03 - First order linear differential equations, solutions

1. In the mixing problem, suppose that the salt content in the inflow decreases exponentially.
Then the equationisy'(t)=0.6e™t - 0.2 y(t)

Solution. 1st step: The homogeneous equation is

d
y'(t)=-0.2y(t) = d—y=—0.2y (separable)
t
Constant solution: y = 0. If y # 0 then
1
J— dy:f—o.zdt = In|y|=-02t+c
y

= |y | =e??" = y=tev-e 02 ory=0.
The general solution of the homogeneous equation is
yp(t)=C-e %2t whereCeR.

2nd step, variation of the constant method: The particular solution of the nonhomogeneous
equation is

Vo) =c(t)- e = y," () =c' () e + (1) e (-0.2)
Substituting into the nonhomogeneous equation y' (t) = 0.6 e - 0.2 y(t), we get
c'(t)-e %t 4 c(t) e 0%t (-0.2) = 0.6-e7t = 0.2 c(t)- %!

=c'(t)-e%?'=0.6-e"

e—0‘8t

= ¢'(t)=0.6e%8 = ¢(t)= [0.6 e *8tdt=0.6" =-0.75e708¢

-0.8
= yp(t)=c(t)-e*?'=-0.75e08.e02= 0. 75¢7

The general solution of the nonhomogeneous equation is
Y(t) = yh(t) +yp(t) = C-e%2t - 0.75e™, where CeR

2.y'(t)=&tt)+t (t*0)

Solution. 1st step: The homogeneous equation is

t d
y'(t)= & = &7 (separable)
t dt t

Constant solution: y = 0. If y # 0 then
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1 1
j—dy:j—dt=1n|y|=ln|t|+c1
y t

— | yl :eln|t|+c1:ec1 eln|t| = | tl

= y=te%t or y=0.
The general solution of the homogeneous equation is
yu(t)=C-t, whereCeR.

2nd step, variation of the constant method: The particular solution of the nonhomogeneous
equation s

Vp(t)=c(t)-t = y,'(t)=c'(t) t+c(t) 1

T . (t)
Substituting into the nonhomogeneous equation y' (t) = AL +t, we get
t

c(t)-t
t

c'(t)yt+c(t)= +t
=c'(t)t=t
= c'()=1 = c(t)= |1dt=t

= yp(t)=c(t) t=t-t=t
The general solution of the nonhomogeneous equation is

y(t) =yn(t) +y,(t)=C-t+t*, where CeR

3. x'(t)+2x(t) =€, x(0)=0

Solution. 1st step: The homogeneous equation is
x'(t)+2x(t) =0= %c( =-2x (separable)
Constant solution: x = 0. If x # 0 then
de:f-zdt — In|x|=-2t+c

— | X | =e—2t+C1 =eC1 e—Zt

t or x=0.

= x=zxe%-e7
The general solution of the homogeneous equation is

xp(t)=C-e2t, whereCeR.

2nd step, variation of the constant method: The particular solution of the nonhomogeneous
equation is
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Xp(t)=c(t) et = x,' (t)=c'(t)- e +c(t) e2!(-2)

Substituting into the nonhomogeneous equation x' (t) + 2 x(t) = €', we get

c'(t)-e2t+c(t)-e2t(=2) #2¢(t)- e 2t = ¢t

=c'(t)-e?'=¢

3t
= ()=t = c(t)= fe“dt:—
3

2t

e3t
= x,(t) =c(t)-e?'=—-"e
3 3

The general solution of the nonhomogeneous equation is
o 1
X(t) =xp(t) + Xp(t) = C-e7 + — e, where CeR
3

From the initial condition x(0) =0

1 1
= 0=Ce’+--e" = C=--
3 3

-2t t

1 1
The solution of the initial value problemis x(t) = —g e+ g e
4.tx'"(t)-2x(t)=2t*
2
Solution. Dividing by t, the equation is x' (t) - — x(t) =2 3
t

2 dx 2
Iststep: x'(t)--x(t)=0= = = - x (separable)
t t t

Constant solution: x = 0. If x # 0 then
1 2

J—dx:f—dt=> In|x|=2ln|t]+c
X t

— | X | = e2In|t]+c1 _ gt g2In[t] _ o1 eln|t|2=ecl | t|2=ecl‘t2

= x=%e%-t* or x=0.

The general solution of the homogeneous equation is

xp(t) =C-t*, whereCeR.

2nd step: The particular solution of the nonhomogeneous equation is

Xp(t) =c(t) 2 = x,' (t)=c' () t* +c(t)-2t

2
Substituting into the nonhomogeneous equation x' (t) - — x(t) =2 t3, we get
t

2
c'(t) 2 +c(t)-2t—-—c(t)-t?=28
t

= c'(t)-t?=2¢
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— C'(f)=2t = c(t):fztolt:t2

= x,() =c(t)- =t =t*
The general solution of the nonhomogeneous equation is
xX(t) = xp(t) + Xp(t) = C-t* + t*, where CeR
2 1
5.E'(nN=--E(r)+-
r r
Solution. 1st step: The homogeneous equation is

2 dE 2
E'(r)=-- E(r)= — =--E (separable)
r dr r

Constant solution: E= 0. If E+ 0 then

1 2
f—dy:]——dr = In|E|=-2In|r]+c
E r
— | El :e-2ln|r|+61:ecle—21n|r| =l eln|r|’2:ec1 | r |—2:ec1,i
r2
1
= E=%e“— or E=0.

r2

The general solution of the homogeneous equation is

1
En(t) = C-—z, where CeR.
r

2nd step: The particular solution of the nonhomogeneous equation is

1 1
Ep(t‘)zc(r)-—2 = Ep‘(l“):c‘(r)-—2 +c(r)(-2)r-3
r r

2 1
Substituting into the nonhomogeneous equation E' (r) = —— E(r) + —, we get
r r

1 2 1 1
c'(r)—+c(r)(-2)r3=——-c(r) — +-
r? r rror
1
=c' (N —=-
rZor

2
,
= c'(N=r = c(t)= |[rdr=—
2

= E,(t) =c(r)

k1
rr 2 r?

The general solution of the nonhomogeneous equation is
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1 1
E(r) = En(t) + Ep(t) =C-— + -, where CeR
r 2

1
6.* The current /(t) in an RC circuit is described by the equation R /' (t) + c I(t) = F(t)

where R, C > 0 are constants (R is the resistance and C is the capacity) and F(t) is

the external excitation.

a) Find the general solution if /(0) = /[ and there is no external excitation, that is, F(t) = 0.
b) Find the general solution if R=C =1 and F(t) = Fy sin t is a periodic excitation, where
Fo > 0is a constant. Show that after a long time /(t) can also be considered periodic.

Solution.

1 dl 1
a)RI'()+-I(t)=0 = — =—
C dt  RC

Constant solution: / = 0. If / £ 0 then separating the variables:

1 1 1 S tedy _ oy et
J—d/:f——dt:ln|/|=——t+d1= | ]| =ere™ =% g re
l RC RC

_ d1. __lt =
= [=xe"t-erc or I=0.

The general solution of the homogeneous equation: /,(t)=D-e"#¢, DeR.
From the initial condition: [(0)=/y = l,=D-e®* = D=1,

The solution of the initial value problem: I,(t) =/, e,

b) The equationis /'(t)+/(t) = Fysint.
Homogeneous equation: /' (t) + /(t) =0

The general solution of the homogeneous equation: /,(t)=C-e™t

The particular solution of the nonhomogeneous equation:
I(t)=c(t) e = Iy(t)=c'(t) e +c(t) e (-1)

= c'(t)-et+c(t) et (1) +c(t)-et=Fysint
= c'(t)et=Fysint

= c'(t)=Fysint-el = ¢(t) = jFosint-etdt

Theintegral /= jet-sin tdt can be calculated by applying the integration by parts method twice,

first with the choice f'(t)= ¢!, g(t)=sint and then with the choice f'(t) =sint, g(t)=e"

(1) szet-sintdt=et-sint— el-costdt

(2) I=jet-sintdt=et-(—cos t)—Jet-(—cost)dt

t

e
Adding the two equations and dividing by 2 we get: | = 3 (sint-cost)+D, DeR.
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Fo'et

F
= c(t)= JFO sint-etdt= (sint - cost) = Ip(t)=c(t)e™' = 2 (sint - cos t)
2

The general solution of the nonhomogeneous equation:

I(t) = Ip(t) + 1p(t) = C-e + % (sint-cost)

If t— oo then limC-e = 0, so after a long time the solution is approximately

t-oo

F
I(t) = = (sint - cos t), which is periodic.
2

For example, the solution with /(0)=3 and Fy=2is/(t)=4e™ - cost+sint

Remark. In this example finding the particular solution will be simpler with the method of
undetermined coefficients, see the lecture notes for topic 04.

k

7.* In the chemical reaction X —s Y — Z, let x(t), y(t) and z(t) denote the concentrations of the
species X, Y and Z as a function of ¢, respectively. The reaction is described by the following
differential equation system:

x'(t) = -kx(t)
y'(t) =kx(t) - my(t)
z'(t)=my(t)

where k>0and m > 0 are the reaction rate coefficients.

a) Solve the equation system if k > m and x(0) = 1, y(0)=0, z(t)=0.
b) Show that limx(t) = limy(t) = 0 and lim z(t) = 1.
t—>o0 t>oo t—>c0

Solution. a)

(1) x'(t)=-kx(t) x(0)=1
(2) y'@®)=kx(t)-my(t) y(0)=0
(3) z'(t)=my(t) 2(0)=0

Equation (1) is separable: x'(t) =-kx(t)
= the general solutionis x(t) = ce™ !
If x(0) =1thenc=1.

= the solution of the initial value problem is x(t) = e7*!
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Substituting into (2), we get a first order linear nonhomogeneous differential equation.
y () +my(t)=ke*!

1st step: the homogeneous equation:y' (t)+ my(t)=0 = y' (t) =-my(t)
the general solution of the homogeneous equation: y,(t) = Ce™!

2nd step: the particular solution of the nonhomogeneous equation:
yt)y=ct)e™ =y, (t)=c'(t) e +c(t)e " (-m)

Substituting into the original equation y' (t) + my(t) =k e™*t, we get
c'(t)eMwc(t) e i (-m) +mc(t) e M =k ekt
c' (e Mt =kekt
c'(t) = kel-kem)t

lfk=m: c'(t)=k = c(t)=kt = y,(t)=kte!

The general solution of the nonhomogeneous equation:
y(t)=yn(t) +yp(t) = Ce™ + kit e
y(0)=0 = C=0

The solution of the initial value problem:

y(t)=kteXt
e(—k+m)t
fk+m: c'(t)=kel Mt = c(t)=k-
-k+m
e(—k+m)t e—kt
= Yp(t)=k- oMt k-
-k+m -k+m

The general solution of the nonhomogeneous equation:
-kt

y(t)=yn(t) +yp(t) =Ce™™ + k-
k

-k+m

y(0)=0 = C=-

—k+m k-m
The solution of the initial value problem:

y(t) - L (e—mt _ e—kl‘)
k-m

Substituting into (3), we get a directly integrable equation:

-mt -kt
z'(t)=my(t) _fm (eMt-e*t) = z(t)=k—m (e —e—)+c

k-m k-m
km(l l) km (l l) km m-k

z0)=0 = c=-—

k-m\-m -k k-m\k m

The solution of the initial value problem:
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km (emt ekt k m
z(t):—( ——)+l=— ety ekt
k-m\-m -k k-m k-m
Remark: (1) x'(t)=-kx(t) x(0)=1
(2) y' () =kx(t)-my(t) y(0)=0
(3) z'()=my(t) 2(0)=0

= x'(t)+y'(t)+z'(t)=0forallteR
= x(t) + y(t) + z(t) = constant forall te R
Since x(0) + y(0) + z(0) = 1 then x(t) + y(t) + z(t) = 1 forall te R

=>z(t):l—x(t)—y(t):l—e‘“—i (et - e
k-m

Plotting the solutionsifxo =1, yy=0, zo=0, k=2, m=1:

b) Show that limx(t) = limy(t) =0 and limz(t) = 1

t>c0 t>o0 t>oco

x(t)=e*t = limx(t)=0
t->oo

Ifk=mtheny(t)=kte™*! = limy(t)=0
t-oo

k
Ifk*mtheny(t):k—(e"”t—e'kt) = limy(t)=0-0=0
-m t-oo
k m «
Z(ty=———eM+ e+l = limz(t)=0+0+1=1
k-m k-m to0

8.* Consider the following chemical reaction:
CH3;CO0-C,Hs + NaOH — CH3COONa + C, Hs OH
(ethyl acetate + sodium hydroxide — sodium acetate + ethanol).

The chemical reaction can be written in the form A+ B i) X+Y.

Let a(t), b(t), x(t) and y(t) respectively denote the concentrations of the species A, B, X and Y
at time t where a(t), b(t), x(t), y(t)=0and k >0 is the reaction rate coefficient.

The reaction can be described by the following differential equation system:
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(1) a'(t) =-ka(t) b(t)
(2) b'(t) =-ka(t) b(t)
(3) x'(t)=ka(t) b(t)
(4) y' (t)=ka(t) b(t)

Assume that the initial concentrations are a(0) = ay = 0.02 and b(0) = by = 0.004.
If the concentration of ethyl acetate decreases by 10% in 25 minutes then in how many minutes
decreases the concentration by 15%?

Solution. (1)+(3) = a'(t) +x'(t)=0
= a(t) +x(t) = constantforallteR
Ift=0thena(0)+x(0)=ag+0
= a(t) +x(t)=ay = a(t)=ag - x(t)

Similarly, (2) +(3) = b' () +x' (t)=0
= b(t) +x(t) = constant forallteR
If t =0then b(0) + x(0) = by + 0
= b(t) +x(t) = by = b(t) = by - x(t)

Substitutinginto (3):  x'(t) =k a(t) b(t)
x'(t) =k (ao - x(t)) (bo - x(t))
d
= = k(ao ~x) (bo - X)
dt

Constant solution: x = ag, x = bg; if x £ay, x * bg:

1
[
k(ag = x) (bo - x)

Partial fraction decomposition:

1 1 1
= f( - )dx: Jdt
k(bo - Clo) Qg —X bo -X

1 1 _
= (=In(ag = x) +In(by = x) +Inc) =t = t= ln(c-b0 X)
k(bo - ao) k(bo - ao) do =X

¢ can be calculated from the initial condition x(0) = 0:
1 b b b a
0= ln(c~—0)=>ln(c~—0)=0=:'c~—0=l=:~c=—O
k(bo - a) ao ao ao bo

1 [ Oo(bo —X)
n
k(bo = ao)  bo(ag - x)

The general solutionis t =

The concentration of A decreases by 10% after 25 minutes:
t=25 = a(25)=0.9aq,
a(25) +x(25) = ay => x(25)=0.1ay=0.1-0.02 =0.002
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1 0.02(0.004 - 0.002) 1 40
n = k=—— In— = 1.47

= 25= _
k(0.004 - 0.02) 0.004(0.02 - 0.002) 25-0.016 72

The concentration of A decreases by 15% after T minutes:
a(T)=0.85ag
a(T) +x(T)=ay = x(T)=0.15a,=0.003

1 002 (0.004 - 0.003) 1
n

5
= T = = [n — = 51.4 minutes
1.47(0.004 - 0.02) 0.004(0.02 - 0.003)

0.0235 17



