Finite distributive lattices are congruence lattices of almost-
geometric lattices

GABOR CzEDLI AND E. TAMAS SCHMIDT

ABSTRACT. A semimodular lattice L of finite length will be called an almost-geometric
lattice, if the order J(L) of its nonzero join-irreducible elements is a cardinal sum of at
most two-element chains. We prove that each finite distributive lattice is isomorphic to the
lattice of congruences of a finite almost-geometric lattice.

1. Introduction

We say that an order P = (P,<) is a cardinal sum of at most two-element
chains, if for every a € P, both of |a = {x € P:x < a} and Ta = {z € P:z > a}
are at most two-element. By an almost-geometric lattice we mean an (upper)
semimodular lattice L of finite length such that J(L), the set of non-zero join-
irreducible elements of L, is a cardinal sum of at most two-element chains. Notice
that in an almost-geometric lattice, each join-irreducible element is of height at
most two. The converse is not true: if we obtain L by adding a new 0 to the
four-element Boolean lattice, then every a € J(L) is of height at most two but L is
not an almost-geometric lattice.

Geometric lattices of finite length are almost-geometric and simple. Hence we
cannot drop “almost” from our main result, the following representation theorem.

Theorem 1. Every finite distributive lattice D is isomorphic to the congruence
lattice of a finite almost-geometric lattice G.

Notation. We use the notation of Grétzer [4]. The Glossary of Notation of [4] is
available as a pdf file at

http://mirror.ctan.org/info/examples/Math_into_LaTeX-4/notation.pdf
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2. Proofs and auxiliary statements

Firstly, we recall some notions and three lemmas. The idea of the proof will be
outlined right after the “proof” of Lemma 4.

In this section, all lattices are assumed to be finite. Let L be a lattice. The set
of atoms of L will be denoted by A(L). For z,y € L with « || y, the four-element
sublattice H = {x Ay, z,y,xVy} is called a square of L. We call H a lower covering
square, if t Ay < x and x Ay < y. Upper covering squares are defined dually. By a
covering square we mean a square that is both lower covering and upper covering. It
is well-known that a finite lattice L is semimodular iff it has the following property:

every lower covering square of L is upper covering. (1)

Following [10] and [11], by a chopped lattice we mean a partial algebra C' =
(C, A, V) such that A is a (meet-)semilattice operation and V is a partial operation
such that a Vv b is defined iff {a,b} has a least upper bound, and a V b equals this
least upper bound, provided that it exists. By an ideal of C' we mean an order-
ideal closed with respect to existing joins. The ideals of C' form a lattice denoted by
Id C. Via the canonical identification of x € C' with |x € Id C, we usually assume
that C C Id C; this way the (partial) operations of C' are the restrictions of the
operations of Id C.

Given a finite chopped lattice C, let MaxC' = {t1,...,tx} denote the set of
its maximal elements. Notice that k = |MaxC| = 1 iff C is a lattice. A k-tuple
Z=(x1,...,2k) € lt1x---X [ty is called a compatible vector, if, forall 1 < i < j < k,

T Ntj = x5 Nt (2)

Notice that in the important particular case when ¢; A t; = a is an atom, (2) is
equivalent to the following, more manageable condition

either ¢ < x; and a <z, or a £ z; and a £ z;. (3)

If t;At; = 0, then (2) holds automatically. Let Cmpv C denote the set of compatible
vectors. For Z, 4 € Cmpv C, let ¥ < ¢ mean that z; < y; for i = 1,..., k. Then
Cmpv C = (Cmpv C, <) is a finite order.

Lemma 2 (Lemma 4.4 and its surrounding in Grétzer [4]).

e CmpvC is a lattice, and it is isomorphic with Id C'.
o The meet in Cmpv C is defined componentwise.
o |t;, which is a lattice, is embedded in CmpvC in the following canonical
way:
lti = CmpvC, z+— T :=(x Aty,...,x Atg). (4)

Based on this lemma, we will always replace Id with the more comfortable
Cmpv in what follows. The congruences of a chopped lattice C' are, by defini-
tion, congruences O of (C,, A) such that if both x; V a2 and y; V yo are defined
and (21,91), (x2,y2) € O, then (z1 V 22,31 V y2) € O.
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Lemma 3 ([10], see also Thm. 4.6 in Grétzer [4]). Let C be a finite chopped

lattice. Then CmpvC is a congruence-preserving extension of C. Consequently,
Con(Cmpv C) = ConC.

Let @ be a finite lattice with two distinguished atoms p and ¢. Then Q =
(Q, A, V,p,q), a lattice with two constants, will be called a basic gadget, if
e () has exactly three congruences, wg < pg < @,
e con(0, p), the smallest congruence collapsing 0 and p, is tg = Q?, and
o con(0,q) = po.
For example, Ty = (Tp, A, V, p, ¢), the right-hand lattice in Figure 1, is a basic
gadget. (The only nontrivial congruence is indicated by dotted ovals.)

FIGURE 1. M3 and Ty
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FIGURE 2. M)

Next, we consider the meet-semilattice

My ={0,a1,...,a,}, (5)
given in Figure 2. Let Gy, = {(b1,¢1),. .., (bm,cm)} be an m-element irreflexive
and antisymmetric relation on {a1,...,a,}. That is, b;, ¢; € {a1,...,a,} such that

b # ¢ fori=1,...,m, and i # j implies {b;, ¢;} # {bj,¢;}. Fori=1,...,m, let
S; be a finite lattice with distinct atoms p;, g;. For each i € {1,...,m}, we glue S;
to M} by the identifications 0 my = 0s;, bj = pi and ¢; = ¢;, but collapsing nothing
else. This way we obtain a chopped lattice

m
Cp = (MGUUSi;bl=p1,01=(J1,---,bm=pm,cm=qm)- (6)

i=1
Since this construction plays the main role in [10], we call this chopped lattice a
1960-merging of the lattices S;. Similarly, the lattice

m
[MG Ul Siibi=pr.ci=a1,. ., bm = pm, cm = Qm} = CmpvCr,  (7)

i=1
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is called a 1960-amalgam of the lattices .S;.

Let D be a finite distributive lattice, and choose the meet-semilattice M) =
{0,a1,...,an} in (5) such that J(D) = {a1,...,a,}. Notice that J(D) is an
antichain in M) = (M}, <up), and it is a suborder of (D,<p). The covering
relation of J(D) will be denoted by <;p). Let G = {(bl, 1)y -y (bm, cm)} be
{(Jc, y): x,y € J(D) and y <(p) x}, that is, an enumeration of the relation > j(p).
Fix a basic gadget Q = (Q,A,V,p,q). For i =1,...,m, let S; = Q, p;, = p and
¢; = q. Then the 1960-amalgam of these S; makes sense; let

Con *(D, Q) (®)
denote this 1960-amalgam, see (7). The crucial idea is taken from [10]:

Lemma 4 ([10]). If D is a finite distributive lattice and @ is a basic gadget, then
Con(Con_l(D, Q)) is isomorphic with D.

Instead of the proof of Lemma 4. For convenience, we outline the main ideas of [10]
and [11]; the reader may skip this part. We refer to an excellent secondary source,
Grétzer [4], also.

By Lemma 3 and Con_l(D,Q) = Cmpv(C,,, it suffices to prove that D =
Con C,,, that is, J(D) = J(ConC,,), as orders. Let ©® € ConC,,. It is deter-
mined by its covering pairs, that is, by {(z,y):z < y and (z,y) € ©}. Since each
covering pair of Cy, belongs to some S;, which is (isomorphic to) a basic gadget,
we easily obtain that © is the join of some congruences of the form con(0, p;) and
con(0, ¢;). Since 0 < p;, we obtain that con(0, p;) is a join-irreducible element of
Con Cy,, and so is con(0, ¢;). Since p;, ¢; € {a1,...,an}, we conclude that

J(Con C,,) = {con(0,a1),...,con(0,a,)}.
It is shown in [10] that
a; <p a; < con(0,a;) < con(0, a;), (9)

whence J(Con C,,) = J(D), which implies the lemma.

Some easy details of (9) are as follows. Let a; <(p) a;, and denote con(0, a;) by
© € ConCy,. Let (bg,ck) = (aj,a;) € G Then (0,a;) = (0,b;) = (0,p) € Olg,-
Since con(0, p) = tg, we obtain that ©]g, = ts,. Hence (0,a;) = (0,¢x) = (0,¢) €
©]g,. This shows that con(0, a;) < con(0, a;). The reverse direction is much more
complex: using Lemma 4.5 of Grétzer [4], the reader can easily check that con(0, a;)
is the congruence © € ConC), determined by the property that (0,a;) € © iff
ar <p a;. O

Idea of the proof (of Theorem 1). Armed with Lemma 4, it is sufficient to find an
appropriate basic gadget @ such that Con_l(D, Q) is an almost-geometric lattice.
Since the 1960-amalgam (7) is a rather complicated construction, we will reach
it in m easier amalgamating steps. The natural assumption that ¢ should be
almost-geometric will not be sufficient in itself. Therefore, we will construct a
“perfect gadget”, to be defined later. Perfect gadgets will have reasonable properties
preserved by the amalgamating steps.
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In order to define the simplest amalgamation we need, let L; and Lo be finite
lattices, and let p; € A(L;) for i = 1,2. By the identification p; = ps and 0; = 0a,
we obtain a chopped lattice denoted by

(L1 U La; p1 = p2).

This chopped lattice is called an atomic merging of the lattices Ly and L. An
example (with slightly different notation) is given in Figure 3. Let

[L1 U La; p1 = p2] := Cmpv(L; U La; p1 = p2); (10)

we call this lattice an atomic amalgam of the lattices Ly and Lo. If z € L;, then &
denotes the image of x under the canonical L; — [L; U L2; p1 = p2] embedding, see
(4). Analogous notation will apply for other amalgams. Sometimes we identify x
and Z; this allows us to say that the atomic merging is a generating subset of the
atomic amalgam.

Lemma 5. FEvery atomic amalgam of two finite semimodular lattices is semimod-
ular.

Proof. Let C'= (L1 U La;p1 = p2) and L = [Ly U La; p1 = p2]. By (3), L consists
of vectors & = (x1,x2) € L1 X Ly such that

either 1 > p; and z2 > po, or xy1 2 p1 and x2 2% po . (11)

Let p'= (p1,p2). It belongs to L. For Z € L, & # p is equivalent to the conjunction
of x1 # p1 and x2 % po; however, this is not necessarily true for & € Ly X Lo.

Let V; and Vg denote the join taken in the direct product L; X Lo and the join
taken in L, respectively. Similarly, the covering relation in L; X Lo and that in L
will be denoted by <4 and <, respectively. (Analogous notation will be used in
similar environment later.) Clearly, for #, 5 € L,

U <, § iff eitherw <3 8, or pL @ and §=u Vg p =14 Vg p. (12)
Consider an arbitrary lower covering square
H={Z=yNZ ¢, Z, =9y VL Z} (13)

in L; we have to show that it is upper covering. We will use the well-known trivial
fact that Ly x Lo is semimodular, see [1] for a bit stronger result. Let

W=y Vg 2. (14)
Notice that
¥ is the smallest element of L such that @ < 4. (15)

If y > pand 2> p, then & > p'and H is a lower covering square of L1 X Ly. Hence
it is upper covering in Ly X Lo, whence it is upper covering in L. So, we will assume
that, say
Z # p, whence T % p.
Case 1: § # p. Then (12) yields that & <; ¥ and & <4 Z. Hence, up to y-z an
1-2 symmetry, ¥ = (y1, 2) where z1 < yp in Ly.
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If z; = 1, then Z = (21, 22) with 22 < 23 in La. Therefore, @ = ¢ Vg Z = (y1, 22).
This belongs to L, since y; 7 p1 and zo 7 p2. Hence ¥ = W and H is a covering
square in L1 X Lo, so it is a covering square in L, indeed.

Otherwise, if z1 # x1, then Z = (z1,22) with 21 < 21 # 11 in [y. If & =
(y1V z1,x2) € L, then ¥ = w and the previous argument yields that H is a covering
square in L. Assume that @ ¢ L, that is, p1 < 31 V 21 and p2 £ z2. By (15),
we see that ¥ = (y1 V 21,22 V pa). Since y1 < 1 V p1 < 11 V 21 = v1 and, by the
semimodularity of L, we have that y; < vy, we conclude that y; V p; = v1. Hence
U = ¢ Vg p and (12) implies § < ¢. By ¢-Z symmetry, we conclude that Z' <, ¥,
whence H is a covering square in L.

Case 2: § > p. We obtain from (12) that ¥ = & Vi, § = & Vg p. Then
W =Y Vy Z > pyields that @ = ¢, whence ¥ =y Vg Z2=p Vg & Vg 2= p Vy Z implies
Z <p, ¥ by (12). Further, since & <4 Z by (12), the semimodularity of L1 X Lo
implies that ¢ <3 W = ¥, whence y <p v. This shows that H is an upper covering
square in L. Il

Let L be a semimodular lattice of finite length, and let p, g € A(L). We say that
(p,x,q) € L3 is perspective triplet, if pAx = gAx =0and pVa = qVax. (This
terminology is explained by Lemma IV.3.7 in Grétzer [3].) We say that p and ¢
are non-perspective atoms, in notation p ¢ q, if p # ¢ and, for all z € L, the triplet
(p, x, q) is not perspective. Clearly,

p # q implies that |(pV q) ={0,p,¢,pV q}; (16)
this is a particular case (namely, the case = 0) of the second part of the following
easy lemma.

Lemma 6. Let p and q be distinct atoms of a finite semimodular lattice L, and let
x € L. Then
o IfpLua, gL xand ¢ <pVx, then (p,x,q) is a perspective triplet.
e IfpAq pLaVgand gL xVp, then the interval [z,xV pV q] equals
{z, 2V p,xVq,xVpVq}, which consists of four distinct elements.

Proof. Since z < xV p by semimodularity and z < xV ¢ < xV p, the first statement
is evident.

To prove the second statement, let y =z V p V ¢, and notice that x <z Vp < y.
Assume, by way of contradiction, that z <t < y but t ¢ {z Vp,zV ¢}. Then, by
the well known Jordan-Hoélder chain condition, z < t < y. Notice that p < ¢ is
impossible, since otherwise zVp <t <y and z Vp < y would contradict x V p # t.
Hence t Ap=0,and t <tV p <y yields tVp =y. The same argument works for ¢
instead of p, so we get that (p,t, q) is a perspective triplet, contradicting p # ¢q. O

A basic gadget Q = (Q, A, V, p, q) is called a perfect gadget, if

P, (17)
(Q, A, V) is a finite almost-geometric lattice, and (18)
J(Q)N1Tp={p} and J(Q)NTq = {q}- (19)

In order to construct a perfect gadget, we need the following two lemmas.
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Lemma 7. Let L = [L1 U La;p1 = p2] = Cmpv(L; U Lo;p1 = p2) be an atomic
amalgam of two finite semimodular lattices L1 and L.

o Ifx e A(L1) and y € A(Lz), then &,y € A(L).

e If a,b are non-perspective atoms in L;, then a b.

o Ifaec A(Ly), b€ A(La), and either a « py or b pa, then a binL.

Proof. The first part of the lemma is evident. Hence, in the rest of the proof, we
know that a,b € A(L). By way of contradiction, we assume that T' = (a, Z, b) e L3
is a perspective triplet. Let ¥ =a Vp © = bV #. Lemma 5 yields that © <, ¥.

To prove the second part, we can assume that ¢ = 1. The perspectivity of T
gives that a £ z1 and b £ x7.

Firstly, assume that p; € {a,b}. Say, b = p1, so b= (p1,p2) = p and a = (a,0).
Then a < y¥ = 2 Vi b =7 VL P = T Vg p yields that a < x7 V p1, whence
(a,71,p1) € L} is a perspective triplet by Lemma 6, a contradiction.

Secondly, we consider the case p; ¢ {a,b}. Then @ = (a,0) and b = (b,0). Since
Z <r, §, we can distinguish two cases according to (12).

Case 1: £ <4 y. Then ¥ <aVyZ<aVyZ=ygivesthat (aV xy,22) = a Vy
Z = ¢. Similarly, (b V x1,z2) = ¢. Hence (a,x1,b) is a perspective triplet in Ly, a
contradiction.

Case 2: p L £ and © Vg p=9y. Then a Vy £ < a Vi & = ¥ yields that
a <y = x1V p1, whence (a,z1,p1) € L} is a perspective triplet by Lemma 6. In
particular, this implies a V1 = p1 V1. We obtain bV x1 = p; V a1 similarly. Hence
(a, x1,b) is a perspective triplet in Ly, contradicting a # b. This proves the second
part of the lemma. .

In case of the third part, @ = (a,0) and b = (0,b). Since § > a V4 T and
7> bV 7, we see that 21 # y1 and 29 # yo. Hence # <y 7 fails, whence we obtain
from (12) that p £ £ and § = Z V; p= & Vi, p. Consequently, a < y; = 21 V p; and
b < y2 = 2Vp2 , and Lemma 6 shows that both (a, z1,p1) € L? and (b, z2, p2) € L3
are perspective triplets, a contradiction. Il

Lemma 8. Let L = [L1 U La;p1 = po] = Cmpv(L; U Lo;p1 = p2) be an atomic
amalgam of two finite semimodular lattices Ly and Lg. Then J(L) = {a:a €
J(L1) U J(La)}.

Roughly speaking, the lemma asserts that J(L) = J(L1)U J(Lz) modulo canon-
ical embedding. This is what one would expect by the alternative definition of L as
the ideal lattice of the chopped lattice (L1 U Lo; p1 = p2). Since the paper is based
on the Cmpv(L; U Ly; p1 = p2) approach, it seems to be reasonable to give a formal
proof. (Another reason is that the proof of Lemma 12 will refer to this proof.)

Proof of Lemma 8. Let a € J(Ly). If p1 £ a, then a = (a,0) € J(L) is evident.
Assume that p; < a, that is, a = (a,p2). Let b = (b1,b2) and € = (c1,¢2) be
elements of L such that b < @ and & < a. We want to show that bV, ¢ < a.

If we had b; = a, then by > ps would give 52 a, a contradiction. Hence b, < a.
Similarly, ¢; < a. We know from a € J(L;) that b1 V ¢; < a. Since 5, c < a, we

have bg, co < ps.
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If p1 £ b1 V ¢y, then p1 £ by, c1 and E,Ee L yield that by = co = 0. Hence
Evd ¢=(b1Ve1,0) € LgivesbVy &= (b1 Vep,0) < a, indeed.

If pp < by Ve, then @ = (a,p2), and @ > (b1 V c1,p2) € L together with
b, < (b1 V ¢1, p2) yields that a > b\, & Thus, @€ J(L). The case of a € J(L3) is
analogous. So, we have seen that J(L) D {a:a € J(L1) U J(L2)}.

To show the reverse inclusion, let & = (21,22) € J(L). Then 1 = a; V-V ay,
and xo = by V-V by for some aq,...,ar € J(L1) and by,...,by € J(L2); here
k,£ > 0. Since a; < x1, we have a; < 1 < Z. Similarly, Ej < /. Hence

fgdlvd---\/ddkvdglvd---\/dgg
<@ Voo Vpag Vo b VooV by <@

So, the above inequalities are equalities, and the reverse inclusion follows. Il

FIGURE 3. Q¢ = (M3 UTo; ¢} = p})

Let Mj3 be the left-hand lattice in Figure 1. (Notice that M}, the modular lattice
of length two with &k atoms would also do for each k£ > 3.) Define the chopped lattice
Qo = (M3 UTy; ¢ =p)), see Figure 3, and let

Q* = [M3 U Toy; ¢) = p}] = Cmpv Q.

We have canonical embeddings of M5 and Tp into Q*, see (4). In the spirit of these
embeddings, we will write p and ¢ instead of p = (p,0) and ¢ = (0, ¢). Notice that
Q™ consists of 22 elements and, without the previous lemmas, it would be tedious
to check its properties in the straightforward way.

Lemma 9. Q* = (Q*, A, V,p,q) is a perfect gadget.

Proof. Using the fact that To = (Tp, p}, ) is a basic gadget, is easy to see that the
chopped lattice Qg has only one non-trivial congruence, the congruence denoted by
dotted ovals. Using Lemma 3, we conclude that (Q*, A, V,p,q) is a basic gadget.
Based on (1), it is evident that Ty is semimodular. By Lemma 5, Q* is a semi-
modular lattice. By Lemma 8, J(Q*), as an order, is (isomorphic to) J(Qo), the
black-filled elements in Figure 3. Hence @Q* is an almost-geometric lattice, that is,
(18) holds for @*. The black-filled elements give (19). Since p} % ¢ in Ty, Lemma 7
yields p # ¢, that is, (17). Hence (Q*, A, V,p, q) is a perfect gadget. O
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For i = 1,2, let L; be a finite semimodular lattice, and let p; % ¢; be atoms of
L;. By the identifications 0; = Oz, p1 = p2, g1 = ¢2 and p1 V ¢1 = p2 V g2, see (16),
we obtain a chopped lattice

(L1 U La;p1 = pa2, 1 = q2),
which is called a biatomic merging of the lattices Ly and L,. Then the lattice
[L1 U L2;p1 = p2,q1 = qo] := Cmpv(Ly U La;p1 = p2, 1 = q2) (20)

is called a biatomic amalgam of Ly and Ly. Let us emphasize that this terminology
supposes that L, and Lo are finite semimodular lattices and p; ¢ q; for i =1, 2.

As usual,  denotes the image of 2 € L; under the canonical L; — [L1 U Lg;p; =
P2, @1 = ¢2] embedding. For example, if a € A(L1)\ {p1}, then a = (a,0). However,
Pp1 = P = (p1,p2) = P2. Sometimes we identify 2 and Z. In the next lemma,
the covering relation in L, Ly X Lo, L, and L, is denoted by <, <4, <, and =g,
respectively. Analogous notation applies for the join operation.

Lemma 10. Let L = [L1 U Lo;p1 = p2,q1 = q2], Lp = [L1 U La;p1 = po] and

L, = [L1 U Ly; 1 = qq]; note that L = L, N L,. Let €,f€ L. Then € <, fzﬁ
exactly one of the following three possibilities holds:

&=af; (21)
E=<p f, €7 and f=¢Vap=2¢\Vyp; (22)
=g fr €Fqand f=EVaq=¢€Vy 7. (23)

Further,
if pLéand PL f, or §<&and < f, then &=p f iff €=, [, (24)
if §Z£€and T f, or §< & and G< f, then &=y, [ iff €=, f. (25)

According to Lemma 10, each covering pair € <, f in L has a unique type.
Namely, if (21), (22) or (23) holds, then we will say that € <, fis of type d, type
p or type g, respectively. Notice that, by (12) applied to L,, (22) is equivalent to
the conjunction of €% p and f =€Vyp=¢€Vy p. Similarly, € <, f can be omitted
from (23).

Proof of Lemma 10. The second part, stating (24) and (25), is evident.

If (22), then € <, f follows from L C L, and (12). Similarly, each of (21) and
(23) implies € <, f evidently.

The conjunction of (22) and (23) contradicts to p1 ¢ g1 (and also to pa # g2).
Hence it is easy to see that no two of the conditions (21), (22) and (23) can hold
simultaneously.

Next, we assume that € <, f We also assume that (21) fails. We want to show
that (22) or (23) holds. If 5 < &or § £ f, then (24), combined with (12) for L,
yields (23). Similarly, if § < € or ¢ £ f, then (25), combined with (12) for L,,
yields (22). Therefore, we can assume that

pte qgfe, p<f and ¢<f.
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We can also assume that € 4, f, since otherwise (12) for L,, would imply (22). Since
€ <p € Vg pby (12) for L, we see that €V 7 # f Hencee< eVvyp < f We obtain
from € <, fthat € Vg Pis not in L. However, it is clearly in L,, so € Vg p ¢ Lyg.
Hence there are ¢ and j such that {i,j} = {1,2}, e; Vp; > ¢; and e; V p; # ¢;.
Therefore, (p;,e;,q;) is a perspective triple by Lemma 6, a contradiction. Il

Lemma 11. Every biatomic amalgam is a semimodular lattice.

Proof. Motivated by (1), we consider a lower covering square H in L. We use the
notations given in (13) and (14). In particular, @ :=§ Vy z. If p < Z or p' £ ¥, then
H is a covering square in L, by (24) and Lemma 5, whence H is a covering square
in L as well. Since the same argument works for ¢ instead of p, we can assume that
pELT, ¢LT, p<v, and §< 0.
There are nine cases according to the types of ¥ < i and & < Z2. However, we
have to deal only with the following four cases, since the rest are obviously settled
by p-q and y-z symmetries.

Case 1: & <4 ¥ and T <4 Z. Assume the 21 # y;. (The other case, x5 # yo is
quite the same.). Then z; < y; and § = (y1, x2). Since § € L, we have p1,q1 € v1.

Subcase 1.1: zo # x9. Then Z= (x1,22) € L and x2 < 22 . Since Z € L, we see
that po, g2 € 2. Hence & = (y1, 22) € L, so ¥ = . Since ¥, Z <4 W, we obtain that
Y, Z <p, U. Hence H is a covering square in L, as desired.

Subcase 1.2: z3 = x2. Then x1 < 21 # y1, Z = (21,22), W = (y1 V 21, 2),
y1 < wy and 21 < wy.

Sub-subcase 1.2.1: p;1 £ w1 and ¢ £ wy. Then W € L, so v =, and ¥, 2 <q W
implies that H is an upper covering square in L.

Sub-subcase 1.2.2: p1 < wy and ¢ < wi. Then y; < wy and y1 < y1 Vp1 < wq
gives y1 V p1 = wi. Since the same holds for g;, we obtain that (p1,y1,¢1) is a
perspective triplet, which contradicts p; ¢ ¢1. Hence this sub-subcase is excluded.

Sub-subcase 1.2.3: p1 < wy and g1 £ wy. Then we obtain wy =y, Vp1 = 21 V1
from y1,21 < wy. Let @ := w0 Vg p= (w1, z2 V p2).

Firstly, assume that @ € L. Then, since @ = W Vz p < ¥, we have that v = 4.
Hence ¢ < U gives that g2 < v9 = ug = x2Vp2, and Lemma 6 implies that (p2, z2, g2)
is a perspective triplet, a contradiction.

Secondly, assume that @ ¢ L. Then @ ¢ L,. Since ¢1 £ wi = w1, we see that
g2 < ug = w2 V pa. Hence (pa, 2, q2) is a perspective triplet by Lemma 6 again, a
contradiction. Thus, Sub-subcase 1.2.3 is excluded

Sub-subcase 1.2.4: p1 £ w1 and ¢1 < wi. By p-¢ symmetry, the argument for
Sub-subcase 1.2.3 excludes this sub-subcase as well.

Case 2: ¥ <4 4§ and & <, Z. Let, say, y1 # x1. Then x1 < y1 and § = (y1, z2).
Since Z = (x1 V p1, T2V p2), we get that @ = (y1 V p1, 22V p2). The covering & <y, Z
is not of type ¢ by Lemma 10, so g2 £ z2 = wo. From y, = x5 and ¢ € L we obtain
that p1 £ y1 and ¢1 £ y1. If we had ¢1 < wy = y1 V p1, then (p1,y1,¢1) would be a
perspective triplet by Lemma 6. Hence ¢; £ w1, and we see that w € L, so v = 0.
The semimodularity of Ly X Lo and & <4 ¢ yields that Z <4 @ = ¢. Part (22) of
Lemma 10 implies ¢ <, Vg p= @ = v. Hence H is a covering square in L.
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Case 3: ¥ <, ¥ and & <, Z. This would imply p < Z, so this case has been
excluded.

Case4d: T <, fandZ <, 2. Theny=ZVgp, 2= Vg, and =g Vg Z=4Vaq
and, similarly, @ = 2"V p. Since W € L, we conclude that ¥ = @w. The covering
T < Zis not of type p and g £ &, so we get that p'£ Z. Similarly, ¢ £ y. Hence
(22) and (23) yield that Z <, @ = @ and § <, @ = @, respectively. This means
that H is an upper covering square in L. O

The “biatomic” counterpart of Lemma 8 will need condition (26). Note that
P1 = p2 = (p1,p2) and §1 = G2 = (g1, ¢2) will be denoted by p' and ¢, respectively.

Lemma 12. Let L = [L1 U La; p1 = p2,q1 = q2] = Cmpv (L1 U Lg;p1 = p2, 1 = ¢2)
be a biatomic amalgam. Assume that
J(L;) N Tp; = {p:} and J(L;) N 1q; = {q:} fori=1,2. (26)
Then
o J(L)={a:a e J(L1)UJ(L2)}.
e If, in addition, L1 and Lo are almost-geometric, then L is almost geometric
and

J(L) N 15 = {p} and J(L) N 17 = {d}. (27)
Proof. It a = py, then @ = (p1,p2) € J(L) is trivial. In fact, a € A(L). Similarly,
g1 € J(L). Let a € J(L1) \ {p1,q1}. Then
a=(a,0) (28)
by (26), whence a € J(L) again. Similarly, a € J(L) for every a € J(Lz2). Hence
J(L) 2 {a:ae J(L1)UJ(L2)}.
Before dealing with the reverse inclusion, we show that
if 7= ($1,$2) S L, then 71 < Z and 9 < Z. (29)
Indeed, combining the definition of a biatomic amalgam with (4), we obtain that
the canonical embedding of L; into L sends = to

(xla 0) if pp ﬁ z1 and ¢ g T
- ($1,p2) if p1 <xy and g1 £ 1
(351, q2) if p1 £ 1 and g1 < 1

(x1,p2V q2) ifpr <zyand ¢1 <21

This implies (29). Armed with (29), the reverse inclusion follows exactly the same
way as in the proof of Lemma 8.

Finally, the second part of the lemma is an evident consequence of the first part
and (28). O

Lemma 13. Let L = [L1 U La; p1 = p2,q1 = q2] = Cmpv (L1 U Lg;p1 = p2, ¢1 = ¢2)
be a biatomic amalgam. For i = 1,2, let B; C A(L;) be a set of pairwise non-
perspective atoms such that {p;, q;} C B;.

e Ifa,be B; and a # b, thenji%éin[/.~

o I[fae By,be By anda #0b, thena b in L.
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Proof. Assume, by way of contradiction, that (a, ,5) € L2 is a perspective triplet.
Let §=aVy, & =b\Vy, Z Since a,b € A(L) and L is semimodular by Lemma 11,
Z <, §. Since p; = p2 = (p1,p2) = Pand §1 = Go = ¢, there are only four essentially
different cases.

Case a = p; and b = ¢;. Then, in L, we have @ = p1 = (p1,p2) = P and
b= (q1,92) = ¢. Since p £ T and p < ¢, the covering & <, ¢ is of type p, see
Lemma 10. Similarly, it is of type ¢, contradicting the uniqueness of types.

Case a = p; and b € Ly \ {p1,q1}. Then b = (b,0) € L. Since type p is the
only possibility for # <y, ¢, we have § = (1 V p1,22 V p2). Hence b < z1 V py, and
Lemma 6 yields that (b, 21,p1) is a perspective triplet. This contradicts b «¢ p;.

Case a,b € Ly \ {p1,q1}. Then @ = (a,0) and b= (b,0). If the covering = <, y
is of type d, then (a,z1,b) € L} is a perspective triplet, a contradiction. Hence we
can assume that this covering is of type p, that is, ¥ = (21 V p1,22 V p2). Then
b <y =1V p1, and Lemma 6 leads to the perspectivity of the triplet (b, x1,p1),
a contradiction again.

Case a € L1 and b € Ly. Then a = (a, 0) and b = (0,b). Since @ Vy & =
(a V1, x2) and bV = (21,bV x2) are incomparable elements of Ly x Ly between

Z and y, the covermg Z < ¥ cannot be of type d. Hence, say, ¥ <, ¥, whence
(a x1,p1) € L} is a perspective triplet by Lemma 6. This contradicts a # p;. O

Lemma 14. Assume that S; is a finite semimodular lattice and p;,q; € A(S;)
such that p; & q;, for all meaningful i. With these assumptions, let C,, denote the
chopped lattice defined in (6).

e With the notations prior to (6), there are a,b € {a1,...,an} such that
Cmpv Cry1 = [Sig1 UCMPY Cr; prat1 = @, @1 = b
e The 1960-amalgam given in (7) is a semimodular lattice.

Proof. Let L,, = Cmpv C,, denote the lattice given in (7); all the notations between
(5) and (7) will be in effect. For a; € M{, the canonical embedding of M into
L,, allows us to say a; € L,,; however, we often use a; € L,, to denote the same
element. Let n, the number of atoms of M{), be fixed.

We prove the theorem by induction on m. The induction hypothesis is that

H(m): L,, is a semimodular lattice, and a1, ..., a, are pairwise non-perspec-
tive atoms in L,,

Although this induction hypothesis seems to work only for the second part of the
lemma, we point out that (30) will settle the first part as well.

The initial step of the induction, m = 0, is evident, since Ly is the Boolean
lattice with A(Lo) = {a1,...,am}.

Let us assume that H(m) holds. Firstly, we fix some notations. Let C' = C,,
and L' = L,, = Cmpv C’. By the induction hypothesis, L’ is a semimodular lattice
and aq, ..., a, are pairwise non-perspective atoms of L’. Let Gy, 41 = G U{(a,d)}.
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Of course, a,b € {a1,...,an}). Let
U={ueMaxC':a<u}, V={veMaxC':b<wv}, and
W ={weMaxC":a £ w, b £ w}.

Then MaxC’ = U UV U W, see Figure 4. (Figure 4 tries to depict the general
case, some of its parts may be missing.) Notice that each x € Max C’ is either the
top element of some S; occurring in (6) or = € {ay,...,a,}. Since (a,b) ¢ G,
we see that U, V and W are pairwise disjoint. We denote the greatest element of
S := Sm+1 by ¢, and p,41 and g1 by p and ¢. Remember that p and g are non-
perspective atoms of S. Let C' = C,41, see Figure 5, and L = L,,4+1 = CmpvC.
Notice that C' = C’ U S with the identifications Ocr = Og, a = p and b = q. We
have to show H(m + 1).

Let @ = (u1,us...), ¥ = (v1,,v2,...) and @ = (w1, wa, ...) be fixed enumerations
of U, V and W, respectively. (Notice that some of these vectors can be empty.)
Then L' = Cmpv C’ consists of compatible vectors (Z, 7, Z) where x; < u;, y; < v;
and z; < wyg for all meaningful 4, j, k, see Figure 4. Consider the biatomic amalgam

K=[SUL:p=a,q=0b=Cmpv(SUL;p=a,q="b).

It suffices to show that
there exists a lattice isomorphism ¢: K — L

30
such that ¢ acts identically on MJ. (30)

Indeed, in virtue of Lemmas 11 and 13, H(m) and (30) imply H(m + 1). Apart
from a-b-symmetry, there are three cases.

w1 U1 ug
o O

La4 505 W3 = ag

0 i

FIGURE 4. The chopped lattice C' = C,,, in Case 1

Case 1: a¢U andb ¢ V. We know that K consists of compatible vectors
a= (ta;);) = (ta (fa :(7) 2))) where ¢t € S and ’7 = (fa :(7) E) € LI; (31)

see Figure 4 for an illustration. (Note that, say, |wi N |u; = {0,a1}; the darker
“common area” indicates disjointness.) On the other hand, MaxC' = {g} UUUV U
W, see Figure 5. Hence L = Cmpv C consists of compatible vectors

—

B =(t,7,79 %) (32)
where t < g, x; < u;, y; < v; and 2z < wy; see Figure 5. Keeping (31) and (32) in
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F1GURE 5. The chopped lattice C = )41 in Case 1

mind, we define
p: K — L, 62!—>E and Y: L — K, EH&.

We have to show that ¢ maps into L and 1 maps into K, that is, both ¢ and ¥
send compatible vectors to compatible vectors. If this is shown, then ¢ and v are
clearly lattice isomorphisms, since they are reciprocal order-preserving bijections.

Assume that @ is compatible, that is, @ € Cmpv C. Since ¥ € L', all components
of  but t are evidently “compatible” in the sense of (2), see also (3). (Indeed, for
example, consider z; and zy. If u; A wyg = 0, then x; and z; are always compatible.
Otherwise, u; A wy is an atom ay of C’ that belongs to M}. Since § € L', either
ag < ;2K or ag £ x4, 2k, and z; and zp are compatible components of 5 in both
cases.)

We have to show that ¢ is compatible with the rest of components of 5 Since
g Awg =0, it is clear that ¢t and z; are compatible.

Consider t and x;, and remember that gAu; = a. Firstly,ifa < tin C, then p <t
in S. Since @ is compatible, @ < 7 in L. Here a = (a,...,a,0,0) by (4). Hence
a < x;, as desired. Secondly, if a £ ¢t in C, then p £ t in S. The compatibility of &
yields that @ £ 4 in L'. Hence a £ z, for some ¢. But 4 € L’ implies that x; and
x¢ are compatible, whence a £ x;, as desired. So, t and x; are compatible.

Since a and b play symmetric roles, ¢ and y; are compatible as well, and we
conclude that 5 is compatible.

Conversely, assume that 5 is compatible. Then ¥ = (Z, ¢/, Z) is clearly compatible,
so it belongs to L’. By symmetry, it suffices to check the compatibility of @ “with
respect to p = a”. Firstly, suppose that p <¢in.S. Then a <t in C, whence g € L
implies that a < z; for all meaningful i. So @ = (a,...,a,0,0) < 7, as desired.
Secondly, suppose that p £ ¢t in S. Then a £ ¢ in C, whence § € L implies that
a £ x; for all meaningful i. So @ = (a,...,a, 0,0) £ 7. This shows that @ € K,
indeed.

Case2: a€U andb¢ V. Then U = {a}, and K consists of compatible vectors

a=(t,7) = (t,(z,9,2)), wherete S and ¥= (z,9,2) € L, (33)
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w1
Q
2104
a
~
a1 ag :E\ 0 __R37

FIGURE 6. The chopped lattice C' = C,, in Case 2

see Figure 6. Here x € {0,a}. Since MaxC = {g} UV U W, we know that
L = Cmpv C consists of compatible vectors

—

8= (t,:(j,g), (34)

see Figure 7. Let us define
p: K — L, a3
Vv:L— K, B @&, wherez =aAt (in C).

FI1GURE 7. The chopped lattice C = C, 41 in Case 2

Assume that @ is compatible; we have to show that so is 5 . The compatibility of
the (¢, Z) part of 3 is clear. So is the compatibility of ¢ and z. Observe that b < ¢
in Ciff g <tin Siff b=(0,b,...,b,0) <7 iff b <y, for all j. However, b < y; for
all j iff b < y; for some j, since ¥ € L’. This shows that 5 is compatible.

Conversely, assume that 5 is compatible. Clearly, no matter if t = a At is 0 or
a, the vector v is compatible. Since

p<t(inS) <= a<t(inC) < a=aAt (inC)
< a=z(inC) < a<z (inC) (35)

= a=(a,0,0) < (2,9,2) =7 (in L),
we conclude that ¢ and 7 are compatible with respect to p = a. Further, ¢ < ¢ in
Sifftb<tin Ciff b <y, forall jiff b= (0,b,...,b,0) < ¥, which shows that ¢
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and 7 are compatible with respect to ¢ = b as well. Hence & is compatible, that is,
a € K, indeed.

Finally, to derive that ¢ is injective (equivalently, ¢ is the inverse of ¢), we have
to show that if @ in (33) is compatible, then z is determined by ¢. But this is

evident, since x € {0,a}, and p <t in S iff (a, 0,0)=a<7= (x,9, 2).
Case 3: a € U and b € V. Then U = {a}, V = {b}, and K consists of
compatible vectors
a=(t,7) = (t,(z,y,2)), wherete S and y= (z,y,2) € L. (36)
Here z € {0,a} and y € {0,b}. Since Max C = {g}UW, we know that L = Cmpv C
consists of compatible vectors
=72 (37)
Let us define
p: K— L, aw— B
V: L — K, G — a, where z = a At and y =bAt (in C);
Let @ € K. Since t and z; are always compatible, 8 € L is evident. Moreover, like
in Case 2, ¢ in (36) determines x and y.

Conversely, let B € L. Then 4 € L’. An argument analogous to (35) together
with a-b symmetry gives that ¢ and 4 are compatible, whence @ € K. O

Lemma 15. Assume that (S;, \,V, p;, q;) s a perfect gadget for eachi € {1,...,m}.
Then the 1960-amalgam L., of these S;, see (7), is an almost-geometric lattice.
Moreover, Ta; N J(Ly,) = {a;} fori=1,...,n.

Proof. The case m = 0, the finite Boolean algebra case, is evident. Suppose the
statement holds for L,, = Cmpv C},. Combining the first part of Lemma 14 with

Lemma 12, we obtain the statement for L, ;1. O
Proof of Theorem 1. Let G := Con *(D,Q*), see (8) and Lemma 9. Then G is a
finite almost-geometric lattice by Lemma 15, and D = Con G by Lemma 4. (I

3. Historical remarks

A classical theorem of R.P. Dilworth [2] states that each finite distributive lattice
is isomorphic to Con L for an appropriate finite lattice. Since 1962, when the first
proof of the above theorem was published by G. Grétzer and the second author
[10], very many stronger results have been proved. Gréatzer [4] gives an excellent
survey up to 2005, so we mention only a few milestones, focusing only on those
results that yield an appropriate L with some nice additional properties.

The proof in [10] produces a sectionally complemented L. Atomic amalgams (of
finitely many lattices) play an important role in [10]. According to a nontrivial re-
sult of G. Grétzer, H. Lakser and M. Roddy [6], “non-atomic” amalgams need not
preserve sectional complementedness. In our case, even less amalgams are appro-
priate, because [Ty U Tp; py = p}] is clearly not an almost-geometric lattice. Unfor-
tunately, the present result cannot be combined with [10], since a finite sectionally
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complemented almost-geometric lattice is necessarily geometric and, therefore, sim-
ple.

Let n = |J(D)]. Another nice property of L is that |L|, the size of L, is small
compared with n. The present paper and [10] produce L with exponential size. The
best construction yields a planar L of size O(n?), see [7]. G. Gritzer, H. Lakser and
N. Zaguia [9] proved that we cannot do essentially better if planarity is dropped.

If we require semimodularity, then L of size O(n?) can be constructed, see [8].
Unless some additional property like that in Gritzer and Knapp [5] is added, we
do not know if O(n?) is optimal for the semimodular case.

Infinite distributive lattices are much less pleasant. Solving a very old problem,
F. Wehrung [13] has recently constructed an infinite distributive lattice D such
that D = Con L holds for no lattice L. A smaller but still infinite D is given by P.
Ruzicka[12)].
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