
06 - Laplace transforms

1.

Definition. Let f (t) be a given function that is defined for all t ≥ 0. The Laplace transform of f (t) is 

    F(s) =ℒ {f (t)} (s) = 
0

∞

e-s t f (t)dt if the integral exists.

Exercise 1. Let f (t) = 1 when t ≥ 0. Find F(s).
               2. Let f (t) = ea t when t ≥ 0, where a is a constant. Find F(s).
              
Solution:

1. F(s) = 
0

∞

e-s t ·1 dt = lim
A∞


0

A
e-s t dt = lim

A∞

e-s t

-s


0

A
= lim
A∞

e-s A

-s
-

1

-s
= 0 -

1

-s
=

1

s

2. F(s) = 
0

∞

e-s t ea t dt = lim
A∞


0

A
e(a-s) t dt = lim

A∞

e(a-s) t

a - s


0

A
= lim
A∞

e(a-s) A

a - s
-

1

a - s
= 0-

1

a - s
=

1

s - a

Theorem (Existence theorem for Laplace transforms). 
Let f (t) be a function that is piecewise continuous on every finite interval in the 
 range t > 0 and satisfies f (t) ≤Mek t for all t > 0 and for some constants k and M. 

 Then the Laplace transform of f (t) exists for all s > k.

2. Properties of the Laplace transform

Let F(s) and G(s) denote the Laplace transform of f (t) and g(t), respectively. Then

1. ℒ {a f (t) + b g(t)} (s) = a F(s) + bG(s)       (a, b ∈ )
2. ℒea t f (t) (s) = F(s - a)

3. ℒ {f (a t)} (s) =
1

a
F
s

a

4. ℒ
f (t)

t
 (s) = 

s

∞

F(r) r

5. ℒtn f (t) (s) = (-1)n F(n)(s)

6. ℒ {f ' (t)} (s) = s F(s) - f (0)
7. ℒ {f '' (t)} (s) = s2 F(s) - s f (0) - f ' (0)
8. ℒf (n) t (s) = sn F(s) - sn-1 f (0) - sn-2 f ' (0) - ... - f (n-1)(0)

Proof of 6.: With integration by parts:

ℒ {f ' (t)} (s) = 
0

∞

f ' (t) e-s t dt = f (t) e-s t0
∞
- 

0

∞

f (t) (-s) e-s t dt =

= (0 - f (0)) + s 
0

∞

f (t) e-s t dt = s F(s) - f (0)



3. 

Some functions and their Laplace transforms (n ∈, a, b ∈ ).

 f (t) ℒ {f (t)} (s)  f (t) ℒ {f (t)} (s)

1 1
1

s
2 tn

n !

sn+1

3 ea t
1

s - a
4 tn ea t

n !

(s - a)n+1

5 sin (a t)
a

s2 + a2
6 cos (a t)

s

s2 + a2

7 t sin (a t)
2a s

s2 + a2
2

8 t cos (a t)
s2 - a2

s2 + a2
2

9 eb t sin (a t)
a

(s - b)2 + a2
10 eb t cos (a t)

s - b

(s - b)2 + a2

11 sh (a t)
a

s2 - a2
12 ch (a t)

s

s2 - a2
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