

Case 2. B C K. Then also a € K, so (3) contradicts the 2-distributivity of L
by applying it to the three atoms of B and to a.

Case 3. B¢ L and B ¢ K. One of the dual atoms, say d;, must be in L — K
and one of the dual atoms, say dz, must be in K — L. Therefore, two of the three
atoms of B (the ones under d3) are in K — L and one (the one under d;) isin L— K.
Hence do € L — K. So B and a satisfy the assumptions of (SCs), therefore, (4)
holds, contradicting (3). O

As a first consequence of Lemma 7, we obtain the following:

Lemma 8. Let N be a lattice we obtain by gluing two 2-distributive lattices over a
chain. Then N is a 2-distributive lattice.

Proof. Let K, D, L, I, N, B, dy, da, d3 be given as in Lemma 7 and let us assume
that D = I is a chain.

If (SCy) holds, take o € I with o < vp, the zero of B. Let @ = oV a. Then
a <a <wupg. So by the 2-distributivity of L (by applying it to the three atoms of
B and to a), we have

(5) a=(and)V(@nds)V (ands).

Since @ A dy, @ A da, @A ds € I, one of them, say, @ A d; is the largest, so by (5),
a=7aAd;. It follows that a = a A dy, verifying (4).

If (SC3) holds, choose o € I with 0 < dy Ads. Then dy = (dy Ads) V (d1 Ads) =
(dy ANda) V (oV (d1 Ads)) and, similarly, do = (d1 Ad2) V (0 V (d2 A dg)). Since
oV (di ANds) and oV (d2 A d3) are in the chain D = I, they must be comparable.
Thus d; and dy are comparable, a contradiction, so (SCz) does not apply. O

Now we are ready to prove the crucial gluing lemma:

Lemma 9. Let K be a lattice with the dual ideal D and let L be a lattice with
the ideal I. Let D and I be isomorphic under a fized isomorphism and let N be
obtained from K and L by gluing them together over D and I.

Let us further assume that L = C x I, where C is a chain with zero, O¢.

If K is 2-distributive, then so is N.

Proof. The conditions of Lemma 7 are all assumed except that L be 2-distributive.
This trivially holds since L = C' x I and I = D is a sublattice of the 2-distributive
lattice K, and C' is a chain. We write any = € L as (2, 2!), where 2¢ € C and
x! € I. By Lemma 7, we only have to verify that (SC) holds in N.

So let B, a, dy, da, d3, and up be given as in (SC); we have to compute that (4)
holds.

Let dy, da, ds, a satisfy (SCq). Let us choose o < i in [ satisfying o < vp (the
zero of B) and a < 1, uIB < 4. Definea=o0Vacl.

Note that the projection of B into C' is either a one- or a two-element chain. If
it is a one-element chain, then {5’ | b € B} is an eight-element Boolean sublattice
of I C K with unit uh > a and b! = b A, for all b € B. Apply the 2-distributivity
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of K to the atoms of B’ and a, and compute:

a=(and)Vv(and)v(and)
={(ani)ANd)V ((ani)ndE)V ((aNi)AdE)
=(an@Ad))V(an(GAd)))V(an(indh))
— (@A GEAd))V (@A (GAd)V (ah(iAds))
= ((aniD)Ad)V ((@Ahi) Ads) V ((aAi)Ads)
=(aAdi)V(aNdy)V(aANds),

verifying (4).

If the projection of B into C' is a two-element chain B¢ = {c1,ca} with ¢o < ¢y,
but {b! | b € B} is still an eight-element Boolean sublattice of I C K, we proceed
as in the previous paragraph. The alternative is that B! = {b' | b € B} is a
four-element Boolean sublattice of I C K, so B = B® x B!. Then ul, = d!, for
some i, say, uh, = di. This implies that a < d3, in which case (4) is trivial.

Let dy, da, ds, a satisfy (SCq). Let

Bl = {dl A dQ,dl,dg,UB},
BQ = {UBadl A d3;d2 A d35d3}'

Then Bf is a Boolean sublattice of I. If B has one or two elements, then we can
argue as in Lemma 8 that this contradicts that d; || d2. So Bf has four elements.

We distinguish two cases.

Case 1: a € L. Then a = (a%, a’), where a® < u$§, and of < df vdi. BT U B,
is an eight-element Boolean sublattice of K; apply the 2-distributivity of K to the
three atoms of BT U By and to a to obtain

(6) a=(aNd)V(andd)V(ands).
Note that a A d3 = al A d3, so we can rewrite (6):
(7) al = (a' Nd) v (e Adb) Vv (a! Ads).

Since the first coordinate of both a and (a Ady) V (a A dz) V (a A d3) is a© and
the second coordinate of a is a’ and of (a Ady)V (a Ads) V (a Ads) is the right side
of (7), we conclude that (4) holds.

Case 2: a € K. This is easier: aAdy =aAdl,aNdy =and}, anda=ani<
up Ai = dl v di, so we obtain (4) by applying the 2-distributive identity in K to
the atoms of the Boolean lattice generated by df, di, ds and to a. O

Now we are ready to prove that the lattices K and L are 2-distributive. K was
constructed as a planar lattice, so by Corollary 5, K is 2-distributive.

In Step 2, the lattices K., ¢ € €, are planar, hence Ly, their direct product, is
also 2-distributive.

In Step 3, L; is planar, so it is 2-distributive. In Step 4, the modular lattice M
is in the variety generated by Ms; since M3 as a planar lattice is 2-distributive, so
is M.

In Step 5, we obtain Lo by gluing together L, and M over a chain; hence, by
Lemma 8, Lo is 2-distributive.

Finally, in Step 6, we glue together Ly and Lz over By and B’, where Lj is the
dual of Ly. We could do this in two steps. First glue to Ly the dual of B x Hj.
This lattice is 2-distributive by Lemma 9. Then we extend the dual of B x Hy to
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the dual of M. This retains 2-distributivity by Lemma 6. Indeed, if we take a B
and a as in the lemma, the only way it could fail in the extended lattice if a is
one of the new elements m(by,bs). But then by A dy, by A dsy, ba Ads € B X Hy, so
they generate a Boolean sublattice. Apply the 2-distributivity of the dual of M to
obtain that the 2-distributive identity holds for a and the atoms of B.

The resulting lattice is L.

6. VERIFYING THE DUAL 2-DISTRIBUTIVE IDENTITY

In this section we verify that K and L are dually 2-distributive.

Lemma 10. Let K be a lattice with the dual ideal D and let L be a lattice with
the ideal I. Let D and I be isomorphic under a fized isomorphism and let N be
obtained from K and L by gluing them together over D and I.
Let us further assume that K = C x D, where C is a chain with a unit element.
If L is 2-distributive, then so is N.

Proof. The conditions of Lemma 7 are all assumed except that K be 2-distributive.
This trivially holds since K = C'x D,where I = D is a sublattice of the 2-distributive
lattice L and C' is a chain. We write any 2 € K as (z%,2P), where ¢ € C and
2P € D. By Lemma 7, we only have to verify that (SC) holds in N.

So let B, a, dy, da, d3, and up be given as in (SC); we have to compute that (4)
holds.

Let dy, da, ds, a satisfy (SCq). Then

aP = (aP Ady) V (aP Ndo) v (aP Ads).

since L is 2-distributive (we apply the 2-distributive identity in L to the atoms of
B and to a”), which immediately implies (4).

Let dy, da, ds, a satisfy (SCz). Let us choose o < iin D = [ satisfying o < dj Ads
and d3 < 7.

We distinguish two cases.

Case 1: a € L. Set a =a Ai. Then a Adg = a Ads = (d§,dY Aa). So

(andy)V(ande)V (aAds)
=(aNndy)V (aNdy)V{dS,dY Aa)
=(and)V(ands)V(oV (dg,dD/\a»
=(and)V(andy)V (dP Aa),

which is the right side of (4) for dy, da, d¥, and a.

Now observe that dy, d2, d} generate an eight-element Boolean lattice in L with
atoms dy Ada, dy AdY, do AdE (because K = C x D). Since a < d; Vdq V d¥ and
L is 2-distributive, we have

a=(aAd))V(aAdy)V(dd Aa)

in L and so by (8), equation (4) holds, verifying (SC).

Case 2: a € K. Set a = (¢, g). It is easy to argue that if p;, p2, p3 are the atoms
of B (so the pairwise joins give dy, da, d3) and p;, pas < ds, then p; Vo, ps V o,
and p3 also generate an eight element Boolean lattice B’ with dual atoms di, do,
and g3. Moreover, B’ C L, so the 2-distributive identity applies to p1, p2, p3, and
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g, and we obtain that
(8) g=(gNdi)V(gNda)V(gAgs)
It is now clear that (4) holds for di, da, ds3, and a. O

Now we prove that L is dually 2-distributive as we did it in Section 5 except
that we use Lemma 10 in place of Lemma 9.

7. DISCUSSION

We justify proving the main theorem for doubly 2-distributive lattices with the
following:

Lemma 11. The 2-distributive identity is not selfdual.

Proof. Let L be the nine-element lattice constructed from the eight-element Boolean
lattice with atoms b1, b, b3 by adding an element a between the zero element and
bi. Then L is 2-distributive by Lemma 6 and fails the dual identity with a and by,
ba, bs. O

Many lemmas in this paper prove that 2-distributivity is preserved under gluing
under special circumstances. The following example shows that this does not hold,
in general.

L D K

Figure 1

Figure 2

Figure 1 show the lattice L with the ideal I (& M3) and the lattice K with the
dual ideal D (2 M3). Both L and K are 2-distributive. Figure 2 show the lattice
we obtain from L and K by gluing them together over I and D; this lattice is not
2-distributive.

We raise the following problem: can this construction be continued, that is, can
we construct for Theorem 2 a lattice L that can serve as the starting lattice for
the representation of a {0,V}-homomorphism ¢: E — F. If this could be done,
then we could represent distributive algebraic lattice with countably many compact
elements as congruence lattice of 2-distributive lattices.
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