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On the Characterization of the Congruence
Lattices of Lattices

by

E.T. SCHMIDT

It is old outstanding problem of the lattice theory to
characterize the congruence lattices of lattices, it seems
likely that every distributive algebraic lattice is the con-
gruence lattice of any lattice. I shall give in this paper
a brief survey of this topic and 1 try to sketch some ideas
which can be probably help for the solution of the problem.

§.1. Characterization Problem

We denote by con(kx) the congruence lattice of the lattice
K . We want to construct to a given distributive algebraic lattice
L a lattice k such that L : con(k). By such a construction
it is necessary tor us to take only the compact elements of the
algebraic lattice » . These ones forms a semilattice z* with
zero and 1 is isomorphic to the Tattice of all ideals of z* .
The compact elements of con(x) are called compact congruence
relations. The characterization problem can be formulated as

follows:
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For a given distribﬁtive semi1atticel) P with zero find a
Tattice x such that the semiTattice of all compact congruence
relations should be isomorphic to F .

First of all we take some special cases for F .

If F is a Boolean-semilattice (i.e. a Boolean-algebra
respects the join-operation) then 7 1is a lattice too and in
this case con(F) = r(F) (lattice of all ideals), i.e. for
the lattice k we can choose r itself.

Let rF be an arbitrary finite distributive {semi-) lattice.
Then F s determined by thg poset p of all join-irreducible
elements of F whcich are greatef then 0 , F is isomorphic to
the lattice of all O-ideaTS of p. If is necessary to show that
for any poset P there exists a lattice kx such that con(k)=o0(P)
(where o¢p) 1is the Tatticg of O-idedls of P ). Such a lattice
was constructed by G. Grdtzer and E.T.Schmidt 21 (firstly by
R.P. Dilworth unpublished). The construction is based on the

six-element lattice given by Fig.l.

Fig.1I.

— . — o——— o —— oo, on — oo,

/j.e. if ¢ < avb then there exist a'<a, b'<hb such that

c=a'vb' .
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In this Tlattice @o,a < eo,b and hence the congruence
latticé is the three-element chain. The main idea of the

construction given in £23 was the following: for every pair

a,b;eP , a, <b, we take a copie of this six-element lattice

ahd we "hooked together" to become a Tattice « .

This construction yields that each finite distributive lattice
is isomorphic to the lattice of all congrdence relations of some
finite lattice.

The given construction works not only for finite distributive
lattices, we can represent all distributivé algebraic lattices
with the property that each element is a join of completely
join-irreducible elements (On other words distributive lattices
which are determined by the join-irreducible elements.)

For the solution of the general problem we need an other
construction.

Let p be a sublattice of the lattice x . What is the connection
between con*(p) and con*(k) ? In the genera1‘case £he connection is
obviously very loose. If © denotes the congruence relation of «
generated by the congruence ©econ®*(p) then o - o is a homomorphism
of the semilattice con*(k), i.e. for G,QscOﬂ*(D) we have ové=evd .
Now, let us start with a lattice p which has a "good" congruence-lattice,
for instance let p be a distributive lattice. The semilattice con*(D)
is then a generalized Boolean lattice (i.e. a relatively complemenfed
distributive (semi-)lattice with zero). But the free semilattices with

zero are generalized Boolean algebras, and it is easy to see that.every
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semilattice with 0 1s the homomorphic image of a semilattice
Con®(p) for some D . Let r be a homomorphic image of con®(D).
‘We shall construct an extension;vx7*0f'~br (i.e. p is a sublattice
of k) such that the mapping=*e - @ should be a homomorphism of
con*(D) onto cOnﬁ(K) (i.e. every congruence relation of & is
determined by its restriction to p ) and con®(k) should be
isomorphic to r . |

The previous observations are valid for arbitrary universal
algebras. For lattices we have more, cOn*kx) is a distributive
semilattice and so we must have special Q-* © homomorphism.

The most important property of this homomorphism is the following:

Proposition. Let Dp be a convex sublattice of the lattice «x .

If ov¥=e , 06 < 6, (9,%,0 eCon*(p) and © = e, then there exist

1
> > % =
¢, 20, Vv, 2V (@l,wlecon (D)) such that 2, v,z 0, .
n
Proof. 8, is a compact congruence relation, i.e. 0, =Vo
i=1 “i7i

(ai < b,).From ¢v¥=o and -0, it follows that for every i (1<i<n)
a, = bi(QVW). (ai,biaD)

We have therefore the finite chains:

a, =¢ ,<e¢, .<...<c¢c , =b, (1 «=1i=n)
b1 0,1 1,1 ni,l 1

such that c. .=c. ., by & or V¥ and c_. .e0 . Let ¢, be the join
) » Jri 3+, 1 J. 1 1

- of a1 congruences Ve C i ¢eCon® (D)) with the property that

‘ F.i, j+1’

(d). On the same way we get Y Both are obviously compact

c, , =
Jr2

;and"él >3, V¥

Ci+1,i

> = = =Y.
2¢ o v¥=0, and ¢ =0, ¥ =¥

1 1 1
The proposition suggest the fallowing definition:
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Definition. The congruence relation ¢ of the semilattice
F is called weak-distributive iff u = xvy (0), u 2.xvy imply
the existence of elements x = x , y >y such that x = x(0);
y = 2(@) and xvy = u, (Fig.2). A homomorphism ¢ is called weak-
distributive if the congruence relation induced by ¢ is weak-

distributive.

Fig.2.

Examples. Let Fr be a finite distribufive semilattice. Then F
is the homomorphic imaoe of a Boolean semilattice B : let B be
the Boolean-algebra generated by r , then for every xeB there exists
a smallest xeF such that x < x . The mapping x - x s weak-distri-
butive homomorphism. If F s a Boolean-semilattice and p s

irreducible element (atom) of F then 6o p,a. It is easy to prove that

if "B s a weak-distributive congruence of a distributive semilattice
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F then F/6 1is distributive too. An othegnimportant property

is that the join of weak-distributive congéuences is weak-distributive.
It‘fs_easy to give an example for a semilattice » and a,beF

that there is no smallest weak-distributive congruence @ such that

a = b(e) i.e. 5 does not exist. The compact coggrﬁéncesfof

semilattices or distributive Tattices have the property that every

congruence cTass has a maximal element.

Definition 2. A congruence relation e of a semilattice is

called monomial if every o-class has a maximaT element.
Every ccngruence relation of ‘a lattice is the join of compact
congruence relations, therefore it is natural to introduce the

folTowing notion:

Definition 3. A congruence relation @ of a semilattice Fr is

called distributive if o 1is the join ofkweak-distributive monomiale
congruences. A homomorphism ¢ is called distributive if the congruence
relation induced by ¢ is distributive.

Let p be a sublattice of k. If # isa finite subset of «x ,
then we can take D,=D HSK as a re]ative sublattice of‘ K . Let
Oy be denote the conaruence relation of D, induced by ©econ®(D).
The congruence relation of con®(p) induced by the mapping & -0y

is a monomiale distributive conaruence. If # runs over all finite

subset of k we get from Proposition
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Theorem 1. Let » be a convex sublattice of the lattice «
such that every congruence relation of fx‘ is determined by its
restriction to D . The homomorphism © = & (eecon™(D)) is a
distributive homomorphism of COn*cDg onto con* (k).

In Cﬁﬁ I have try to solve tﬁe charapterization problem on
the following way.f ‘

(A) To construct for an arbztrary distributive semilattice
F with zero a genera11zed Boo1ean-semn1att1ce B such that

= B/6 where o is a distributive congruence;

(B) To prove that for every Boolean-sewilattice & and
distributive congruence . @ , the corresponding factorsemilattice
B/0 is‘isomorphic to the semﬁTaitice of all compact congruences
of a lattice.

‘The problem (B) is solved, the first problem is still open.

To problem (B) we have the following

Tﬁeorem 2.fLet B be a geheralized Boolean-semilattice and
let © be a distributive conaruence of ‘B - The semilattice B/0
~is isomorphic tq‘the semilattice of all compact congruence relations
of a lattice.
By Theorem 1 and Theorem 2 we have:
For a semilattice r the.fo1ﬂowing two cbndition are‘equiva1ént:
(i) 7 ds the distributive*homomorpﬁic image of a generalized
Bpo1ean semilattice.
(i) there exist a ]att1ce K and a convex d1str1but1ve sublattice
p of «x such that every conaruence re}at1on of k 1is determxned by

its restriction to p and cOn,(K)= F.

-y
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Applications. Let F be re1q¢iye1y»pseudocomplemented lattice
and take the Boolean-algebra generated by F . Than we have for
every xeB a smallest xer such that x < x and x - x is a
weak-distributive homomorphism of B -onto r . Let @ be the (join=)
congruence induced by this mappina then every o6-class has a
maximal element: the class containina x has the maximal element
x i.e. we have a distributive homomorphism . Therefore we can apply
our Theorem 2, hence F is isomorphfc to the semilattice of all
compact,congruence_re1ations of a lattice.

Lét F be a relatively pseudoelement semilattice. In this
case is more complicated to apply Theorem 2. For»every acF the
principal ideal (al 1is a pseudocomplemented Tattice and the
elements in the form bxa (b rans over the elements of (al ,
form a Boolean-algebra B(a). Let B be the direct product of all
B(a) then F 1is a distributive homomorphic image of B . This

homomorphism has the property aiven in Theorem 2, hence we get:
Corollary. Every relatively pseudocomplemented semilattice
with zero is isomorphic to the semilattice of all compact congruence

relations of a lattice.

To Problem (A)

We have also the open question (A). My conjecture is, that
every distributive semilattice with zero is the distributive ho-
momorphic image of a generalized Boolean-semilattice. We aive an

example, that the distributive homomorphic image of a Boolean-semi-
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lattice need not to be relatively pseudocamplemented.

Let” a_ be an arbitrary distributive lattice with unit and
without zero element and take the direct product with the two. -
element lattice i.e. A X2 . If we add to this a zero element 0
than we get a lattice a . a 'ig not relatively pseudocomplemented,.
the element u=(1,0) has no pseudécomplement. Take the Boolean-algebra
B, generalized by a . Let a' be the relative complement of
(2,0) (aca ) in the intervall [o,ul and we denote by T the
set of all a” . B ‘{s the sub-Boolean-algebra generated;by the
elements a and a (aea ). let © be the join-ébngruence relation
of B generated by T i.e. the sma11ést join congruence relation
with the e-cjass r . It is easy to prove‘that ‘B/e‘is isomorphic
to 2 , which is also isomorphic to the semilattice of all compact
congruences of a lattice.

In this}examp1e the element u has no psuedoéomp1ement and
therefore we have to take u in “"many" examplars, more precisely
for every a with avu=1 we have a’=u(a) fér which ava'=1.
The’distributive h6momorphism' B — A maps these a* on u.

It is easy to see that by the problem (A)'we need{oﬁ]y to

take semilattices with zero and unit having the following

property:
for every a(#0,1) there exists a finite sequence X reens X EF
such that ~aifx1,‘..,avxiv.‘.xi_ilfxi (i=1,...,n) and

VX Vea.vx =1,
1 n .



171

The n-tupel (X reeerX ) is called a generalized semicomplement
of a . For every acF and semicomplement (X, penerXy) take the
symbo1l a(x  eeerx ). My conjecture is that we can the Boolean-algebra

B generated by these symbols.

Special lattices A lattice & is sectionally complemented

(or principally complemented) if has a 0 and all intervals (o0,al
are compiemented. If © 1is a congruence relation such a lattice
and [016 denote the o-class containing O theﬁ & — [0le 1is

a one-to-one correspondence between congruences and certain ideals
(which are namely kernel of congruences). The construction of [63
gives a sectionally compTemgnted Tattice i.e. we have: every finite
distributive lattice is the congruence lattice of a sectionally
complemented lattice. It can be proved the followina stfonger form
of Théorem 2. B/© 1is isomorphic to the semilattice 6f all compact
congruence relations of a lattice x with the property: & has

an element a2 such that every congruence relation-of & is

determined by the congruence class contining a .
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§.2. Characterization of the Congruence Lattices of Special

Lattice Varieties

The characterization of congruence lattices of distributive
lattices is quite easy, they are the ideal-lattices of sectionally
complemented distributive lattices. The characterization problem
for modular lattices is open. My conjecture ié that every distributive
algebraic 1étt1ce is isomorphic to the congruence lattice of a
modular lattice. The first step to the solution of this conjecture

‘is the following:

Theorem 3 [71 . Every finite distributive lattice is isomorphic
to the congruence lattice of a modular lattice.
By the proof of this theorem we need a special lattice and a

special lattice construction.

The special lattice is the following: let o be the chain of

all rational numbers r , 0 <r <1 and let L the five-element

modular, non-distributive lattice (Fig.3). We put o

Fig.3.
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in the interval [0,al 1i.e. we identify the rational numbers 0
and 1 with 0 and a . Then the set-theoretic union of Q@ and

M, is a partial lattice if we define xvy only for X,yeM  or

x,yeQ . Let M be the modular lattice freely generated by this

partial lattice. M 1is a subdirect power of M, i.e. M is in

the variety generated by My . Many interesting characterizations
are known of M . (See A.Mitschke and R. Wille C53, E.T. Schmidt

[63).

The Tattice construction applied by the proof of Theorem 3

is due to R.P. DiTworth and M. Hall £31 . Let I, be & dual-ideal

of the Tattice L, and Tet I, an ideal of the lattice L, -
If I and Ié are jsomorphic and x — x' (xeI,, x'eI,) is given

isomorphism, then we can define a new lattice L : the elements

of = are the elements of the set-theoretical union L1 v L2

and we identify every xel, with x’' . The ordering in L, ¢kl

has an unchanged meaning and x < y, xeL , yeL,

such that x <z in L, and z <y in L, . This

iff there exists

a zeL n L, .
construction will be referred to as the Hall-Dilworth construction.
(See R. Freese, Some varieties 6f modular lattices not generated by
their finite dimensional members, Preprint). The lattices constructed

in £71 are lattices applying the Hall-Dilworth construction for

isomorphic examplars of M , so we get a stronger version of Theorem

3:
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Theorem 4. Let V be a variety of modular lattices with the
following two properties |

(1) V contains a non-distributive lattice;

(2) ¥ s closed under the formation of Hall-Dilworth construction.

Then every finite distributive lattice is isomorphic to the

congruence lattice of «keV .

Corollary. Every finite distributive lattice is the éongruence
Tattice of a 2-distributive Tattice.
R.S. Freese has proved (unpublished) the following sharper version

of Theorem 3:

Theorem 5 .. Every finite distributive lattice is isomorphﬁc to
the congruence lattice of a finitely- generated modular lattice.

R.S. Freese pointed out that the Tattices given in C71 have
breakth two.

The modular lattices have the following important properties:
let f(x) be a unary algebraic function over a modular lattice
M : if a<b (a,beM) then there exist ayb a<a <b< b
such that the intervals tao,bojf and [f(a), f(b)1 are isomorphic.
Hence every unary algebraic function f(x) define an isomorphism
between anvbOB and [f(a), f{b)j,'we can take f as a partial
operation defined on an,boj;iMore generally, a x-éperation £
is a partial operation defined on a lattice 1 with domain Ca,b]
such that x — f(x) 1is an isomorphism between [a,b3 and

Lf(a),f(b)l.
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In C71 it was proved:
Let ¢ be the chain of rational numbers r,0<r <1 .

For every finite distributive lattice there exists a partial algebra

defined on ¢

=< 0; V, /\,fl,fz,...>

where £, are x#-operations such that the congruence lattice

of 0 1is isomorphic to L .

In an other paper C81 I have proved:

Theorem 7. Let k be an arbitrary distributive Tattice. If
fi (ier) are =-operations on k& then there exists a modular
lattice M such that the conaruence Tattices of M and the
partial algebra <K;V,A,fi|ié1> are isomorphic.

We can formulate the following conjecture: for every distri-
butive algebraic lattice L there exists a distributive lattice
M and =x-operations f.(ieI) on M such that r 1is isomorphic
to the congruence lattice of the partial algebra <M;V,A,filier >.

An other open problem is the following:

Problem. [Is every distributivgva1gebraic lattice isomorphic
to the congruence lattice of a relatively complemented modular
lattice?

As to finite distributive lattices the proof of the next’
statement can be heipfull to the solution of this problem:

Let U be the smallest variety of modular lattices with
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the following porperties (see Theorem 4):

(i) AL contains Mo

(i1) A s closed under formation of Hall-Dilworth construction.

Is every member of «# a sublattice of a complemented modular
Tattice? |

A Boolean-semilattice is called homogeneous if every two
non-trivial ideals are isomoprhic. For instance the Boolean-semi-
Tattice generated by © is homoaeneous. Theorem 6 can be formulated
as follows: every finite distributive lattice is the distributive
homomorphic image of a homogeneous Boolean-semilattice. The

following question is open:

Problem. Is every distributive semilattice with zero the

distributive homomorphic image of a homogeneous Boolean-semilattice?

§3.‘0n the Length of Lattices with Given Congruence Lattices.

J. Berman has proved £11 that for every finite chain =
there exists a lattice k of length five such that con(k) = ¢ .

In £91 I have generalized Berman's construction:

Theorem 8. Let 1 be a finite distributive Tattice with
jrreducible unit element. Then there exists a finite lattice x

such that con(m) =1 and » has Tength 5 .
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Problem. Does there exist to every finite distributive lattice
L with n dual atoms a natural number ¢(¢n) such that z = con(k)

for some finite lattice x of length o¢(n)? (Conjecture g(n)=5n.)

§.4. Some Related Questions

It is an open problem to show that each algebraic lattice
is isomorphic to the congruence lattice of some algebra having
only finite many operations. A big step toward the solution of
this problem was taken in W.A. Lampe (preprint) where it was
shown that any algebraic lattice whose unit element is compact
is isomorphic to the congruence lattice os some grupoid. A part

of this problem is the following open question:

Problem. Is every distributive a]gebrafc lattice isomorphic
to the congruénce lattice of some algebra of finite tpye?

Let F is a relatively pseudocomplemented lattice. Denote
B the Boolean-algebra generated by F . If xeB than x is
the smallest element of F with the property x < x . f(x)=x
is a unary operation. Denote «x' thé complement of xeB. The
algebra 4 =< B;v',f > is of typ (2,1,1) and it is easy to see

that con(4) = I(F).

An other related problem is the following:
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Problem. Does there exfst a variety ¥ such that the
congruence lattice are exactly the distributive alaebraic
lattices? :

Let W be an arbitrary variety. The lattice-variety gene-
rated by all lattices con(xk) ke W 1is called congruence variety.
About congruence varieties we refer to Bjarni Jonson important
1éctures r43 hold on Vancouver Congress. The variety of all

distributive Tlattices is trivially a congruence variety.

Problem. Does there exist for every congrUence variety %
a variety © such that every algebraic lattice zre & is the

congruence lattice of some algebra 2e3d ?
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