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Pseudo-complemented lattices form an important class of (distribu-
tive) lattices. Topological distributive laftices, the lattice of all ideals of a
distributive lattice with zero element, the lattice of all congruence relations
of an arbitrary lattice are all pseudo-complemented. It is clear that the Boolean
algebras have the same property.

Thus we might consider the distributive pseudo-complemented lattices
in which a*ua™==1 holds for all 2« as an immediate generalization of the
Boolean algebras. The investigation of this type of lattices was proposed
by M. H. STONE (it is (. BIRKHOFF’s problem 70, see' [1], p. 149):

What is the most general pseudo-complemented distributive lattice in
which a*ua* ==1 identically?

In this paper we get two solutions of STONE’s problem. After this we
deal with a related question.

§ 1. Preliminaries

We begin by giving some definitions.

DeriNiTION 1. The (distributive) lattice L is called pseudo-complemented
if it has a zero element and for any element a of L there exists an element
a* of L such that anx =0 if and only if x = a". The element ¢" is called
the pseudo-complement of a.

DEFINITION 2. A lattice L is said to be a Sfone lattice if it is a pseudo-
complemented distributive lattice with unit element in which e"ua™ =1 for
each element a of L.

DEerFINITION 3. We shall call the lattice L relative Stone lattice if every
closed interval of L is a Stone lattice.

REMARK. We miention the fact that a relative Stone lattice is a Stone
lattice if and only if it has zero and unit elements. A Stone lattice is not a

1 Numbers in brackets refer to the Bibliography given at the end of the paper.
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relative Stone lattice in general, e. g. if we define a new zero and unit
element for an arbitrary Boolean algebra, then this lattice is a Stone lattice
which is not a relative Stone lattice.

DEerFINITION 4. Let L be a lattice with zero element. The element b is
said to be a semi-complement® of the element a if anb=0. The lattice is
called dense it anb=0 implies that a or b is 0.

Now we recall a few facts on which the sequel depends.

LEmmA 1 (M. H. STONE’s theorem). Lef L be a distributive lattice, [ an
ideal and D a dual ideal of L such that I and D are disjoint. Any maximal
ideal P, for which P21 further P and D are disjoint, is prime.

The proof is well known (see [3] too).

LEMMA 2. Let L be a distributive lattice with zero element and P a prime
ideal of L. There exists a minimal prime ideal Q with Q< P.

Proor. If P is a prime ideal, then® L—P is a dual prime ideal (see
[1], p. 141). A maximal dual ideal Q which contains L —Pand0¢ Q is a dual
prime ideal (Lemma 1), that is, L —Q is a minimal prime ideal in P.

LEmMMA 3. If in a distributive laftice the meet and the join of two ideals
are principal ideals, then the given ideals are also principal ideals.

This was proved in [3].

LEMMA 4. Under any lattice homomorphism, the complete inverse image
of a prime ideal is again a prime ideal.

This result may be found in [3].

Lemma 5. Let L be a distributive lattice and D a dual ideal of L. There
exists a minimal congruence relation on L under which D is a congruence

class. Under this congruence relation a==b and a = b are equivalent fo the
condition that there exists an element d ¢ D with bnd=a.

This is equivalent to Corollary 4 of Theorem 2 of [2].

§ 2. Characterizations of Stone lattices

The main result of this paper is

THEOREM 1. Let L be a distributive pseudo-complemented lattice with
unit element. Then L is a Stone lattice if and only if the lattice-theoretical
Jjoin of any two distinct minimal prime ideals of L is L.

2 This notion is due to G. Szisz {4].
3 P denotes the set-theoretical difference and later on P -I- Q the set-theoretical sum.
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Proor. Let L be a distributive lattice with zero and unit elements in
which the join of any two distinct minimal prime ideals is L. We must
prove that ¢* Ua™ ==1 for all a ¢ L. (We have supposed that a* exists.)

We suppose that there exists an element @ for which ¢*ua™==1. By
Lemma 1 there exists a dual prime ideal P with a*ua™@¢P. Let us consi-
der the minimal congruence relation ® on L under which P is a congruence
class. We assert that in the factor lattice’ L/© the join of any two distinct
minimal prime ideals is the whole lattice.

Let Q and R be minimal prime ideals of L/® and Q, R their complete
inverse images. By Lemma 4, Q and R are prime ideals; we prove that
they are minimal ones. Indeed, if Q,cQ (Q, is a prime ideal), then the
homomorphic image of Q; and @ coincide, hence for arbitrary ¢, € @, and for some
g € Q— @ the relation g ==g¢q, (®) is valid. We may suppose ¢,< ¢ so that by
Lemma 5 there exists a p € P which satisfies gnp=gq,. But pg Q,, for in
case p€ Q,, p would be an element common to Q, and to P=1 which is a
contradiction. Thus we get that p and ¢ are not elements of the prime ideal

@Q,, nevertheless png € Q,. This contradiction proves our assertion.

We get that in L/@ the join of any two distinct minimal prime ideals
is the whole lattice. Now we infend to show that in L/ there exists only
one minimal prime ideal: (0].

The unit element of L/@ is join-irreducible, for in case x U y=—=1 and
X, ¥==1, x Uy€P but x, yEP which is absurd, because P is a dual prime ideal.
Consequently, L contains only one minimal prime ideal, for if in L there were
two minimal prime ideals, then the join of these would be the whole lattice, i
1 would be join-reducible which is impossible. Finally, let S be any minimal prime
ideal of L/® and S==(0]. We choose an a ¢ S. By the Duality Principle and
by Lemma 1 there exists a prime ideal which does not contain [a). This
prime ideal, by Lemma 2, contains a minimal one which is obviously differ-
ent from S.

We have supposed that a* U a™ < 1, consequently 0 <a®. We assert that
a==0(0). Indeed, in case a—0(O) it follows the existence of a pe P
(Lemma 5) such that anp=—0, i. e. p = a", hence p is an element common
to P and to (a"ua™], which is a contradiction. Similarly, a* ==0(0).

We get that in L/@ 0<a and 0< &*, yet @ana* =0, in contradiction
to the fact that (O] is a prime ideal.

Thus we have proved that in a pseudo-complemented lattice with unit
element, if the join of any two distinct minimal prime ideals is the whole

lattice, then a*uUa™ =1 for all elements ¢ of the lattice, i. e. it is a Stone
lattice.
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Conversely, let L be a Stone lattice, 7and U distinct minimal prime ide-
als of L. L—T and L—{/ are maximal dual prime ideals, consequently,
there exist a € L—U and 6€¢ L—T with anb=0. Obviously a € T—U
and b€ U—T is valid too, since otherwise a and & would be in the same
dual prime ideal L—7 or L—U which is impossible in view of anb=0.
a€eT, so a¢cU~—T and o™ € T—U, hence from a*Ua™ =1 it follows
TuU=(1}]

Another — almost obvious — characterization of Stone lattices is the
following

THEOREM 2. A distributive lattice L with 0 and 1 is a Stone lattice if
and only if for all a € L the ideal formed by the semi-complements of a is a
direct factor of L.

Proor. Let L be a Stone lattice. The ideal formed by the semi-comple-
ments of a is clearly (a*], hence (a"]n(a*™]= (0] and (a*]U (@*]==(1]; thus
(@*] is indeed* a direct factor of L.

Conversely, let / be the ideal formed by the semi-complements of an
element a. If 7 is a direct factor, then there exists an ideal / with /n /= (0}
and /U /==(1]. By Lemma 3, it follows that / and J are principal ideals,
moreover the generating elements are ¢" and ¢**. Thus the proof of Theorem 2
is complete.

If L is a Stone lattice, then it is either dense or there exists an element
a (0<a< 1) such that a*==0. But in the latter case, by Theorem 2, L is
directly factorisable. Thus, an immediate consequence of Theorem 2 is the
foltowing

CoRroLLARY. A finite distributive lattice L is a Stone lattice if and only
if it is the direct product of dense lattices.

§ 3. Relative Stone lattices

The following theorem is analogous to Theorem 1 in case of relative
Stone lattices: :

THEOREM 3. Let L be a distributive lattice in which every closed inter-
val (as a sublattice) is a pseudo-complemented lattice. L is a relative Stone
lattice if and only if in L for anvy pair of prime ideals P and Q, of which neither
contains the other, PU Q= L is valid.

3 1t is well known that 7 is a direct factor of the distributive lattice L with zero
and unit elements if and only if there exists an element g such that /= (e] and a has a
complement. '
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PrOOF. Let us suppose that although L is a relative Stone lattice, there
exists a pair of prime ideals P and @ such that PuQcL, but neither
P& Q nor QEP. We choose a € L—(PUQ), b€ P—Q and c€c Q—P. By
the hypothesis the interval [bnc,aubuc] as a sublattice is a Stone lattice.
Hence, in this interval b has a pseudo-complement 5". " is necessarily
in Q—P, and b € P—Q; in consequence of this fact 8* U s =a U b U, i.e.
aubucePuQ, but we have supposed a¢ Pu Q. Thus the proof of the
necessity, of the conditions is completed.

On the other hand, assume that for any pair of prime ideals P and Q
of this lattice L, none of them containing the other, PU Q=L is valid. Now,
let us consider an interval [a, &} of L and two minimal prime ideals P’ and
Q of [a, b]. There exists a pair of prime ideals P, Q of L with the property
that Pnfa, b]== P’ and Qna, b] = Q. Indeed (see Lemma 1), let P be a maxi-
mal ideal which contains the ideal of L generated by P’ and is disjoint
from the dual ideal of L generated by [a, 8] —P’; Q may be defined in a
similar way. Obviously, none of P and Q contains the other, hence, by our
assumption Py Q=L. It follows that P'U Q' =/|a, b]. Applying Theorem 1,
we get that the interval [a, 8] is a Stone lattice, consequently, L is a rela-
tive Stone lattice.

It is easy to characterize the relative Stone lattices if we apply the
following

THEOREM 4. If every closed interval of a distributive lattice L is pseudo-
complemented and if L has no homomorphic image isomorphic to the lattice of
Fig. 1, then L is a relative Stone lattice.
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Fig. 1

Proor. We must prove that if the distributive lattice L, in which every closed
interval is as a sublattice pseudo-complemented, is not a relative Stone lattice,
then it has a homomorphic image isomorphic to the lattice of Fig. 1. By
Theorem 3, if L is not a relative Stone lattice, then it has a pair of prime
ideals P, Q such that Pz Q, P =2 Q and Py Q — L. By Lemma 1, there exists
in L a prime ideal R with PU QS R We define a congruence relation @
on L as follows: let H,=PnQ, H;==P—Q, H,=Q—PF, H=L—R,

x and y are both in H;. It is routine to check that & is a congruence refa-
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tion. It is obvious that L/® is isomorphic to the lattice of Fig. 1, what was
to be proved.

Finally, we mention the problem whether Theorem 1 is valid if pseudo-
complementedness is not assumed.

The interest of this problem lies in the fact that if every minimal prime
ideal is a maximal one, then the assertion is true, see e.g. [3}.

7 Received 2 September 1957)
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