10 - Nonlinear systems, exercises

In the following nonlinear systems, find all of the equilibrium points and describe
the behavior of the associated linearized systems at the equilibrium points.

l.x'=x-y 2.x"'=1-xy 3.x'=(L+x-2y)x
y'=x+y-2xy y'=(x-1)y y'=x-1)y
4.x'=x-y 5. x'=-6y+2xy-8
y|=X2_1 y|=y2_X2
Solutions

1.x'=x-y,y'=x+y-2xy

Solution. The system
X'=x-y =fi(x, y)
y'=x+y-2xy=h(xy)

x(t)

can be written as X' (t) = f(X(t)) whereX(t):(y(t) Al y))=( x=y )

)andf(x’y)z(fz(x,y) X+y-2xy

The equilibrium (or stationary or singular) points of the system:
X'=x-y=0 = Xx=y = x;=0,y;=0 or
y'=x+y-2xy=0 2x-2x>=2x(1-X)=0  x=1, y,=1
The equilibrium points are: P1(0, 0) and P,(1, 1).

The Jacobian of the linearized system:

3f1(X:Y) 3'(1()(,)/)

ox oy ( 1 -1 )
f' = =
WA= ok ooy |T\1-2y 1-2x
ox oy

The eigenvalues of the Jacobian at the equilibrium points are the following.

Casel.

At P,(0, 0) the Jacobianis f'(0, 0) = ( i _11 )
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= A;p=1#i(complex eigenvalues with positive real part)

= P;(0, 0) is a spiral source

Or: trace(f'(0,0))=T=1+1=2>0
det(f'(0,0))=D=1-(-1)=2>0
T?-4D=4-4-2=-4<0

= P;(0, 0) is a spiral source

Case 2.

At P,(1, 1) the Jacobianisf'(1, 1) = ( _ll j )

= A= \/E, Ay=- \E (real eigenvalues of the opposite sign)
= P,(1, 1)is asaddle

Or: trace(f'(1,1))=T=1-1=0
det(f'(1,1))=D=-1-1=-2<0
T>2-4D=0-4-(-2)=8>0

= P,(1, 1) is a saddle

The phase portrait of the system:
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Solution.
x'=1-xy =f(xy)
y'=(x-1)y=hHxy)

The equilibrium (or stationary or singular) points of the system:



x'=1l-xy=0 = x=lory=0= x=1,y=1
y'=(x-1)y=0
(if y = 0 then we get a contradiction from the first equation)

The only equilibrium pointis: P(1, 1).

The Jacobian of the linearized system:

dfi(x,y) 0h(xy)

S Y -(_y _X)
= oty oty |y x-1
ox oy

The eigenvalues of the Jacobian at the equilibrium point are the following.

-1-1
At P(1, 1) the Jacobianis ' (1, 1):( 10 )
1 i3
=1 A1’2=—— +
2

(complex eigenvalues with negative real part)

= P(1, 1) is a spiral sink.

Or: trace(f'(1,1))=T=-1+0=-1<0
det(f'(1,1))=D=0-(-1)=1>0
T?2-4D=1-4-1=-3<0

= P(1, 1) is a spiral sink.

The phase portrait of the system:

2.0; \\‘\‘\W y;h\\“

s
y 3
v
i

g
s
.

S F
Py
o
Ll
7
s
v
0
/ /
7
/4
7/

'
///
Z
‘1'/‘/
//
ol
e

Y
////

05

/zfé
WY
i
i
i&
W

p

7
/Z&

y ,/ f
! @
A=
O

o7

0of

|
"
L
L
:
:
:
:
:
:
v

_0_55 Z //;/;( /"///"/47'—"\»\\‘\‘ é

diffeq-10-exercises.nb | 3



4 | diffeq-10-exercises.nb

3.x'=(1+x=-2y)x, y' =(x-1)y

Solution.
x'=(L+x=2y)x=fi(x,y)
y'=(x-1)y=hix,y)

The equilibrium (or stationary or singular) points of the system:
X'=(14x-2y)x=0 =x=1ory=0
y'=(x-1)y=0

fx=1:2-2y=0=> y=1
fy=0:(1+x)x=0 = x=0o0rx=-1

The equilibrium points are: P1(1, 1), P,(0, 0) and P5(-1, 0).
The Jacobian of the linearized system:

X'=(1+x-2y)x=x+x>-2xy=Ff(x, y)
y'=(x-1)y=xy-y =hH(x,y)

6f1(X:Y) 6f1(X:Y)

£ (x, y) = ox dy _(1+2x—2y —2x)
I ahwy oy [Ty x-1
ox oy

The eigenvalues of the Jacobian at the equilibrium points are the following.

Casel.
g 1-2
At Py(1, 1) the Jacobianisf'(1, 1) = ( 1o )
A . _—
= Ap=—t (complex eigenvalues with positive real part)

2
= Py(1, 1) is a spiral source

Case 2.

At P,(0, 0) the Jacobianisf'(0, 0) = ( é 01 )

= A; =1, A, =-1(real eigenvalues of the opposite sign)
= P,(0, 0) is a saddle

Case 3.

At P3(-1, 0) the Jacobianis f' (-1, 0) = ( ‘01 22 )



= A; =-1, A, =-2(real negative eigenvalues)
= P3(-1, 0)is arealsink

The phase portrait of the system:
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4.x"'=x-y,y' =x*-1

Solution.
x'=x-y =f(xy)
y'=x*-1=h(x,Y)

The equilibrium (or stationary or singular) points of the system:
x'=x-y=0 =x=lorx=-1

y'=x*-1=0 x=y
The equilibrium points are: P,(1, 1), and P,(-1, -1).

The Jacobian of the linearized system:

0 fl(X’y) 0 fl(X’y)

e dy _(1 —1)
= ahy) oy |“l2x 0
ox oy

The eigenvalues of the Jacobian at the equilibrium points are the following.

Casel.

At P1(1, 1) the Jacobianisf'(1, 1) = ( ; _Ol )
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= A= (complex eigenvalues with positive real part)

2
= P4(1, 1)is aspiral source

Case 2.

-2 0
= A; =2, A, =-1(real eigenvalues of the opposite sign)
= P,(-1, -1)is a saddle

At P,(-1, -1) the Jacobianis f' (-1, -1) =( 1 -1 )

The phase portrait of the system:

sl

5X'=-6y+2xy-8,y' =y*-x*

Solution.
xX'=-6y+2xy-8=fi(x,y)
y'=yt-x =f(x, ¥)

The equilibrium (or stationary or singular) points of the system:
X'=-6y+2xy-8=0 =x=yorx=-y
yl =y2 _X2 =0

fx=y:2x>-6x-8=0 = x*-3x-4=(x-4)(x+1)=0 = x=-lorx=4

1
Ifx=-y:-2x*+6x-8=0 = x*-3x+4=0 = x;,=— (3ti ﬁ)thiscannotbethecase
2

The equilibrium points are: P;(-1, -1), and P,(4, 4).

The Jacobian of the linearized system:



0 f]_(X,y) 0 f]_(X,y)

£ x,y) = ox oy _( 2y —6+2x)
= ok aby |T\-2x 2y
ox oy

The eigenvalues of the Jacobian at the equilibrium points are the following.

Casel.

At P;(-1, -1) the Jacobianis f' (-1, -1) = ( —2 -8 )

2 -2
= Ajp =-2+4i(complex eigenvalues with negative real part)

= Py(-1, -1)is a spiral sink

Case 2.

At P,(4, 4) the Jacobianisf' (4, 4) = ( 88 2 )
= A;, =8=+4i(complex eigenvalues with positive real part)

= P,(4, 4)is a spiral source

The phase portrait of the system:
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