
Midterm Exam 2 - May 11, 2022, Limit thms. of probab.

Family name Given name

Signature Neptun Code

No calculators or electronic devices are allowed. One formula sheet with 15 formulas is allowed.

1. Let ϕ(t) = E(eitX) for some random variable X. Which of the following functions are also characteristic
functions of random variables?

(a) (2 points) ϕ(3t)e−|t|

(b) (2 points) 1−
√
1− ϕ2(t)

(c) (2 points) Re(ϕ(t))+2ϕ(t)
3+t2

(d) (2 points) 1
2

∫∞
−∞ ϕ(t/s)e−|s| ds

Instruction: In case the function is a characteristic function, write down the recipe of the random
variable such that the function is the characteristic function of that random variable. In case it is not a
characteristic function, explain why.

2. (7 points) Let X1, X2, . . . denote i.i.d. random variables with p.d.f. f(x) = 3
2 · x

−41[ |x| ≥ 1 ], x ∈ R.

Let Sn = 1 ·X1 + 2 ·X2 + . . . n ·Xn. Find a, b, α, β such that

Sn − anα

bnβ
⇒ N (0, 1) (1)

Instruction: In case you use a theorem learnt in class, check the conditions of the theorem.

Hint: In your calculation you may use without proof that for any γ > −1 we have

1γ + 2γ + · · ·+ nγ ≈ nγ+1

γ + 1

(in the sense that the ratio of the two sides goes to 1 as n→∞)
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