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Abstract. We prove that every finite lattice has a congruence-preserving ex-
tension to a finite semimodular lattice.

1. Introduction

A classical result of R.P. Dilworth (see [1]) states:

Theorem 1. Let D be a finite distributive lattice. Then there exists a finite lattice L
such that the congruence lattice of L is isomorphic to D.

A number of papers have appeared (see the References) strengthening this result
by requiring that L have special properties. The most recent is [9]:

Theorem 2. Let D be a finite distributive lattice. Then there exists a finite semi-
modular lattice S such that the congruence lattice of S is isomorphic to D.

Let L be a lattice. If K is a sublattice of L, we call L an extension of K. We
call L a congruence-preserving extension of K iff every congruence of K has exactly
one extension to L. In this case, the congruence lattice of K is isomorphic to the
congruence lattice of L; in formula, ConK ∼= ConL.

The first important result on congruence-preserving extensions is due to M. Tisch-
endorf [14]:

Theorem 3. Every finite lattice has a congruence-preserving embedding to a finite
atomistic lattice.

In [12], the present authors proved the following much sharper result:

Theorem 4. Every finite lattice has a congruence-preserving embedding into a
finite sectionally complemented lattice.

In this paper, we prove the following:

Theorem. Every finite lattice K has a congruence-preserving embedding into a
finite semimodular lattice L.
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2. Preliminaries

We use the basic concepts and notations as in [3]; in particular, for a finite
distributive lattice D, let J(D) and M(D) denote the poset of join-irreducible and
the poset of meet-irreducible elements, respectively. M3 denotes the five-element
modular nondistributive lattice and C2 the two-element chain.

We assume that the reader is familiar with the concept of gluing, first introduced
by R.P. Dilworth; see, for instance, [1].

If L is an extension of K, Θ is a congruence of K, and Φ is a congruence of L,
then Φ is an extension of Θ to L iff the restriction of Φ to K equals Θ. We say
that K in L has the Congruence Extension Property iff every congruence of K has
an extension to L. Note that if L is a congruence-preserving extension of K, then
K has the Congruence Extension Property in L, but not conversely (a congruence
may have many extensions).

Let D be a finite distributive lattice, and let m ∈ M(D). Then (m] is a prime
ideal of D, hence D − (m] is a prime dual ideal; let m† denote the generator of
D − (m]. Equivalently, m† is the smallest element of D not contained in m. Note
that m† ∈ J(D). The following result is well-known:

Lemma 1. The map m → m† is a natural bijection between M(D) and J(D). For
any d ∈ D and m ∈ M(D), the inequality m† ≤ d is equivalent to d � m.

We need a more detailed version of Theorem 2 (see [9]):

Theorem 5. Let D be a finite distributive lattice. Then there exists a finite semi-
modular lattice S with the following two properties:

(i) The congruence lattice of S is isomorphic to D.
(ii) S has an ideal C, which is a chain, such that every join-irreducible con-

gruence of L is generated by a prime interval of C.

As an illustration, if D is the distributive lattice of Figure 1, then J(D) is the
poset of Figure 2; S is shown in Figure 3, where the elements of the ideal C are
black filled.

Figure 1 Figure 2

D J(D)

Observe that every prime interval of S is projective to a prime interval of C, so
every congruence of S is determined by its restriction to C. However, S is not a
congruence-preserving extension of C.

3. A modular lattice

In this section, we construct a modular lattice that will be used in the proof of
the Theorem.
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Figure 3
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Let n ≥ 1 be a natural number, and for every i with 1 ≤ i ≤ n, we take a copy
Mi of M3, with atoms pi, qi, and ri. We form Mn

3 and regard Mi as an ideal of
Mn

3 , so pi, qi, and ri are atoms of Mn
3 , for 1 ≤ i ≤ n.

Let B be the sublattice of Mn
3 generated by { pi | 1 ≤ i ≤ n }. Obviously, B is a

2n element Boolean lattice, an ideal of Mn
3 .

Define
qi =

∨
( qj | 1 ≤ j ≤ i ),

for 1 ≤ i ≤ n, and set E = { qi | 0 ≤ i ≤ n }, where q0 is the zero of Mn
3 . Obviously,

E is a maximal chain (of length n) in the ideal (qn] of Mn
3 .

Lemma 2. The sublattice A of Mn
3 generated by B and E is isomorphic to B ×E

under the isomorphism
b ∨ e → 〈b, e〉.

Proof. It is easy to prove this directly or to derive this from the results in Sec-
tion IV.1 of [3] (in particular, Theorems 11–14). �

Let b ∈ B and let i satisfy the conditions: pi+1 � b and 0 ≤ i < n. Define the
element of Mn

3 :
r(b, i) = b ∨ qi ∨ ri+1,

and the subset M of Mn
3 :

M = A ∪ { r(b, i) | b ∈ B, 0 ≤ i < n, pi+1 � b }.
M is a sublattice of Mn

3 , hence M is a modular lattice. M contains B and E as
ideals.

Let Θ be a congruence of B. Let ΘE be the congruence on E satisfying: qi ≡ qi+1

(ΘE) in E iff pi+1 ≡ 0 (Θ) in B, for 0 ≤ i < n. Then Θ × ΘE is a congruence on
B × E. We extend this to a congruence ΘM of M as follows: let r(b, i) be defined
(that is, b ∈ B and pi+1 � b); if b ≡ b ∨ pi+1 (Θ) in B, then r(b, i) ∈ [b ∨ qi]ΘM ,
otherwise, {r(b, i)} is a singleton congruence class.
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The map Θ → ΘM is an isomorphism between Con B and ConM . In fact, M is
a congruence-preserving extension of both B and E. Let

E′ = { 1B ∨ e | e ∈ E },

where 1B is the unit element of B. Obviously, E and E′ are isomorphic chains and
E′ is a dual ideal of M .

To summarize:

Lemma 3. For each n ≥ 1, Mn
3 has sublattices B, E′, and M satisfying the

following conditions:

(i) B is an ideal of M and it is isomorphic to the Boolean lattice Cn
2 .

(ii) E′ is a dual ideal of M and it is a chain of length n.
(iii) M is a congruence-preserving extension of both B and E′.

Note that ConM is a Boolean lattice and ConM ∼= ConB ∼= ConE′.

4. Proving the Theorem

We are given a finite lattice K. In this section, let k denote the number of join-
irreducible congruences of K, that is, k = |J(ConK)|. Of course, we also have that
k = |M(ConK)|.

To prove the Theorem, we have to construct a semimodular congruence-preserv-
ing extension L. We glue L together from three lattices, sketched in Figure 4.

Figure 4
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The first lattice is S of Section 2 with the ideal C (which is a chain), constructed
so that ConS be isomorphic to ConK. In this section, let n denote the length of
the chain C; obviously, k ≤ n.

The second lattice is M of Section 3, with the ideal B (which is Boolean) and
the dual ideal E′ (which is a chain), constructed with the integer n (the length of
the chain C).

The third lattice is R̂(K) that was constructed in [12]:

Lemma 4. Let K be a finite lattice. Then K has an extension to a finite, semi-
modular, sectionally complemented lattice R̂(K) with the following properties:

(i) Each congruence Θ of K has an extension to a congruence Θ̂ of R̂(K).
(ii) R̂(K) has a dual ideal F with the set of dual atoms

V = { vΨ | Ψ ∈ M(ConK) }.

F is a Boolean lattice isomorphic to Ck
2 .

(iii) For each congruence Θ of K, the extension Θ̂ is generated by collapsing

VΘ = { vΨ | Θ � Ψ } ⊆ V

to the unit 1F of F .
(iv) For each congruence Θ of K, the extension Θ̂ is generated by collapsing

the set of atoms { v′Ψ | Ψ† ≤ Θ } to the zero 0F of F .
(v) R(K) is a congruence-preserving extension of F .

To prove this lemma, argue as in Sections 3 and 4 of [12] (using P. Pudlák and
J. Tůma [13] to embed each factor of R(K) into a finite partition lattice, which is
semimodular.1 Note that R̂(K) is a direct product of k simple (partition) lattices,
so Con R̂(K) ∼= Ck

2 ; moreover, V picks out one element from each “direct factor”
(in a dual sense), and so it is clear that R(K) is a congruence-preserving extension
of F , which is stated as (v).

First step. We glue M and S together over E′ and C to obtain the lattice T .
Note that the chains E′ and C are of the same length, hence there is a unique
isomorphism between them.

Let Θ → ΘS be an isomorphism between Con K and ConS. Since M is a
congruence-preserving extension of E′ and every congruence of S is determined by
its restriction to C, we conclude that ΘS has a unique extension ΘT to T , for every
Θ ∈ Con K. So Θ → ΘT is an isomorphism between Con K and ConS.

Since M is a congruence-preserving extension of B, every congruence ΘT is deter-
mined by its restriction to B. Since B is Boolean, the join-irreducible congruences
of T are exactly the congruences of the form Θ(0B , p), for an atom p of B, where
0B denotes the zero of B. Thus for every Φ ∈ J(ConK), we can pick an atom pΦ

of B so that there is a bijection Φ �→ pΦ, Φ ∈ J(ConK), between J(Con K) and
the set of atoms:

U = { pΦ | Φ ∈ J(ConK) }.
Let B denote the sublattice of B generated by U ; of course, B ∼= Ck

2 and B is an
ideal of B.

1We would like to point out that instead of the very complicated Pudlák-Tůma result, one can

use a more accessible result of R.P. Dilworth to obtain a semimodular R̂(K); see [1] and [2].
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In T , there is a one-to-one correspondence between congruences and certain
subsets of U : If Θ is a congruence of K, then the subset that corresponds to the
congruence ΘT of T is

UΘ = { pΦ | Φ ∈ J(ConK) and Φ ≤ Θ }.
T is obtained by gluing together two semimodular lattices, hence it is semimod-

ular.
Second step. The lattice B of the first step and the lattice F of Lemma 4.(ii) are

isomorphic; to do the second gluing, we have to find an appropriate isomorphism.
Lemma 5. The map

pΦ → v′Φ†

(that is, the image of pΦ is the complement of vΦ† in F ) defines an isomorphism α
between B and F . For every congruence Θ of K, the restriction of ΘT to B maps
by α to the restriction of Θ̂ to F .

Proof. By Lemma 1, α is a bijection between the atoms of B and the atoms of F ,
hence, α defines an isomorphism between B and F . For a congruence Θ of K,
the restriction of ΘT to B is the congruence of B obtained by collapsing UΘ to
0B (= 0B). So the α image of this restriction is the congruence of F obtained by
collapsing UΘα to 0F . Now compute:

UΘα = { pΦ | Φ ∈ J(ConK) and Φ ≤ Θ }α
= { v′Φ† | Φ ∈ J(ConK) and Φ ≤ Θ }
= { v′Ψ | Ψ ∈ M(ConK) and Θ � Ψ }
= V ′

Θ.

So the α image of the restriction of ΘT to B is the congruence of F collapsing v′Θ
to 0F , or equivalently, collapsing vΘ to 1F , which is the restriction of the congruence
Θ̂ of R̂(K) to F . �

Now we glue T and R̂(K) together over B and F , as identified by the isomor-
phism α. L is obtained by gluing together two semimodular lattices, hence it is
semimodular.

Let Θ be a congruence relation of K. Then ΘT is a congruence relation of T

and Θ̂ is a congruence of R̂(K). By Lemma 5, the restriction of ΘT to B maps by
α to the restriction of Θ̂ to F . Therefore, ΘT and Θ̂ define a congruence ΘL on L.
Every congruence of T is of the form ΘT , for some congruence Θ of K; moreover, by
Lemma 4.(v), every congruence of R̂(K) is a unique extension of a congruence of F .
These two facts combine to show that Θ → ΘL is an isomorphism between Con K
and ConL. Moreover, ΘL is an extension of the congruence Θ of K regarded as
a sublattice of R̂(K), so K in L has the Congruence Extension Property. Finally,
since every congruence of L is of the form ΘL, for some congruence Θ of K, we
conclude that L is a congruence-preserving extension of K, completing the proof of
the Theorem.
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xix+663 pp.

[4] G. Grätzer and H. Lakser, Homomorphisms of distributive lattices as restrictions of congru-
ences, Canad. J. Math. 38 (1986), 1122–1134.

[5] , Congruence lattices of planar lattices, Acta Math. Hungar. 60 (1992), 251–268.
[6] G. Grätzer, H. Lakser, and E.T. Schmidt, Congruence lattices of small planar lattices, Proc.

Amer. Math. Soc. 123 (1995), 2619–2623.
[7] , Isotone maps as maps of congruences. I. Abstract maps, Acta Math. Acad. Sci.

Hungar. 75 (1997), 105–135.
[8] , Congruence representations of join homomorphisms of distributive lattices: A short

proof, Math. Slovaca 46 (1996), 363–369.
[9] , Congruence lattices of finite semimodular lattices, Canad. Math. Bull. 41 (1998),

290–297.
[10] G. Grätzer, I. Rival, and N. Zaguia, Small representations of finite distributive lattices as

congruence lattices, Proc. Amer. Math. Soc. 123 (1995), 1959–1961.
[11] G. Grätzer and E.T. Schmidt, On congruence lattices of lattices, Acta Math. Acad. Sci.

Hungar. 13 (1962), 179–185.
[12] , Congruence-preserving extensions of finite lattices to sectionally complemented lat-

tices, Proc. Amer. Math. Soc. 127 (1999), 1903–1915.
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