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rath
Öntapadó jegyzet
X_k has finite second moment

rath
Öntapadó jegyzet
this formulation is a bit different from the one on page 46. With this formulation we do not have to assume that sigma is positive

rath
Öntapadó jegyzet
Y_k is the centered version of X_k

rath
Öntapadó jegyzet
by the theorem on page 90

rath
Öntapadó jegyzet
second order Taylor expansion 

rath
Öntapadó jegyzet
an error term which is small order of t^2 (i.e., if we divide the error term by t^2 and let t go to zero, the ratio goes to zero)

rath
Öntapadó jegyzet
since the char.function of the sum of independent random variables is equal to the product of the char. functions of the summands

rath
Öntapadó jegyzet
by D above, but we switched perspective: 
--in D it was t that went to zero
--now n goes to infinity and t is fixed, so t/n goes to zero

rath
Öntapadó jegyzet
i^2=-1

rath
Öntapadó jegyzet
if n*a_n goes to a then
(1+a_n)^n goes to e^a


rath
Öntapadó jegyzet
we related the first/second derivative of phi to the first/second moment of Y_k on page 90
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rath
Öntapadó jegyzet
by the equivalence of C and D on page 91

rath
Öntapadó jegyzet
read this exercise sheet now:
exercise_sheet_lecture_15.pdf
(link is right next to the link to this file)

rath
Öntapadó jegyzet
this identity is an example of the "Weierstrass factorization theorem", see wikipedia. 

rath
Öntapadó jegyzet
ab ovo the integral is defined when z is a positive real number, but then it can be extended analytically to all complex numbers z (except for negative integer values of z)

rath
Öntapadó jegyzet
end of proof of CLT
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rath
Öntapadó jegyzet
so E(Y_k)=1/k

rath
Öntapadó jegyzet
so the max of i.i.d. exponential r.v.'s has the same distribution as the sum of independent (but not identically distributed) exponential r.v.'s

rath
Öntapadó jegyzet
you have n clocks, so you will hear n rings
X_k is the time when the clock indexed by k rings

rath
Öntapadó jegyzet
the minimum of independent exponential r.v.'s is exponential, and the rate of the minimum is equal to the sum of the rates

rath
Öntapadó jegyzet
the remaining n-1 clocks start afresh

rath
Öntapadó jegyzet
ring number n-1 is the penultimate ring
the n'th ring is the last ring

rath
Öntapadó jegyzet
and so on ...

rath
Öntapadó jegyzet
just like Y_1, which also has EXP(1) distribution
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rath
Öntapadó jegyzet
end of the proof of the lemma from page 96

rath
Öntapadó jegyzet
Y_n is the time until the first ring
Y_{n-1} is the gap between the first and second ring
Y_{n-2} is the gap between the second and third ring
...etc...
Y_1 is the gap between ring n-1 and ring n

rath
Öntapadó jegyzet
since M_n and T_n have the same distribution, their characteristic functions agree

rath
Öntapadó jegyzet
by identity C on page 89

rath
Öntapadó jegyzet
by identity A on page 89

rath
Öntapadó jegyzet
we have already found the characteristic function of an EXP(1) random variable 
and Y_1 ~ EXP(1)

rath
Öntapadó jegyzet
putting together the above formulas

rath
Öntapadó jegyzet
see page 43

rath
Öntapadó jegyzet
by the law of the unconsious statistician and the def of mom.gen.fn.

rath
Öntapadó jegyzet
p.d.f. of Gumbel is f(x)=F'(x)

rath
Öntapadó jegyzet
we calculate this integral using substitution
we substitute y=e^{-x}

rath
Öntapadó jegyzet
if x goes from minus infinity to infinity then y goes from infinity down to zero

rath
Öntapadó jegyzet
see the def of Gamma function
(equation D on page 95)

rath
Öntapadó jegyzet
this is the mom.gen.fn. of Gumbel

rath
Öntapadó jegyzet
Y_k ~ EXP(k)
Y_1 ~ EXP(1)

rath
Öntapadó jegyzet
F is the c.d.f. of Gumbel

rath
Öntapadó jegyzet
by the chain rule

rath
Öntapadó jegyzet
if you reverse the order of integration then the sign of the integral changes

rath
Öntapadó jegyzet
the Gamma function is analytic,
thus if we plug i*t in place of lambda,
 we obtain the char.fn. of Gumbel, 
see identity I on page 85

rath
Öntapadó jegyzet
typo: there is a minus sign missing:
dy = - e^{-x} dx

rath
Kiemelés
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rath
Öntapadó jegyzet
i.e., the infinite sum defining Z indeed converges:
 we just need to check the conditions of 
"Kolmogorov's two-series theorem"
 see wikipedia

rath
Öntapadó jegyzet
the variance of the sum of independent summands is the sum of their variances

rath
Öntapadó jegyzet
thus, by Kolmogorov's two-series theorem, the infinite sum defining Z converges almost surely

rath
Öntapadó jegyzet
by identity C on page 89
(which also works for infinite sums)

rath
Öntapadó jegyzet
by identity A on page 89 and
equations E and F from page 97 and
the def of Z_n above

rath
Öntapadó jegyzet
since M_n ~ T_n = Y_1 + ... Y_n
by the lemma on page 96

rath
Öntapadó jegyzet
by the def of Z_n above

rath
Öntapadó jegyzet
almost sure convergence implies weak convergence 

rath
Öntapadó jegyzet
c.f. equation H from page 97

rath
Öntapadó jegyzet
the variance of an EXP(n) r.v. is 1/n^2

rath
Öntapadó jegyzet
since Z_n has zero expectation, its variance is equal to its second moment.
Var(Z_n)=Var(Y_n)

rath
Öntapadó jegyzet
since E(Z_n)=0 and linearity of expectation

rath
Öntapadó jegyzet
see bottom of page 97

rath
Öntapadó jegyzet
by identity A on page 89 and identities I and J above

rath
Öntapadó jegyzet
end of the proof of Weierstrass identity
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rath
Öntapadó jegyzet
For the rest of the lecture, we will discuss random walks again.
Our aim is to prepare the ground for Homework 7.2

rath
Öntapadó jegyzet
The following concepts are all very similar:
--Generating function
--Moment generating function
--Characteristic function
--Laplace transform

rath
Öntapadó jegyzet
the absolute value of the expectation is less than or equal to the expectation of the absolute value

rath
Öntapadó jegyzet
since 0 <= |z|^X <=1
(since X is non-negative)

rath
Öntapadó jegyzet
just plug e^{i*t} in place of z to obtain the characteristic function form the generating function

rath
Öntapadó jegyzet
recall: the characteristic function of the integer-valued random variable X is 2pi-periodic, see bottom of page 87

rath
Öntapadó jegyzet
visualize: as the value of t travels across the real line, 
the value of e^{i*t} moves around the perimeter of the unit circle of the complex plane 

rath
Öntapadó jegyzet
recall from page 59-60

rath
Öntapadó jegyzet
T_1 is the first time n when the random walk started from the origin visits site 1

rath
Öntapadó jegyzet
by the law of the unconscious statistician

rath
Öntapadó jegyzet
"generating function" in Hungarian:
"generátorfüggvény"

rath
Öntapadó jegyzet
Taylor
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rath
Öntapadó jegyzet
by the total law of expectation:
(in Hun: teljes várható érték tétele): 
we consider two cases: 
the walked either moves up or down in the first step

rath
Öntapadó jegyzet
if the walker made its first step upwards (i.e., if X_1=1), then it reached level 1 already in the first step, so T_1=1

rath
Öntapadó jegyzet
we have to add one to T_2 because we have already wasted one time unit to arrive at a situation which is two times worse than the original (since now we are at distance 2 from our goal)

rath
Öntapadó jegyzet
this is the k=2 case of the claim on page 62

rath
Öntapadó jegyzet
linearity of expectation

rath
Öntapadó jegyzet
T_2 has the same law as the sum of two independent copies of T_1.
The generating function of the sum of independent r.v.'s is equal to the product of their generating functions

rath
Öntapadó jegyzet
putting together identities A, B, C above

rath
Öntapadó jegyzet
the proof of C is complete
since E(z^{T_1})=G(z)

rath
Öntapadó jegyzet
the equation in the box can be viewed as a quadratic equation for the unknown G(z), where z is a parameter of the equation

rath
Öntapadó jegyzet
"quadratic formula" in Hungarian: 
"másodfokú egyenlet megoldóképlete"

rath
Öntapadó jegyzet
we have to choose between the "plus" solution and the "minus" solution. If we chose the "plus" solution, we would obtain that G(0) is infinite, but we know that in fact G(0)=P(T_1=0)=0
(by equation B on page 99)


rath
Öntapadó jegyzet
end of proof of claim from page 99.
you will use this in HW7.2 to find the char.fn. of the Levy distribution




