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ON FINITELY GENERATED SIMPLE MODULAR LATTICES

by
E. T. SCHMIDT (Budapest)

0. Introduction

R. WiLLE asked the following question: does every finitely generated
modular lattice contain a prime quotient ? The answer is negative, as shown by
the following

THEOREM. There exists a finitely generated simple modular lattice of in-
finite length.

The proof is based on the method of [1].

1. Preliminaries

Let @ be the chain of all rational numbers % ,0<k<<2,n=0,1,2,....

Leyma [1]. Let N be a bounded distributive lattice. Then there exists a
bounded modular lattice M with the following properties:

(i) M has three elements wu,, u,, s such that 0, u,, u,, us, 1 form a sublattice
isomorphic to S, (the five element modular but not distributive latlice) and
(u;] is isomorphic to N;

(ii) for every congruence relation ©; of (w;] (i = 1, 2, 3) there exists exactly
one congruence relation O of M such that for b, ¢, € (u;] b = ¢(0) iff b = ¢(0).

We apply this lemma for the lattice @ — N and M will always denote
this lattice getting from @. '

The following lattice construction is due to HALL and DIiLworTH [2]
(see also [1]). Let us take two bounded lattices L, and L,. Suppose that I, has
a principal dual ideal I,, L, has a principal ideal I, and I, ex I, by ¢ : @ — z’.
We get a lattice L as follows: L is the set of all €Ly, ycL,, we identify «
with 2’ for all z¢I, ; x < y have unchanged meaning if z, y€L,, or z, ycL,
andx <y, 2,y § I, =1,iff x ¢ L, y ¢ L, and there exists a z ¢ I,, such that
x<zin L, and z <y in L,. We denote L as follows:

L =1, + LI, = I,).
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It is easy to see that for modular lattices L,, L, the lattice L is modular,
too ([1] Lemma 2).

2. The construction

In the lattice M the dual ideal [u;) is isomorphic to (u;] and both are
isomorphic to . Let us take M in five disjoint replicas M,, M,, M;, M, and
M. We denote the elements u,, u,, %5, 0,1 in M; by ui, ué, uf;, Oi, 1°. The
[u1) € M, is isomorphic to (u3] & M,, by the natural isomorphism. For a
natural isomorphism we use always the symbol ¢,.

We can define the following lattices

Ag=M;+ M:;(%[@é) = (uﬁ);
4, =M, + Mz(?)n{ui) = (ug]),
Ay = M, + Ay(glud) = (ull)

where

for 0* - 2 < uil,

for 02 < a < i,
K = 4, + Ayga[1h) = (0°]).

The poset of all Oi, ui, u3, ué, 1'¢K (t=1,2, 8,4,5) is represented by
Fig. 1.

In the lattice M, u;/0 and 1/u; are projective quotients, hence 13/u3 and
u3/0? are projective in K. We shall denote the corresponding algebraic function
which maps 13/u} onto %j/0? by f,(x). Then

fol@) = {{LI((((x Aud) v ud) Aud) Vv ud) AullV ug] Augh Vus} A ul.

Similarly, 13/« and u1/0! are projective, and there corresponds to the algebraic
function g,(x). fiyYx) and g~ *(x) are inverse functions.

u,/0% is a sublattice of 13/u,, therefore the restrictions of fo, f&%, 9o, Jo !
define four unary partial operations f,, f571, 7o, 95 on 13/4%. On the other hand,
we have a natural isomorphism between 13/u} and @. By this isomorphism
we get the partial operations f,f~%, g, g1 on @ corresponding f,, fi'%, 9o 0™ -
By the definition of 4, we have:

f(x)-——x—gl, x€Q; fHa)=2xr—1, —;gxél;

. 1
g(x):g,weé.!; i) =2 0w

]
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Fig. 1

We have to prove that K is a finitely generated simple lattice. First we prove
that P = {uj, wb,uj |4 =1,2,...,5} is a generating set. We can see that
Jorfol 90, 95 are defined by the elements of P, hence it is enough to prove
that in the partial algebra

Q=< V. AN L[N 91>

the subset @, = {0, 1} is a generating set. Let (), be denote the subalgebra
generated by ¢,, and let ¢, be the following subset of @:

0O 1 2 k 2n
Q. =1—, = = ..., =, ... 2.
2n gn on 2n 2n

The union U @ is obviously @. We prove by induction for n, that every

n=0
Qn S Qo; Qo S, by the definition of §,. Now let @ <, and let 2% € Qnis
n u U
where 0 << u << 2"L If w < 2" theny € Qn a,ndzn+1 =g %) , hence gt €

— 9on

211

€ Qni1- In other case 2" < u < 2"*! we take ol

€ @, and apply the

__on
operation f getting 23 T =f (u 2,,2

] € Qnir-
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By condition (ii) of the Lemma every congruence relation of K is the
smallest extension of a congruence relation of the quotient 13/u;. Therefore if
@ is a simple partial algebra, K is a simple lattice. Let u, v, v < v be two
elements of ¢ and let & be a congruence relation such that » = »(@). Then
there exist two integers £ and n with the property

E k41
u,<=27< o v
From u =v(0) we getg;—zﬁ%—l-(@). If k;;l g—;-thenwe can

apply g~ hence

Eo (k) (k1) k41
on-1 g 1(55}:9 1{ on )_ on-1 (@)
In the other case-zl—ggkz; from——g%—zlc—:—nl(@) we get using f1
k—an-t (k) _ . (k+1y k41 -2t
=l = = e

By induction we have that from % = »(@) it follows 0 = 1(0), i.e., @
is a simple partial algebra.

This completes the proof of the theorem.

CoroLLARY. There exist a finitely geneméed modular lattice which does not
contain a prime quotient.

Proor. Let K be a finitely generated simple modular lattice of infinite
length. If afb is a prime quotient of K and c¢/d is an arbitrary quotient ¢ =
== d(O(a, b)), hence there exists a finite chain d =z, <2 <... <2 =¢
such that z;/z;_; is weak projective into a/b (i =1, 2,...,n) and therefore
zifzi_y has a finite length. This implies that ¢/d has a finite length. This is a
contradiction to the assumption that K is of infinite length.
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By condition (ii) of the Lemma every congruence relation of K is the
smallest extension of a congruence relation of the quotient 13/u;. Therefore if
@ is a simple partial algebra, K is a simple lattice. Let u, v, u < be two
elements of ¢ and let & be a congruence relation such that » = »(@). Then
there exist two integers £ and n with the property

E k41

< — .
R STy S
From u =v(0) we getgg—zkg;l(@). If k;;lg-%-thenwe can

apply g% hence

k
=g—1(ﬁ)ag-l{’”+1} _Et1lg

on—1 gn gn gn-1
In the other case -;—ggkg ; from—g;::z k;; 1 (@) we get using f~1
k—on-t (k) _ . k+1 k412t
Err=antis ;} =/ 1{ pe J = @)

By induction we have that from u = v(@) it follows 0 = 1(0), i.e., ¢
is a simple partial algebra.

This completes the proof of the theorem.

CoroLLARY. There exist a finitely generated modular lattice which does not
contain a prime quotient.

Proor. Let K be a finitely generated simple modular lattice of infinite
length. If a/b is a prime quotient of K and c¢/d is an arbitrary quotient ¢ =
== d(O(a, b)), hence there exists a finite chain d =z, <2 <...<#m=¢
such that z;/z;_; is weak projective into a/b (i = 1,2,...,n) and therefore
zifzi_y has a finite length. This implies that ¢/d has a finite length. This is a
contradiction to the assumption that K is of infinite length.
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