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1. Introduction. A basic result of probability theory says that the standardized sum
of independent identically distributed random variables with finite variance converges
to a Gaussian distribution. When the convergence is inderstood in law this is the
simplest form of the central limit theorem [9]. Under some additional assumption,
however the density functions converge in L'-norm as well [18]. In the last twenty
years several analogues of the central limit theorem have been obtained in connection
with the algebra of the canonical commutation relation. In this context the quasifree
states showed up in place of the Gaussian distribution.

In the present paper first of all we reformulate the central limit theorem of Cushen
and Hudson [7] in order to create a setting for the study of norm convergence. For
a state ¢ of the algebra of the canonical commutation relation we define a weighted
convolution

(pFotp+... 4—@)% (n summands) (1)
which is a state of the algebra again. Due to the above mentioned central limit
theorem the sequence (1) converges to a quasifree state pointwise. Compared with
probability theory ¢ corresponds to the common distribution of the the independent
random variables, while (1) corresponds to the distribution of the standardized sum.
(This explains also the use of the terminology of weighted convolution.) We apply a
relative entropy method and prove the norm convergence of the sequence (1) under
the condition of finite entropy. In probability theory the same method was used
by Barron [4]. However, we could not follow the lines of his agument in all respect,
because the Fisher information and the related inequalities are not worked out in this
setting. On the other hand, we do not restrict ourselves to finite degree of freedom.

During the central limit the entropy increases and among the states with the
same two-point function the quasifree one has the maximal entropy. This is referred
to as the maximum entropy principle in mathematical physics [23] and was also the
subject of the paper [22] (in one degree of freedom). In this paper we show that the
relative entropy with respect to the limiting quasi-free state goes to 0 provided it
has a finite initial value.

2. The CCR-algebra and convolution of states. Let H be a real linear space. A
bilinear from o of H is called symplectic form if o(f,g) = —o(g, f) for f,g € H.
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By a symplectic space we mean a pair (H, o) consisting of a linear space H and
a symplectic form o. To each symplectic space (H,o) a C*-algebra CCR(H, o) is
associated which is strongly related to the Weyl form of the canonical commutation
relation:

W ()W (g) =W(f+g)exp(—Lo(f,9)) (2)

The C*-algebra CCR(H, o) is determined up to isomorphism by the following two
conditions.

(i) CCR(H, o) is generated by unitary operators W(f) (f € H) satisfying the
canonical commutation relation (2).

(ii) If a C*-algebra A contains unitaries W’'(f) (f € H) satisfying the relation (2)
then there exists a homomorphism a : CCR(H,0) — A so that a(W(f)) =

W'(f) (f € H).

Let us mention that in the extreme case when o = 0, the algebra CCR(H, o)
is isomorphic to the C*-algebra of all continuous functions on the compact space
H where H is the compact dual group of the discrete abelian group H. General
references on the CCR-algebra are [6, 8, 13, 15, 16].

Since the linear combinations of the Weyl unitaries {W(f) : f € H} is dense
in CCR(H, o), any state ¢ is determined by the function f — G(f) = o(W(f))
(f € H) which is called the characteristic function of the state ¢. It can be proven
that f — G(f) is the characteristic function of a state of CCR(H, o) if and only if
G(0) =1 and the kernel

(f,9) = G(f—g)exp (5a(f,9)) (3)

is positive, that is, for any f1, fa,..., fn € H and c¢q,co,...,c, € C we have

Z cj exG(f; — fr) exp (50 (fj, fr)) > 0.

j k=1

Now we define two operations for states of CCR algebras. For the states ¢; €
Y(CCR(H,o1)) and s € X(CCR(H,o02)) a state p1+ps on CCR(H, o1 + 03) is
determined by the formula

(<P1-T-902)(W12(f)) = p1(W1(f))p2(Wa(f))- (4)

The characteristic function of @14, is the product of the characteristic functions
of ¢; and ¢,. Since the pointwise product of positive kernels is positive again [5],
(4) really defines a state.

The other operation associates a state ¢ - A of the algebra CCR(H, |\|?0) to
¢ € X(CCR(H, o)) and A € R. We set

(P')‘(W|)\|2a(f)) = QO(WG()\f)) . (5)
It is checked readily that
(pF) - A= Aty A (6)

If p; € ¥(CCR(H, o)) and >, [Xi|* =1 then
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1 - A+@2 - Aot ... 4o - A € X(CCR(H, o)) (7)

and
(o1 A1Fp2 - Aot .. Fon - An)(W(h)) = H‘Pi(W()\ih)) : (8)

The state (7) might be called the convolution of @1, @, ..., @, with the weights
)\la )\23 R
An- We shall prove the convergence of the sequence

N a A A 1
(pF+p+p+...+p)— (n summands)

N
which is a kind of central limit. (The normalization ), A? = 1 in the definition was
prefered to convex combination in order to emphesise the strong relationship with
central limit.)

The symplectic form o is called nondegenerate if o(f,g) = 0 for every f €
H implies ¢ = 0. If (H,0) is a nondegenerate symplectic space then CCR(H, o)
is determined uniquely by condition (i) in its definiton. This result is the Slawny
theorem [21].

Let H be a complex Hilbert space. Then o(f,g9) = Im(f,g) is a nondegener-
ate symplectic form and we write CCR(H) for the corresponding C*-algebra of
the canonical commutation relation. Now we describe the Fock representation of
CCR(H).

We consider the full Fock space

FH) =CROHIHOHIHOHIHS ...
and define for each f € H two bounded operators c¢(f) and c¢*(f).

c(f)2=0
C(f)(gl®®gn): <fagl>g2®---®gn
(= f

( 9)
()1 ®..09)=fR71®...0gn

The correspondence f — c*(f) is (complex) linear and c*(f) is the adjoint of ¢(f).
The relation

c(g)c*(f)=(9, N (9,f€H) (10)

holds. The number operator N is a positive selfadjoint operator so that XV, ®...®
H (™) is an eigensubspace corresponding to the eigenvalue n. Let P, be the projection
of F(H) onto the symmetric (Bose) Fock space F(H) and set

a(f) = Prc(f)N'Py

o+ (f) = PLNY2 ()P ()

For the (Bose) annihilation and creation operators. They satisfy the canonical com-
mutation relations:



[a®(f),a*(g)] = [a(f),a(g)] =0
la(f),a™(9)] = (f,9)1

for every f,g € H (on the dense subspace of finite particle vectors). By means of the
field operators

(12)

1

B(f) = NG (a(f)+a™(f))  (feH) (13)
one defines the Weyl unitaries

W(f) =exp(iB(f)) (f€H). (14)
Since

W(f)W(g) = W(f+g)exp (—3Im(f,g)) (f,9€H) (15)

the Weyl unitaries acting on the Bose Fock space F,(#) give an irreducible
representation of the abstract C*-algebra CCR(#,0) when the symplectic form
o(f,9) = Im(f,g). Although CCR(H,0) admits different irreducible representa-
tions (for an infinite dimensional Hilbert space H), the Fock representation is the
most important one.

Let ¢ be a state of CCR(H, o) and consider the corresponding GNS-representation
7, on the Hilbert space H,. If t — (W (tf)) is continuous for every f € H then the
state ¢ is called regular and ¢ — 7, (W (tf)) is a strongly continuous unitary group.
Due to Stone theorem it possesses a characteristic B, (f) which is a selfadjoint op-
erator on #H,. In most cases we restrict ourselves to states of CCR(#, o) such that
t— @(W(tf)) is at least twice differentiable. One can prove easily that in this case
the cyclic vector & € H,, is in the domain of the unbounded operator B, (f) for
every f € H. If, in addition the state ¢ is even, that is, (W (f)) = ¢(W(—f)) for
every f € H, then differentiating the relation

<ei tB«a(f)@, P = <e—itB<p(t)q§, )
we obtain

(Bo(f)@,0) =0 (f € H) (16)

3. Relative entropy and entropy. The relative entropy of two states of an arbitrary
C*-algebra was defined by Araki [2] by means of the relative modular operator in

the GNS-representation. For our purposes Kosaki’s equivalent variational formula
will do [14].

S(w, )
= sl;p Slip {w(I) logn — /Unw(y(t)*y(t)) 4 t_lgo(:v(t)x(t)*)%} (17)

where the first sup is taken over all natural numbers n, the second one is over all
step functions z : (1/n,00) — A with finite range and y(t) = I — z(t).
The following lemma is a consequence of Kosaki’s formula.

4



Lemma 1. Let ¢ and w be arbitrary states of CCR(H). Then

S, ) = sup{S(¥|A, ¢|A) : A= CCR(K),

)C C H is finite dimensional subspace } .

Proof. Let B C CCR(#H) be the *-algebra of finite linear combinations of Weyl
operators. Then B is a norm dense subalgebra of CCR(#). The relative entropy
S (1, ¢) can arbitrarily well approximated by an expression

oo

logm — y Ty (1) y(1) + P p(a(t)z(t)”) dt (18)

due to Kosaki’s formula. One can choose z(t),y(t) € B and in fact, (18) is a finite
sum. If we take the subspace K which is generated by the symbols of the Weyl
unitaries appearing in (18) then S(¢|CCR(K), ¢|CCR(K)) is a good approximation
of S(1, ¢). O

The relative entropy is additive under (projective) tensor product and concerning
its main properties we refer to the surveys [3, 17]. Below we we need the following
fact. If S(w, ¢) is finite and 7 is a type I factor representation on a Hilbert space K
such that ¢ admits a density in B(K), that is,

¢(a) = Tr Dyr(a),
then w has a density D, as well and
S(w, ) = TrD,(log D, —logD,) .
In particular, if w has finite von Neumann entropy S(w) = —Tr D,,(log D,,) then
S(w, ) =—S(Dy) — Tr (D, log D,) .

The relative entropy and the von Neumann entropy are weak™* lower semicon-
tinuous quantities. However, under the “boundedness of the energy” the entropy is
continuous. More precisely, let 0 < H € B(#) be a selfadjoint operator such that
Tre PH < 400 for every B > 0. Then for every ¢ > 0 the entropy is continuous on
the set

{p e Xu(B(H)):  ¢(H) <t}.

This was proved in [25].
Finally, we recall the basic inequality

o —lI> < 2S(p, ) (19)

which will be used to prove norm convergence of states by estimating relative entropy
(see [12]).

4. Strengthened central limit. The following proposition is a central limit theorem
in the context of the algebra of the canonical commutation relation. It was proved
by Cushen and Hudson [7], see also [20]. In the mean time several generalizaton was
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obtained, for exanple [1, 10, 11, 24]. The relation to the central limit theorem of
probability theory is clear from the proof which is not repeated here here.

Proposition 2. Let ¢ be a twice differentiable even state of the algebra CCR(H, o)
over the symplectic space (H, o). Then the weighted convolution

PO A 1
(p+p+.. .+g0)%

converges pointwise to a state ¢g given by

eaW () =exw (3B, (NBI2) (7 < H).

The state g appeared in Proposition 2 is called the quasi-free reduction of the
state ¢. A state ¢ is called quasi-free if ¢ = ¢g. The previous central limit theorem
shows that quasi-free states are analogous of Gaussian distributions. Using entropy
methods we shall see that under some additional hypothesis the limit in the central
limit theorem holds in norm.

From now on we consider the algebra of the canonical commutation relation
over a complex pre-Hilbert space. Then the symplectic form o(f,g) = Im(f,g) is
nondegenerate and CCR(#) is simple. By means of the complex structure of 7 one
can define gauge invariant states and creation-annihilation operators. The state ¢ of
CCR(H) is said to be gauge invariant if

(W) =eW(f)) (FeH, AeC, |Al=1). (20)

The creation and annihilation operators appear in the GNS-Hilbert space of a (reg-
ular) state :

1 .
ap(f) = ?(Rp)(f) +1iBy,(it) on
+ = — —1 i
The state

or(W (1) = (~51717) (7€)

is a gauge invariant infinitely many times differentiable state of CCR(#) and called
Fock state because the corresponding GNS-Hilbert space is naturally isomorphic
to the Bose-Fock space over the Hilbert space . The Fock state is a pure quasi-
free state. We shall mainly deal with twice differentiable gauge invariant states. Let
now ¢ be such a state and @ be the cyclic vector of its GNS-representation. Then
® € D(ay(f)), D(aj(f)) for every f € H and (a,(9)®P, a,(f)P) is defined. Formally
it can be written as ¢(a,(g)a,(f)) which is called the two-point-function of the state

¢. The two-point-function

t(f,9) = elag(g)a,(f)) (22)



is a positive sesquilinear form over the Hilbert space H. To each positive sesquilinear
form ¢ there exists a state w determined by the formula

W (D) = e (~3I7I2 - 30) (e (23)
which is a gauge invariant quasi-free state. From the relations
2w (W
w(Bu(p?) = - P Ly s p) (24)
t=0
and
Bu(f)” = 3 (a4(1)? + au(f) + 203 (D) + |171T)

follows that the two-point-function of w is (f, g) — t(f, g)- It is clear from Proposition
2 and the formula (24) that w is the quasi-free reduction of ¢. So one can describe
the quasi-free reduction as follows. A (twice differentiable gauge invariant) state ¢
of CCR(H) determines a two-point-function (by (22)) and the quasi-free reduction
of ¢ is the quasi-free state given by this two-point-function, see (23).

Above the weighted convolution ¢; - A{+9 - Ay was defined for real coefficients
A1 and Ag. If the test fuction space H has a complex linear structure then Ay, Ay € C
may be allowed. However, for a gauge invariant state @1, we have @1 - A\; = g - [Aq].

The next proposition contains the basic entropy inequality for weighted convolu-
tion. The completeness of the Hilbert space H will not play any role, H could be a
complex inner product space as well.

Proposition 3. Let 1,9y € X(CCR(#H)) be gauge invariant states and set

_ 901-T‘<P1-T----'T‘<P1_T_902'T‘---‘T‘<P2
vn+k vn+k

where n,k € N and ¢; appears n times and (2 k times. Then

n k
>0 .
S(p) > n+k5(<P1)+ n+k5(<ﬂ2)

Proof. We consider A; = Ay = CCR(H1®...®H) with a direct sum of (a+k)-fold.
A; can be identified with the (n + k)-fold tensor product

CCR(H)® CCR(H) ® ...® CCR(H))
under the identification

(The CCR-algebras are known to be nuclear [8], hence the C*-tensor product is
unique.) On the algebra A2 we consider the product state

V=0p1R..01 QP2 ®...R pa

where ¢ appears in h factors and ¢ in k£ ones. According to the additivity of the
entropy we have



S(¥) = nS(p1) + kS(e2).- (25)

If an (n 4+ k) x (n + k) unitary matrix is given then a Bogoliubov isomorphism o
arises between A; and A, as follows.

n+k n+k
« Wl(hl D...D hn—i—k) — W (Z al,ihi@, e, D Z an+k,ihi> .
=1 =1

Let us compute the marginal of ¢ o & on the j-th marginal (1 < j <n+ k).

Yoa(Wi(08...0h0 @...00) =¢p(Wa(a1jh ®ag; ... ® anykjh))

n n+k
= I e1W(ai;h) [ e2(W(aizh)).
i=n+1 i=n+1
Choosing
1 ..
(aij) _ e2z]7r/(n+k:) (1 S Z,] S n+ k) (26)

vn+k

we have a unitary matrix (a;;) and the j-th marginal is nothing else but ¢. Refering
to the subadditivity of the entropy we conclude

SW) =S(Woa) < (n+k)S(p)
which gives the proof with (25). O

It ¢ be the same as in the previous proposition and define ¢ analogously, that is

e N _T_¢2-T-¢2-T- R
vn+k vVn+k

(where the states ¥; and 9 occur n- and k-times, respectively.) Following the proof
of Proposition 3 one can obtain a relative entropy version. Namely,

=

k
S(p, ) < nL_'_k_S(@l,lDl) + n—_|_k_5(902,1f)2)- (27)

The direction of the inequality is the opposite because the relative entropy is super-
additive under tensor product while the entropy is subadditive.

Another remark concerns the gauge invariance. If n = k = 1 then the matrix (26)
is real and the proof works for even states.

Theorem 5. Let ¢ be a gauge invariant twice differentiable state of CCR(#) with
quasi-free reduction 9. If S(¢p,¢) < 400 then

S(on,¥) =0 and ||lp, — | — 0,

where

ettt te

Pn T(@

is n times) .

Proof. We show that S(¢,,%) — 0. Due to Lemma 1 it is sufficient to see that
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S(pn|CCR(K),»|CCR(K)) — 0

for any finite dimensional subspace X C H. We fix K C ‘H and denote by @, ¢, 9
the restriction of ¢,, ¢, 1 to A = CCR(K), respectively. Note that v is the quasi-
free reduction of ¢ and ¢,, is the weighted convolution sequence formed from ¢.
Proposition 2 tells us that ¢, — 1) pointwise.

We view A in the Fock representation on the Hilbert space F (K). The quasi-free
state 9 is normal with respect to the Fock representation, that is it has a normal
extension to B(F4(K)) which has a density D. According to (27) the sequence
n + nS(@n, ) is subadditive, in particular S(@an, V) < S(@n, V) < S(p, 1) < +oo.
(The subadditivity yields that lim,, S(@,, ) exists and we are showing that it must
be 0.) Since S(@n,) is finite, @, also has a normal extension to B(F.(K)) with a
density D,,. We have

S(¢n, ) = Tr Dy (log Dy, — log D) = —S(¢n) — TrDlog D .

We shall prove that —Tr D, log D = S(3) independently of n and S(@,) — S(%).
Having these relations proved, we arrive at S(@n, %) — 0 and S(¢y,%) — 0.
The two-point-function of 1 is given by a positive operator T' € B(K) in the form

Y(a*(9)a(f)) = {f,Tg) (f,9€K)

Assume that the positive eigenvalues of 7" are \;y > Ay > ... > A, > 0 with
corresponding eigenvectors fi, fa, ..., fn- Let
e~ S
Ai=1——5 (=<i<n)
and

H = Zsi a(fi)*a(fi) .

It is known that D = Cexp(—H) where C' = 1/Tr exp(—H) is the normalization.
From this it is clear that w(log D) depends only on the two-point-function of w, in

particular —Tr D,, log D = —Tr Dlog D = S(¢). To show S(¢,) — S(¢) we refer to
the continuity of the entropy at bounded energy. We have Tr exp(—SH) < 400 and

(pn(H) = i(H) < +00

and the above cited result is applicable.
Now S(¢n, %) — 0 has been proved and the inequality

lon — 1> < 25(@n, %)

completes the theorem. O

Since S(¢, pg) = —=S(¢) + S(pg) > 0, among the state, with a given two-point
function the quasi-free state has the largest entropy. This is called sometimes as
maximum entropy principle. The quasi-free reduction is a (nonaffine projection onto
the set of quasi-free states.



Acknowledgement. Imre Csiszar, Robin Hudson, André Verbeure and Wilhelm von
Waldenfels are acknowledged for their helpful suggestions and for useful discussions.

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES

. Accardi, L. Bach, A. (1989): “Central limits of squeezing operators”, in Quantum

Probability and Applications IV, ed. L. Accardi, W. von Waldenfels (Lecture
Notes in Math. No. 1396, Springer-Verlag, Berlin, Heidelberg, New York) pp.
7-19

. Araki, H. (1977): “Relative entropy of states of von Neumann algebras II”, Publ.

RIMS. Kyoto Univ. 13, pp. 173-192

Araki, H. (1987): “Recent progress on entropy and relative entropy”, in VIIIth
Int. Cong. on Math. Phys. (World Sci. Publishing, Singapore) pp. 354-365
Barron, A.R. (1986): “Entropy and the central limit theorem”, Ann. Prob. 14,
pp. 336-342

. Berg, C., Christensen, F.P.R. and Ressel, P. (1984): Harmonic analysis on semi-

groups (Springer-Verlag)

Bratteli, O., Robinson, D.W. (1981): Operator algebras and quantum statistical
mechanics II, (Springer, New York, Berlin, Heidelberg)

Cushen, C.D., Hudson, R. (1971): “A quantum mechanical central limit theo-
rem”, J. Appl. Prob. 8, pp.454-469

Evans, D.E., Lewis, F.T. (1977): “Dilations of irreversible evolutions in algebraic
quantum theory” (Dublin Institute for Advanced Studies)

Feller, W. (1966): An introduction to probability theory and its applications II
(John Wiley, New York, London, Sydney)

Goderis, D., Verbeure, A., Vets, P. (1989): “Non-commutative central limits”,
Probability Theor. Rel. Fields 82, pp. 527-544

Goderis, D., Verbeure, A., Vets, P. (1990): “Quantum central limit and coarse
graining”, in Quantum probability and applications V ed. by L. Accardi and W.
von Waldenfels (Lecture Notes in Math. 1442, Springer), pp. 178-193

Hiai, F., Ohya, M. Tsukada, M. (1983): “Sufficiency and relative entropy in
*_algebras with applications to quantum systems”, Pacific J. Math. 107, pp.
117-140

Holevo, A.S. (1982): Probabilistic and statistical aspects of quantum theory
(North-Holland, Amsterdam)

Kosaki, H. (1986): “Relative entropy for states: a variational expression”, J.
Operator Theory 16, pp. 335-348

Manuceau, J., Sirugue, M., Testard, D., Verbeure, A. (1973): “The smallest C*-
algebra for canonical commutation relations”, Commun. Math. Phys., 32, pp.
231243

Petz, D. (1990): The algebra of the canonical commutation relation (Leuven
University Press, Leuven)

Petz, D. : “Entropy in quantum probability I”, to appear

10



18.

19.

20.

21.

22.

23.

24.

25.

Prohorov, Yu.V. (1952): “On a local limit theorem for densities”, Dokl. Akad.
Nauk. SSSR 83, pp. 797-800

Pule, J.V., Verbeure, A. (1977): “Classical systems of infinitely many noninter-
acting particles”, J. Math. Phys., 18, pp. 862-867

Quaegebeur, J. (1984): “A noncommutative central limit theorem for CCR-
algebras”, J. Functional Anal. 57, pp.1-20

Slawny, F. (1971): “On factor representations and the C*-algebra of canonical
commutation relation”, Commun. Math. Phys. 24, pp. 151-170

Streater, R.F. (1987): “Entropy and the central limit theorem in quantum me-
chanics”, J. Phys. A 20, pp. 4321-4330

Thirring, W. (1983): A Course in Mathematical Physics. 4. Quantum Mechanics
of Large Systems (Springer, New York, Berlin, Heidelberg)

Waldenfels, W. von (1978): “An algebraic central limit theorem in the anti-
commuting case”, Z. Wahrscheinlichkeitstheorie, 42, pp. 135-140

Wehrl, A. (1978): “General properties of entropy”, Rev. Mod. Physics 50, pp.
221-260

11



