Calculus 2, Midterm Test 2

25th May, 2023
(v +1)x%
1. (16 points) Let f(x, y) = Tyz
0 if (x, y)=(0, 0)
a) Calculate the partial derivatives of f where they exist. (At the origin use the definition.)
c) Where is f differentiable?

if (x, y) (0, 0)

2

JT
- if *(0,0
2. (18 points) Let f(x, y) ={ Y 1+y2) it (x, y) #(0, 0)

0 if (x, y)=(0, 0)
a) Calculate the partial derivatives of f if (x, y) # (0, 0).
b) Show that f is differentiable at the point P(1, 1).
¢) Find the equation of the tangent plane of f at the point P(1, 1).
d) Find the directional derivative of f at P(1, 1) in the direction v =(1, 2).

—2xsin(
)
)

3. (16 points) Determine the Taylor polynomial of order 2 of the function f(x, y) =x? + y? arctan x at
the point P(1, 1).

4, (16 points) Let f : RZ2—R?, f(x, y) = (y e+, 3 \/m) Show that in a small neighbourhood of
f(2, -1) = (-1, 9) the inverse function ! exists and determine the derivative (f‘l)‘ (-1, 9).

5. (18 points) Determine the local minima and maxima of the function f(x, y) =2x?y + 2xy - 3y?

6. (16 points) Determine the maximum and minimum of the function f(x, y, z) = x* + y? + z* under the

constraint 22 =x>y + 4

7.* (10 points - BONUS)
3
X

Let f(X, ) =4 2 + 42 if (%, y) #(0, 0)

0 if (x, ¥) = (0, 0)
Using the definition, show that f is not differentiable at the origin.
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Solutions

(v +1)x?
1. (16 points) Let f(x, y) ={ 4242
0 if (x, ¥)=(0, 0)
a) Calculate the partial derivatives of f where they exist. (At the origin use the definition.)
c) Where is f differentiable?

if (x, y) # (0, 0)

Solution.
a) If (x, y) #(0, 0) then
2x(y +1) (x> +y*) = (y + 1)-x*-2x X +y?) =Xy +1)-2y
Fla 6 y) = > , fyy)= > (6p)
(X2+y2) (XZ +y2)
If (x, y) =(0, 0) then
(0+1)h?
f(h,0) -£(0,0 2 - 1
f'. (0, 0)=lim 0,0~ )=lim h+0 =lim—, it doesn’t exist.
h-0 h h-0 h h-0 h
(h+1)-0
f(0, h) - £(0,0 2
f', (0, 0) = lim ©N-10.0_\;,_0+h 0. (6p)
h-0 h h-0 h

b) Outside of the origin the partial derivatives are continuous, so f is differentiable on this open set.
At the origin f is not differentiable, since ', (0, 0) doesn’t exist. (4p)

2

T
- if +(0, 0
2. (18 points) Let f(x, y)={ * By 1+y2) if (x, ¥) # (0, 0)

0 if (x, y) = (0, 0)
a) Calculate the partial derivatives of f if (x, y) # (0, 0).
b) Show that f is differentiable at the point P(1, 1).
c) Find the equation of the tangent plane of f at the point P(1, 1).
d) Find the directional derivative of f at P(1, 1) in the direction v =(1, 2).

—2xsin(

2

2xy ( T ]
-2sin
x* +y? 1+y?
2x? 471X T

f'y(x,y)=1- Y + 4 cos( ) (6p)

(+y?)?  (1+y2)7  \1+)?
b) The partial derivatives are continuous at P(1, 1), so f is differentiable at this point. (2p)
¢) The equation of the tangent planeis z=f(a, b) +f', (a, b) (x-a) +f', (a, b) (y - b).

Solution. a) f', (x, y) =

3 3 1
Here(01 b)=(17 l) =>f(l7 l)=_£7 f'X(la 1)=_E; fly(]-’ 1)=£

3 3 1
= the equation of the tangent planeis z= 575 x-1)+ B (v-1). (5p)

d) Since ||v]||= Y12 +2% = \/—thentheunltvectorparalleltoV|se_

i“;

||T/||' (%
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31
The gradient vector of f at P(1, 1) is grad f(1, 1) = (_E E)

The directional derivative of f at P(1, 1) in the direction v =(1, 2) is
1 2 31 -3 2 1
e-gradf(1, 1)=<(—,—], (-—,—)> = + =- (5p)
V5 N5/ 1220 245 245 245

3. (16 points) Determine the Taylor polynomial of order 2 of the function f(x, y) = x + y? arctan x
at the point P(1, 1).

Solution. Calculate the first-order and second order partial derivatives of f and evaluate them at the

given point:
JT
f(x, y)=x*+y? arctanx — f(1,1)=1+—
4
’ 5
fle(, y)=2x+ — f' (1, 1)==
1+X2 2
JT
f'y (x, y)=2yarctanx = f', (1, l)=E
" 2X.y2 " 3
Floc, y) =2~ 5 = (1, 1) =~
(1+x7) 2
'y (X y) = - = 'y (1,1)=1
1+x
fl'yx (X, Y)= - — f”yx (l, ]_): 1
1+x
JT
f”yy (X; y)=2arctanx — f”yy(la ]_)=E (sp)

The Taylor polynomial of order 2 at a point (a, b) is
Ta(x, y)=f(a, b) +f'x(a, b) (x—a) +f', (a, b) (y - b) +

+% (f"w (@, b) (x - a)* +2f"y (a, b) (x—a) (y - b) + f "y, (a, b) (v - b))

Substituting (a, b) = (1, 1):

7T 5 7T 1/3 7T
f(x,y)zrz(x,y)=(1+z)+5<x—1)+;<y—1>+5(5(x—1)2+2<x—a><y—b)+;<y—1>2 (8p)

4. (16 points) Let f : RZ>—R?, f(x, y) = (y €2V, 3 42 +5)2 ) Show that in a small neighbourhood

of f(2, -1) = (-1, 9) the inverse function f! exists and determine the derivative (f‘l)' (-1,9).

Solution. Calculating the Jacobian matrix of f :

ofi(x,y) afilx,y) yex+2y ex+2y+2yex+2y

ox 0
f'(x,y)= N 3x 15y (6p)

6f2(X7)/) afZ(X:y)
o o \/X2+5y2 \/)(2+5y2

Substituting (x, y) = (2, -1) into the Jacobian:
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-1 -1

F2, -1)=( L

T

Calculating the determinant of the Jacobian:

detf'(2,-1)= det( -1
2 -5

)=5+2=7¢0

Since the above determinant is not zero then by the inverse function theorem,
the inverse function f~! exists in a small neighbourhood if the point f(2, -1) = (-1, 9). (4p)

The derivative of 1 at (-1, 9) is the inverse of f' (2, -1).

1/-
(F) (-1,9)=(F' 2, -1 = - ( o )-tap)

5. (18 points) Determine the local minima and maxima of the function f(x, y) =2x%y + 2xy - 32

Solution. The first-order partial derivatives of f are:
1

(1) f'y(x,y)=4xy+2y=2y(2x+1)=0 = y=00rx=——
2

2)f'y (X, y)=2x*+2x-6y=0

Casel.If y=0then2x*+2x=2x(x+1)=0 = x=0orx=-1

1 2x%+2x 1
Case2.If x=--theny= —
2 6 12

1 1
The stationary points are: P1(0, 0), P,(-1, 0), P3(——, ——). (8p)
2 12

%, y) () 4y  4x+2
The Hesse-matrix of f is H(x, y) = = 3
e Hesse-matrix of f is H(x, y) (f"yx oY) 00 y)) (4x+2 6 ) (3p)
Evaluating the Hesse-matrix at the given points:
At P1(0,0): H(0, 0)= ( (2) 26 ) Since det H(P,) = —4 < 0 then P, is a saddle point. (2p)

At P,(-1,0): H(-1,0)= ( _02 :2 ) Since det H(P,) = -4 < 0 then P, is a saddle point. (2p)
1 1 1 1 — 0 . 1 1 1

AtP;,(——,——): H(——,——): 3 .SincedetH(P;)=2>0and f"XX(——,——)z—— <0
2 12 2 12 0 -6 2 12 3

then f has a local maximum at P;. (3p)

6. (16 points) Determine the maximum and minimum of the function f(x, y, z) = x* + y> + z> under
the constraint 22 =x?y + 4

Solution. Substituting 72 =x? y + 4 into f(x, y, z), we obtain the function
g, y)=x*+y*+x*y + 4.

The first-order partial derivatives of g are:
(1)g',(x,y)=2x+2xy=2x(1+y)=0 = x=0ory=-1
(2)g', (6, y)=2y+x*=0
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Ifx=0theny=0.
lfy=-1thenx®=2 = x=+1/2.
The stationary points are: P,(0, 0) and Pl( \/E —1), P3(— \/E, —1). (6p)

9" (%) @@%W)
9" y) 9", (%)

Evaluating the Hesse-matrix at the given points:

(2+2y 2x

2x 2 ) Gp)

The Hesse-matrix of g is H(x, y) = (

At P1(0,0): H(P;) = ( 3 2 ) Sincedet H(P;)=4>0and ", (P;) =2>0then

f has a local minimum at P;(0,0) and z=£2. (3p)

0 242
242 2

P, and P; are saddle points. (3p)
Therefore, f has a local minimum at the points (0, 0, 2) and (0, 0, -2) and the value of the

At P, and Ps: H(i- \/E —1) = ( ) Since det H(i \/E —1) =-8<0then

minimum is 4. (1p)

7.* (10 points - BONUS)
3
X

Let f(x, y) =1 x2 142 i y)#(0,0)

0 if (x, y) = (0, 0)
Using the definition, show that f is not differentiable at the origin.

Solution. The partial derivatives at the origin are:

_ f(h,0)-f(0,0) ~ 1( H®
flx(0;0)=l|m—=llm— -0l=1
h-0 h h-0 h\ h2 +0
f 0.0 =i f(0, h) - £(0, 0) i 1 0 0
y (0, )—hlgg—h _/7'33;( -0)=

If grad £(0, 0) exists then its can only be (1, 0).

f X, - f 0, O - l, 0 s X
Calculate the following limit:  lim e 710,97 <( 0 kN> =
(,y)(0,0) Il G ) 1l

X3

-0-x
Xy oy
= |lim —— = lim

Xy 1
w00 12 ¥ (00 X2 42 [ 12 ¥

_ -r*cosgsin’ @ 1 = )
=lim . =-cos @sin® @, this depends on ¢.

r-0 r3 X2 + yz

f(x,y)-£(0,0)-<(1,0), (x,y)>
Since lim %))=70,0) ~<(1,0), &) * 0 then grad f(0, 0) doesn’t exist.
)>(0,0) e




