08 - Linear differential equation systems

Introduction - Some linear algebra

Linear systems

Consider the linear system Ax =b where AeR"*", x, beR".
This system has a unique solution if and only if det A+ 0.
If det A = 0 then either there are infinitely many solutions or there are no solutions.

If b =0 then the linear system is homogeneous: Ax = 0. In this special case a solution always exists,

it is the trivial solution x = 0. Therefore, if b= 0 and det A = 0 then there are always infinitely many
solutions.

Eigenvalue and eigenvector

Definition: LetAcR"*" and veR", v +0. We say that v is an eigenvector of the matrix A
with eigenvalue AifAv=Av.

Example. Let the linear transformation ¢ : R>— R? be the reflection about the straight line y = x.

The matrix of @in the basis i, j is the matrix whose columns are the images of i, j,

respectively: A= (@(i) | ¢())= ( 2 (l) ) Then the image of an arbitrary vector v = ( Z )

isMW=AV=(2;)(Z}{S)

y=-x

It can be seen that the eigenvalues and eigenvectors of this linear transformation are

1
A=1, uz(l) and A, =-1, v=(

1
uandvare u)=1-uand p(v)=-1-v.

). The geometrical meaning of this is that the images of
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Remark 1: Itis obvious that if v is an eigenvector of Aand a #0 then a v is also an eigenvector of A.

Remark 2: Let/, € R™ be the identity matrix. ThenAv=Av &< Av-Al,v=(A-Al,)v=0.
This is a homogeneous linear system for the coordinates of the eigenvector v,
where v # 0. Thus, the equation holds if and only if det(A - A/,) = 0.

= The eigenvalues of the matrix can be determined from the characteristic equation
det(A - Al,) =0 and then the eigenvectors from the definition Av=Av.

Examples

q . . . 13
Exercise. Calculate the eigenvalues and eigenvectors of the matrix A = ( 55 )

Solution. The eigenvalues of A can be determined from the characteristic equation:

wr-saol(} ) A3 oo 52 )

=(1-A)(2-4)-6=A2-3A-4=(A-4)(A+1)=0 = A, =4, A,=-1

The eigenvectors of A can be determined from the definition:

.If/\1=4andu=(ul)thenAu:x\lu = (l 3)(u1)=4(u1) =
U 22 \u, Uy

Ui+3Uuy;=4u; & 3Uy;=3U; & U;1=U,

2u1+2uy=4u, 2u1=2U,
. . . 1). .
— Forexample, u; =u, = 1is a suitable choice, sou= ( 1 ) is an eigenvector of A

corresponding to the eigenvalue A; = 4.

elfA,=-1and v:(Zl)thenAv=A2v = (; 2)(51)=_1.(51) =
2 2 2

Vi+3V=-Vv; & 3, =-2Vv; & 2v;=-3V,

2Vvi+2vy=-v, 2vi=-3v,
= For example, v; = -3, v, =2 is a suitable choice,sov = ( _2 ) is an eigenvector of A

corresponding to the eigenvalue A; = -1.

10
20
Another possible choice is for example: v; =10 = v, =— = v=| 20
3 ——
3

01
Homework: Calculate the eigenvalues and eigenvectors of A= ( 10 ) in the above example.
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First-order linear differential equation systems

Example: x;'(t)=2x1(t)+3x,(t) +1

Xp' (t) = =x1(b) + X5 (t) + €

. (Xll) 23 X1 1
In a matrix form: , =( )( ) + . |or
Xo -11/\x; e
v _ X]_(t) _ 2 3 _(fl(t))_(l)
x'=Ax+£(t) Wherex(t)_(xz(t) ),A_(_1 l)’ f(t)= £0) et
This is a first-order (two-variable) differential equation system where x;(t), x,(t) are the unknown

functions and t is the variable.

Definition. First-order non-homogeneous differential equation system with
constant coefficients:

x1(t) f1(t)
x'=Ax +f(t), where x(t) = X (1) LASR™ f(t) = f(t) £0
Xn (0 falt)

Homogeneous differential equation system:
X'=Ax
Theorem: x(t) = Xu(t) + Xp(t)

The general solution of the nonhomogeneous equation is equal to the sum of the
general solution of the homogeneous equation and the particular solution of the
nonhomogeneous equation.

Remark: In many cases, x,(t) can be determined by the method of undetermined coefficients or

by the method of variation of the constants.

Theorem: The solutions of the homogeneous equation x' =Ax (where AeR"*") generate
a linear space with dimension n.

Theorem: If A is an eigenvalue of A and v is the corresponding eigenvector (that is,
Av = Av where v # 0) then the function x(t) = e*! v is a solution of the
homogeneous equation x' =Ax.

Proof:
ety Aerty,
d|etty Aerty.
x‘(t):d— 2= 2[zaertv=erAv=ertAv=Aettv=AX(t).
t
erty, Aerty,
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Theorem: Consider the homogeneous equation x'=Ax whereAeR"".
If the coefficient matrix A has n different eigenvalues, A, A, ..., A,, and the
corresponding eigenvectors are vy, v,, ..., V,, then the general solution of the
homogeneous equation is

x(t)=cieMtvi+ ety + .+ ety

where ¢y, ¢, ..., C,are arbitrary constants.

Remark: The statement is true over the field of the real and complex numbers.

Solution method for planar linear differential equation systems

x1(t)

Consider the system x' (t) = A x(t), where x(t) = (x 0
2

) and Ae R¥2,

The solution x(t) is given by the formula

x(t)=PeBlc (ceR?isarbitrary).

LetP= ( S ), us= ( . ), V= ( . ) and let the eigenvalues of A be A; and A,.
Uz va uz V2

Case 1) If A; £ A, are real eigenvalues then u and v are eigenvectors corresponding to

. ge (€M 0
A; and Ay, respectively, and e® = .
0 e}\zt

Case 2) If A\; = A, = : Ais areal eigenvalue then u is an eigenvector corresponding to

AandAv=Av+u,and eBtze“((l) i)

Case 3) If A; ; = a = Bi are complex eigenvalues (8 * 0) then u = Re(p) and v = Im(p)

where p is a complex eigenvector corresponding to A; (for example) and

eBt:eat( cosBt sinfBt ]
-sinBt cosBt

Exercises
Solve the following initial value problems.

1Lxy'=2x1+x,  x1(0)=3

X2’=3X1+4X2 X2(0)=1



. .. .. 21
Solution. The coefficient matrixisA = ( 34 )

e The eigenvalues of A:

det(A-AL)=det| ~ _
eta-An=def * " T

== Al = 1, /\2 =5
A has distinct real eigenvalues, this is case 1) above.

e The eigenvectors of A:

If}\lzlandu:(ul)thenAuz/\lu — (2 l)(ul)zl,(ul) —
1)) 34 u,

2U0i+Uy=U; S Uj=-U; = W=l u=-1= u=(

3ui+4uy=uy

IfA2=5andv=(Vl)thensz/\zV PR (2 l)(vl):s,(vl) —
V2 34/\v», Vo

1
2vi+vy,=5v; &= vw=3v; > v;=1,v,=3 = v=(3)

3vi+4v,=5v,

e The general solution of the differential equation system is:

X(ﬁ:(xl(t)):PGB’:C=(Ul Vl) et 0 (Cl)z
X(t) Uy vp 0 et J\c
_(—1 1) et 0 (cl)_(—l 1) et ) (-cet+ce’t
N1 3/{oeSt)\ea) 13/ %) \cret+3c,edt
or:

Xy (t u v
x(t)=( l())=c1eA1tu +c2e"2tv=cl( l)e"lt+c2( 1)eAzt=
XZ(t) u, Vo

-1\ 1\ 5, (-ae+cqet
=c1( )e +c2( )e = T .,
1 3 g et+3ce
The general solution: x(t)=-c; et + ¢, €t

X(t)=cyet +3c, e’

From the initial conditions: x;(0)=3 = -¢;+¢,=3 = ¢;=-2,¢,=1
X2(0)=l C1+3C2=l

The solution of the initial value problem: x;(t)=2e! + ¢!
X(t)=-2et +3e°t

):(2—/\)(4—)\)—3:/\2—6/\+5=(/\—1)(/\—5)=0
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2. Xl’=3X1—X2 X1(0)=2

X2'=4X1—X2 X2(0)=3

-1
Solution. The coefficient matrixis A= (i 1 )

e The eigenvalues of A:

3-A -
det(A—/\Iz)zdet( . A)=(3—/\)(—1—A)—(—4)=/\2—2/\+1=(/\—1)2=0
= /\1=A2=1

A has a double real eigenvalue, this is case 2) above.

e The eigenvectors of A:

If/\:=/\1=}\2=landu:(ul)thenAu=Au = (3 —1)(u1)=1‘(u1) =
u, 4 -1 u, u,

1
Ui —Upr=Uy; & 2U1=U; = Uh1=lu=2 = u=( )

2
4U1—U2=U2

va=(vl)then Av==Av+Uu & (3 _1)(V1)=1-(Vl)+(1) =
Vs 4 -1/\v, Vs 2

1
3vi-v=vi+l S 2vi=v+l > vi=1, =1 = V=(l)
4yvi—-Vo=Vy+2

e The general solution of the differential equation system is:
x(t)=(xl(t) )=Pe"3tc=(ul " )-e“(l t )(c1)=
X(t) Uy Vo 01/\c,
_(1 l)-ef(l t)(cl)_(l l)'et(cl+tc2)_et(l-(cl+tc2)+l-cz)
21 01/\c,) \21 ¢ ) \2v(ci+te)+1¢
The general solution: x;(t)=(c; + o) el + ¢, tet
X(t)=Qc +c)et+2c, tet

From the initial conditions: x;(0)=2 = ¢;+¢;=2 = ¢;=1,¢,=1

X(0)=3 2¢c1+¢6,=3

The solution of the initial value problem: x(t)=2e! + tet

x(t)=3et+2tet

3.Xl’=2X1 + Xy Xl(0)=4

X2'=—X1+2X2 X2(0)=5
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. .. . 21
Solution. The coefficient matrixisA = ( 19 )

e The eigenvalues of A:

det(A—/\Iz)zdet( ) )=(2-/\)(2-/\)-(-1)=/\2-4/\+5=o

2-A
== Al,2=21i

A has complex eigenvalues, this is case 3) above.

e The eigenvectors of A:

Letp = ( gl ) be the complex eigenvector corresponding to A; =2 +i. Then
2
2 1\(p . (P . . .
Ap=Ap = ( )( 1):(2+/)-( l) = 2p1+p=2+I)p1 = pr=ipy & pr=ips
-12/\p; P2

—p1+2pa=(2+1)p; -p1=ip>
, 1\ {140\ (1) . (0
=>pl=l’p2=l=p=(i)= 0+1I =(0)+I(l)

= Thereal and imaginary parts of p are: u = Re(p) = ( (l) ), v=Im(p) = ( 2 )

e The general solution of the differential equation system is (A1, =2 +i= a + Bi):

x(t):(xl(t))=Perc=(“1 Vl)eat( cosBt sinpt )(2)=

X(t) uz va -sinBt cos Bt

(1 O)e“( cost sint )(Cl)_ezt(l 0)( € COSt+Cysint )—e“( €1 COSt+Cysint

01 —sint cost J\C2 01/\-¢ysint+cycost —-cysint+cycost
The general solution: x;(t)=c; €*cost+c,e*tsint
X(t)=-c;e*tsint+c,e*tcost

From the initial conditions: x;(0)=4 = ¢;+0=4 = ¢;=4,¢, =5
x(0)=5  0+¢y=5

The solution of the initial value problem: x;(t)=4e*!cost+5e*!sint
x(t)=-4e?tsint+5e*tcost

Remark. If the eigenvalues are complex, A;; = a+ Bi,and p is an eigenvector corresponding to
A1 then Xeomplex(t) = €M p is a complex solution.
It can be shown that Re(Xcomplex(t)) and IM(Xcomplex(t)) are also solutions and linearly

independent. Since the dimension of the linear space generated by the solutions has
dimension 2 then these two functions constitute a basis, so the general solution of
the differential equation system is X(t) = c; Re(Xcomplex(t)) + €2 IM(Xcomplex(t))-
. . . - 1
In the above example A; , =2 %/, the eigenvector correspondingtoA; =2 +/ isp = ( ; )

Using that ! = cos t +isint, a complex solution is
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Al 1
Xcomplex(t) = €M1 p = e(z“)t( i ) =e?(cost+isint) ( i ) =

cost+isint cost sint
(e (e ()
-sint+/cost -sint cost

The real and imaginary parts of the complex solution are

L cost 2¢f Sint
Re(Xcomplex(t)) =€ t( —sint and Im(Xeompiex(t)) = € cost/)

so the general solution of the differential equation system is:

X(t)z(Xl(t) ):cl ezt( cost )+C2 e“( sint )

X,(t) -sint cost
= x1(t)=cye?tcost+cye?tsint

X;(t)=—cr e?tsint+c,e?fcost

Homework

Solve the following initial value problems:

1Lx;"=-x+8x, x1(0)=7

x(0) =-1

2.x1'=5x1-x,  x(0)=4

X2'=X1+X2 X2|=2X1+3X2 X2(0)=—l

4.x;'=3x1+4x, x1(0)=1

X2'=—4X1+3X2 X2(0)=2

5x1'=x, x1(0)=3

X2| =-X1 X2(0)=7

3.x'=2x,+6x; Xx1(0)=5

X2|=X1+X2 X2(0)=0

6. The population of a species in two habitats is described by the functions x(t) and y(t).
If the increase of the population is described by the simple growth model in the first habitat
and there is migration in both directions that is proportional to the population, then

we obtain the system

x'=ax+by

y'=rx

Find the general solution if a=r=1and b = 2. Show that after a long time, the ratio of

the populations in the two habitats will be constant.

7. In the previous model, if the increase of the population is described by the simple growth

model in the second habitat as well, then we obtain the system

x'=ax+by

y'srx+sy

Find the general solutionifa=r=s=1and b=2.
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Solutions

1Lx;'=-x+8x, x1(0)=7

X' =X+ X, X,(0)=-1

. .. . -18
Solution. The coefficient matrixisA= ( 11 )

e The eigenvalues of A:

det(A-Alz)zdet( ):(—1—/\)(1—/\)—8:/\2—9:(/\—3)(/\+3):0

1-A
= Al = 3, A2 =-3
e The eigenvectors of A:

If}\1=3andu=(ul)thenAuz/\lu:, (_l 8)(u1)=3,(u1) —
Uz 1 1/\u, U,

2
—-U1+8Up=3U; & U1=2U; = U=l u;=2 = u:(l)
up+u;=3u,

|f/\2=—3andv:(vl)thenAv:)\zV‘:, (_l 8)(‘/1):_3,(‘/1) —
V2 11/\w»n, Vo

-4
-V1+8v,=-3vi &S vi=-4v, = »,=1,v;=-4 = v=( 1 )

Vi+Vvy = -3 ]
e The general solution of the differential equation system is:
t et 0 \(/c
Xt)=(Xl())=P(E’Btc=(u1 Vl) ( 1):
X(t) Uy va 0 et )\c
_(2—4) et 0 (Cl)_(2—4) ae’\ (2 -4ge
N1 1/{o e3 )/ \11/{ge3t] | gedticedt

or:

—

Xy (t u v
X(t)=( l())=CleA1tu +C2€A2tv =Cl( l)e/\lt+c2( l)eA2t=
Xy(t) U, Vy

2\ 5 -4\ 5, (2 € -4ce?t
al > let+c e~l= - L
1 1 cael+ce

The general solution: x;(t)=2c; €3 —4c, e3¢

Xt =ce3t+c,e3t

1 3
From the initial conditions: x;(0)=7 = 2¢;-4¢,=7 = ¢;=—,¢=——

2 2
X(0)=-1 C1+C=-1
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The solution of the initial value problem: x;(t) = €3t + 6 e3¢

1 3
Xz(t) - _ e3t_ _ e—3t
2 2

2.X1'=5X1—X2 X1(0)=4

X'=2x1+3x; x(0)=-1

-1
Solution. The coefficient matrixisA = ( i 3 )

e The eigenvalues of A:

5-A -1
det(A—/\/z):det( ):(5—/\)(3—/\)+2=A2—8/\+17=0

3-A

8+ \64-4-17 8+2i

2 2

=4+

= Al,Z =

e The eigenvectors of A:

Letp:(pl

p ) be the complex eigenvector corresponding to A; =4 +i. Then
2

5-1\(pP (P . .
Ap=Ap = (2 5 )(p;)=(4+/)-(pi) = 5pi-p=(4+i)p1 = pi-p2=ip
2p1+3py=(4+i)p2 2p1=pa+ip;

= p1(1-1) 1+ 2 (l+i) (1+1'i) (1) i(l)
- = - =14+ = - = = = + /-

P1 l?z P1 » P2 P 5 240 2 0
2p;=(1+i)p;

orrp1=1, pp=1-i..

1
= Thereal and imaginary parts of p are: u = Re(p) = ( 5 ), v =Im(p)

(o)

e The general solution of the differential equation system is (/\1,2 =4tji=az [3/):

x(t):(Xl(t)):PeBtc:(ul Vl)eat cosBt sinBt (Cl):(l l)e‘” cost sint (Cl):
Xa(t) Uz va -sinBt cosfBt)\C2 20 -sint cost)\C2

_ 4t(1 l)( €1 COSt+cysint )_e“((clcost+c2sint)+(—clsint+c2cost))

"7 \20/\-¢c;sint+cycost ) 2(cy cost + ¢, sint)

The general solution: xy(t)=(c; + ;) e*t cost + (-c; + ;) e*tsint

X(t)=2c e*tcost+2c,e*tsint

Or: A complex solution is
(cost+isint)(1+1)

A1+ 1+
X t)=eht =e(4+’)t( ):e‘” cost+isint ( ):e“(
complex() P 2 ( N\ (cost+isint)-2
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=e4t((cost—sin t)+i(cost+sint) )=e4t(cost—sint)+i_e4t(cost+sint)
2cost+i-2sint 2cost 2sint

The real and imaginary parts of the complex solution are:

2cost
cost+sint)
2sint

cost-sint
Re(xcomplex(t)) =e* t( )

Im(xcomplex(t)) =e* t(

The general solution is

xq(t cost-sint cost+sint
x(t):( 1())=c1e‘”( )+c2e‘”( ) )=>
Xo(t) 2cost 2sint

xi1(t) =cre*t(cost—sint) + ¢, e*(cost +sint) = (c1 + ) e*fcost + (-¢c; + ;) e*tsint

X(t)=2c,e*tfcost+2c,e*lsint

1 9
From the initial conditions: x;(0)=4 = (c;1+¢;)+0=4 = ¢;=-—,C;=-
2 2

X0)=-1  2¢,+0=-1

The solution of the initial value problem: x;(t) =4 e*t cos t + 5e*!sin t

Xy(t) =—e*tcost+9e*tsint

Results
3.Xl'=2X1+6X2 Xl(0)=5
X' =X+ X, X(0)=0

Result: x;(t)=2et+3e*t

Xz(t) = —e't + e“

4.Xl'=3X1+4X2 X]_(O):l

X'==4x1+3%x, x(0)=2

Result: x;(t)=e3tcos4t+2e3sinat

X(t)=2e3 cosat- elsinat

5.Xl'=X2 X1(0)=3

X' ==Xy X(0)=7

Result: x;(t)=3cost+7sint
Xp(t)=Tcost-3sint
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6.x'=ax+by ifa=r=1,b=2
y'=rx

The general solution is

(x(t))_(Z—l) e?t 0 (cl)_ 2c,e*t-cyet
yty) \1 1)\ 0 et)\ca) | ¢;e?t+cyet
The ratio of the populations when t— o

Cox(t) | 2c€ft-qet et 2¢-qedt 2 -qedt 2¢
lim— =lim———  =lim—- =lim =—=2
to y(t) toe cretlic et el iy e3t e iy et g

using that lime=! = 0. It means that after a long time the population in the first

t—oo

habitat will be approximately twice the population in the second habitat.

T.x'=ax+by ifa=r=s=1,b=2

y'=srx+sy

The general solution
I(Sx(t))_(«/_ —ﬁ)(e(l*ﬁ)f 0 )(cl)z[«/Ecle(“ﬁ)f—«/?cze(l‘ﬁ)‘

yt)y) "\ 1 1 0 el-V2)t



