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ON A REPRESENTATION OF
DISTRIBUTIVE LATTICES

E. T. SCHMIDT (Budapest)

§ 1. Introduction

The characterization problem of congruence lattices of lattices can be
reduced to the representation of distributive join-semilattices as special join-
homomorphic images of Boolean lattices. First, we formulate this problem.
Let D be an arbitary finite distributive lattice and consider a finite Boolean
lattice B containing D. Then D defines a closure operation s: B — B as
follows:

s@@) = A{yeD; y ==}

This closure operation has the additional property that for z,y € B
M s(@Vy) = @)V sy)

which means that s is a topological closure operation. The sublattice D is
the set of all closed elements, i.e.,

D = §(B) = {s(x); x € B}.

Conversely, if s is a topological closure operation on B then the closed elements
form a sublattice. We would like to represent all distributive (join-) semilattices
on a “similar” way. If s is a topological closure operation on an arbitary Boolean
lattice B then it is easy to prove that s(B) is a dual Heyting algebra, i.e., we
cannot represent all distributive semilattices in this form. To overcome on
this difficulties we follow a little modificated way. (1) means that s is a join-
homomorphism from B onto D. Let k: B — D be a join-homomorphism from
the Boolean lattice B into a distributive semilattice D. Then h is called a
distributive join-homomorphism if there is a family {s; ¢ € I} of topological
closure operations on B such that the congruence kernel ker k of A is the join
of the congruence kernels ker s;, ie.,

ker b = V ker s,.
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In [2] T have proved the following:

THEOREM. Every bounded distributive lattice is the distributive join-homo-
morphic image of a Boolean lattice.

In other words, if D is a bounded distributive lattice, then there exist
a Boolean lattice B and a family {s;; ¢ € I} of topological closure operations
on B such that

(2) D =~ By ker s,.

The theorem is true if D does not have a unit element, in this case B
denotes a generalized Boolean lattice. The related representation for distri-
butive semilattices is still open. H. Dobbertin [1] has proved that every locally
countable distributive semilattice can be represented in the form (2). The
given representation has his own interest, but the most important conse-
quence is the following: if D can be represented in form (2) then the ideal
lattice of D is isomorphic to the congruence lattice of a lattice.

In this paper I shall give a new, relative short proof of this theo-
rem. The most important part is the construction of a Boolean algebra
B which will be called the decomposition Boolean algebra of the given
distributive lattice D.

§ 2. Some properties of free Boolean algebras

The decomposition Boolean algebra B of D is a special subalgebra of a
free Boolean algebra which satisfies the property (2). First of all, we list some
elementary, wellknown properties of the free Boolean algebras.

The free Boolean algebra F(G) on a set G of n elements g¢;,...,g, is
isomorphic to 22 and each element may be expressed uniquely in disjunctive
normal form, i.e., as a finite join of so called minimal terms:

(3) VoA A,

where g7* is g; or g; (the complement of g;) and e is a selection from the 2"
different distributions of dashes on the g’s. The minimal terms are the atoms
of F(G). I resp. 0 denote the unit resp. zero element. Let G’ = {¢’: g € G}
where G NG = ¢ and ¢ — ¢’ is a bijection between G and G’. Let (g’) =
= g” = ¢. For every natural number k < n we define a subset of F(G): G, =
= {I}, G, =G UG and

Go={z€F@), a=gt A... gt}
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whoere g, ..., g; are different elements of G. For simplicity we can write
z=g, A...\Ng, whereg,, ..., g, €G and assume that, for each ¢, §, ¢ == 4,
g; 7= g; #= g;. Further, let

H=UG U (0).

Then H is closed under the meet operation of F(G). If we restrict the v opera-
tion to H on the usual way (ie., for u,v,w ¢ H if 4V v = w then we say
that % V v is in H defined), we get a relative sublattice (H; Vv, A> of F(&).

It is easy to show that for incomparable u, v € H, u V v is defined if and
only if there exist k€ N, w €@, and g€G, suchthatu =w A g, v =w A g'.
Then

uVo={wWAgAwAgl=wAl=uw

Obviously u, v € G,_,. An ideal of a partial lattice is a nonvoid subset I such
that

(i) ifa,6€¢T and eV b exists then aV b¢l,

() # <aclimpliesx ¢l
It is easy to prove that F(@) is isomorphic to the lattice of all ideals of H.

The description of the free Boolean algebra F(G) generated by an arbi-
trary (not necessarly finite) set G is similar, but in the infinite case there are
no minimal terms (atoms) and therefore

H=UGU{0).

In this case F(@) is the lattice of all finitely generated ideals of H, and for
every x € F(G) there exists a smallest natural number » such that z has a
uniquely representation in the from (3) with suitable g, . . . , g, € G. Obviously
2€ F{gy - ., g,})-

We define a Boolean subalgebra of F(@) with a subset K of H. Now, let
us assume that K satisfies the following properties:
4) 0cKandife,y€c K then z Ayc K.
(5) Ifu € K NGy, then thereexistsa v € K NG, v = u such that w Vv
is defined in H and u Vv € K.

Let A be the set of all those elements of F(@) which have a representation
as a finite join of elements of K. Then A4 is obviously a sublattice of F(G).
If € KNGy, then by (5) we have a v € K NG, such that »V v exists
in H and vV v € K N @,. Consequently, there exists a g € G, satisfying w =
= (Vo) Ag, v=(uVv)Ag which involves

s Av=@mYyo)yANgAhg =0.



28 SCHMIDT: REPRESENTATION OF DISTRIBUTIVE SEMILATTICES

This means that v is the relative complement of « in the interval [0, u V v].
Similarly to » Vv € KN G, there exists a relative complement z ¢ K in
[0,uVvVz] such that u VvVz€ KNG, Then vVz€ A4 is the relative
complement of » in [0, u \V v V z]. After a finite number of steps this process
breaks of by [0,1], i.e., every u € K has a complement in 4 say ' =V k;,
k; € K. Let v be another element of K then v’ = v kj with suitable h ; € K. Thus

(uV’U)':u'/\v':Vk,/\Vh]:\/(k,/\hj)

By our assumption, K is closed under A, hence k&, A hj €K, ie., u ANV €A.
This proves that A4 is complemented, i.e., we have the following:

Lemma 1. Let K be a subset of H (S F(G)) which satisfies (4) and (5).
Then the sublattice A generated by K is a {0, 1}-Boolean sublattice of F(@G).

Any pair (p, q), p = ¢ of elements of a Boolean lattice B defines a closure
operation C,; as follows:
xVgifz>p

z otherwise.

C (%) =

It is easy to show that O,  is topological if and only if p is an atom. In a
finite Boolean lattice a topological closure operation s(x) is determined by
the closures of the atoms, consequently s(z) is the join of closure operations
in the form U, (x), where p and ¢ are atoms. We need a special topological
closure operation on F(@) which replace C, . Let p,q € @, for some n and
let g € G,. Then

p=@AgviPpAg)ha=0@Ng Vv @gAg)
imply that

(6) Cc, =C

paq DPAZINE v ¢

DPAZ GNE?
hence

Cpg®) = O g apg(®)
for all z with z 5= O, (x). This implies that the operation on F(G) defined by

(7 $pa =V Cpntant
teH

where p A ¢,q At >« 018 a closure operation. (6) implies that s, , is topological.

§ 3. The decomposition Boolean algebra

Let D be a bounded distributive lattice. We construct from D a Boolean
algebra B, the decomposition Boolean algebra of D. First of all we define the
set G of generators of a free Boolean algebra F(G) and then we define a subset
K of the corresponding relative sublattice H < F(@).
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1 resp. 0 denote the unit resp. zero element of D. Let & be a subset of
DX D which contains no pairs {a, ¢) and which containg to each two elements
a >4 b exactly one of the two pairs (a,b) and (b, a). If g = (@, b) € G then
¢ = (b, @) € ¢". Further, G; and H are defined as before, in § 2.

Let h be a mapping from G, onto D defined by

h{((a, b)) = a € D.

Every nonunit and nonzero element of H has a unique representation
as a meet of elements from @,. Therefore we can extend h to H as follows:
ifO0<2x=g A...Ag,then

(@) = hgy) A ... A K(g,).

Further, let 2(I) = 1 and A(0) = 0. In general, & is not a join-homomorphism
of the partial lattice H, e.g.,if (a,b) €Gyanda \y b= 1in D thenI = (a,d) v
v (b, a) in H but

MI)=1ay b= h((a,b) v kb, a)).

We shall define the “greatest’ relative-sublattice K of H such that the restric-
tion of 2 to K will be a join-homomorphism.

The prriNiTiON of K: First of all 0,1 ¢ K. Let uw €4, & > 0. Then
w € K if and only if there exist w € K N G,_; and g = (a, b) € G, such that
vw=wAgand h(w) < ay b

This definition implies that g = (¢, b) ¢ K iff a v b = 1.
First, we show that K satisfies (4), i.e., it is closed under the A-operation.

Let T, =K U @;. We prove by induction on k that u,, u, €T, implies

Uy A uy € K. If ul, u#, € T, then we may assume that u, 55 I 5= u,, ie., ¥ =

= (ay, by), %y = (@,, by). Then u,, u, € K means that a; v b = a,Vy b, = 1.
Consequently, h(u;) = a; < a, v b,, ie., u; A u, € K. Assume that our state-
ment for 7T, is proved. If u,, u, € T, then u; = w, A gy, u, = wy A g, Where
g; = {(@;, b;) and wy, w, are suitable elements of 7', such that h{w;) < a; v b;.
By the assumption w; A w, € K. Then

hlw; A w,) <hw)<<a,v b
yields w; A wy, A g4 € K. Similarly,

hwy Awy A gy A gy) <hlwy) <ay,v b,
implies
wy Awg Agy Agy=u, Au, €K,
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K satisfies (5). Let u € K N G,,,. By the definition of K there exist
w€K NG, and g = (a,d) €, such that v = w A g and h(w) < a vy b. Let v
be the element w A g’ where g’ = (b, @). Then again by the definition of K
we have v € K N G,,; and u v v = w is defined in K. This proves (5).

K can be considered as a relative sublattice of H. The mapping h: H — D
can be restricted to K, h|,: K — D. We prove:

LemmA 2. k|, : K — D is a join-homomorphism onto D.

Proor. If v and v are incomparable elements of K and % \/ v is defined
then
=g Agpa g ov=g A Ag AN, w=uyvv=gA... g,y
where g,,...,g, g’ €G,. We have to prove that h(u \y v) = h(u) v h(v). By
the definition of K there is a permutation of the elements g;,...,9, ,, 9, say

9v: 92 - - 969 Jizvr - - - I
such that if ¢ = (a, b) then
avb>hig,A... ANg).

Consequently,
ayvb>higiN...Ng,y)

and hence we conclude:

h(u) v h(v) = (h(g, /\"'/\gn-l)/\h(g)\/(h o Ngo) ANR(G)) =
= (Mg A - - A guma) A a) v (Blgy A /\ gn_)/\b) =
=hlgy A ... Ngy) A (ay b)) =hig, A /\ In-1) = h(u v v).

This proves our lemma.

By Lemma 2 we have a join-homomorphism h|,: K — D. (a,1) € K
and k((a,1)) = a which means that A | is onto mapping. On the other hand
the conditions of Lemma 1 are satisfied for K, thus the sublattice of F(G)
generated by K is a Boolean lattice. We denote this by B. It is easy to see,
that & |.: K — D can be extend to a join-homomorphism A: B — D, and & is
determined by its restriction to K, ie., by h|.

We have to prove that & is a distributive join-homomorphism. Assume
that for p € K N Gx and ¢ € K, p = q and h(p) > h(g), ie., h(p v 9) = h(q).
Then in the free Boolean algebra F(G)

$pe(®) =2V 9(= O, ((p))
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and, for an arbitary r € K N Gy, 8,4(r) = r. Let us consider K N Gy, If
p Ag€ KNGy, for some g = (a,b) then, by the definition of K, we have
a \/ b > h(p). By our assumption, h(p) > h(g), thus a v b > h(g). This implies
gAhge€Kand (pAg) v (g Ag)€B. But

Coroard@ Ng) =@ Ag)v (g Ag)
hence

Thus s,.(x) € B for every z € B; ie., 8pq
on B, and ker A D ker Spa Consequently, ker & = y ker s
butive.

is a topological closure operation

o 10, B is distri-
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