Calculus 2, Sample Test 2

X3—y2

if 0,0

L Letf(x,y)={ x24)2 if (x, y) #(0, 0)
0 if (x, ) = (0, 0)

a) Where is f continuous?
b) Calculate the partial derivatives of f where they exist.
c) Where is f differentiable?

2. Letf(x, y)= 42x*+y* and

a) Where does the gradient of f exist?

b) Find the equation f the tangent line of f at the point P(2, 1).

b) Find the directional derivative of f at P(2, 1) in the direction v = (3, 4).

c) Find the directional derivative of f at P(2, 1) with the maximal value.

3. Determine the Taylor polynomial of order 2 of the function f(x, y) = (1 + &’) cos x - y " at the point
P(0, 1).

4. Letf:R*—>R%L f(x,y)=(2x°y —xy +xy?, xIn(3x - y) - 3y?). Plugin (x, y) = (1, 2) to obtain

f(1, 2) = (6, —12). Show that in a small neighbourhood of (6, —12) the inverse function f~! exists and
determine the derivative (f!)' (6, -12).

2
. .. . . y
5. Determine the local minima and maxima of the function f(x, y) =x + — +-

6. Determine the maximum and minimum of the function f(x, y) = x + y under the constraint

X4 +y4 =2.

Additional exercises

7. Determine the maximum and minimum of the function f(x, y, z) = x> + y? + z under the constraint
x2+y?et=1

(x? +y2)g -sin
8. Let a>1 and consider the function f(x, y) = (2 +y2):

0 if (x, y)=(0, 0)
a) Calculate the first-order partial derivatives of f where they exist.
b) Prove that f is continuously differentiable on the set R?\{(0, 0)}.
c) Are the partial derivatives continuous at the origin?
d) Using the definition of differentiability, decide whether f is differentiable at the origin.

if (x, ¥) #(0, 0)
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Solutions
X3—y2
if 0,0
1. Letf(x,y) =4 x24 2 if (x, ¥) #(0, 0)
0 if (x, ¥) = (0, 0)

a) Where is f continuous?
b) Calculate the partial derivatives of f where they exist. (At the origin use the definition.)
c) Where is f differentiable?

Solution.
a) Outside of the origin f is continuous, since it is the ratio of two continuous functions,
and the denominator is not zero.

b) At the origin we calculate the limit on the straight lines y = m x:

X3 —m?x? 2

limf(x, mx) =lim =- .Iltdependsonm

x-0 024 m?x* 1+m?

= lim f(x,y)doesn’t exist = f is not continuous at the origin.

(6y)=(0,0)

c) If (x, y) (0, 0) then
20,2 1 v2) = (x3 = 12)- _ 2 02— (53— )
f'X(X,Y)=3X(X yz) ()2(2 y)ZX, 'y, y)= 2yx yz) (:2 )2y
(x*+y?) (x> +y?)
If (x, y) = (0, 0) then

h3

f(h, 0) - £(0, 0) p

' (0, 0)=lim—— =lim— =1
X( ) ) hl_r:g h hl_)ng h )
__f(o,m-10,00 "R -1 . .
f', (0, 0) =lim———— =lim = lim—, which doesn’t exist.
h-0 h h-0 h h-0 h

d) Outside of the origin the partial derivatives are continuous, so f is differentiable on this open set.
At the origin f is not differentiable, since it is not continuous.
Or: f is not differentiable at the origin, since f', (0, 0) doesn’t exist.

2. Letf(x, y)= 42x*+y* and

a) Where does the gradient of f exist?

b) Find the equation f the tangent line of f at the point P(2, 1).

b) Find the directional derivative of f at P(2, 1) in the direction v = (3, 4).
c) Find the directional derivative of f at P(2, 1) with the maximal value.

Solution.

2x
a) The partial derivatives are: f ' (x, y) = ———, f', (x, y) = -

\N2x2+y? N2x2+y?
The gradient of f exist outside of the origin, since then the partial derivatives exist and are
continuous. If (x, y) # (0, 0) then grad f(x, y) = (f '« (x, ), ', (x, y)).
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b) The equation of the tangent planeis z=f(a, b) +f' (a, b) (x-a) +f', (a, b) (y - b).

4 1
Here (a, b)=(2,1) =f(2,1)=3, f',(2,1)=—, f'y(2, 1)=-
3 3

4 1
= the equation of the tangent planeis z=3+-(x-2)+— (y - 1).
3 3

1 3 4
c) Since || v|| = v3% +4? =5 then the unit vector paralleltovise:—|| ” -v=(—,—).
v 55
41
The gradient vector of f at P(2, 1) is grad (2, 1) = (—, —).
33
The directional derivative of f at P(2, 1) in the direction v =(3, 4) is
3 4 4 1 34 41 16
T o N I
55 33 53 53 15
N N . . N gradf(2,1)
d) The directional derivative of f is maximal in the direction —————— and the
lgrad (2, 1) ||
4\2 (12 417
value of the maximum is || grad f(2, 1) || = (—) (—) =£.
3 3 3

3. Determine the Taylor polynomial of order 2 of the function f(x, y) = (1 + &) cosx - y €* at the
point P(0, 1).

Solution. Calculate the first-order and second order partial derivatives of f and evaluate them at the

given point:

fix,y)=(1+€)cosx-ye* = f(0,1)=(1+e)-1-1-1=¢

e y)=-(1+€")sinx-ye* = f',(0,1)=-(1+€)-0-1-1=-1
f'y(x, y) =€’ cosx - e = f',(0,1)=e-1-1=e-1

Fuc(6y) = ~(1+ &) cosx -y e = (0, 1) = ~(1+ ) 1-1-1=—e—2
f'y (X, y)=-€"sinx-e* = ",y (0,1)=-e-0-1=-1

'y (X, y) = —€” sinx - " = ", y)=-1

f”yy(X’y)zeycosX - f”yy(oy 1)=el=e

The Taylor polynomial of order 2 at a point (a, b) is
Ta(x, y)=f(a, b) +f'x(a, b) (x-a)+f'y (a, b) (v - b) +

é (f"x (@, b) (x=a)® + 2"y (a, b) (x - a) (x = b) + "y (a, b) (y - b)?)

Substituting (a, b) = (0, 1):
f(x,y)= Tz(x,y):e+(-1)(x-0)+(e-1)(y-1)+i2L (e=2)(x=0)*+2(-1) (x-0) (y - 1) +e(y - 1)?)

4. Letf:R* >R f(x,y)=(2x°y —xy +xy?, xIn(3x - y) - 3y?). Plugin (x, y) = (1, 2) to obtain
f(1, 2) = (6, -12). Show that in a small neighbourhood of (6, -12) the inverse function f~! exists and
determine the derivative (f~!)' (6, -12).
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Solution. f(1,2)=(2-1-2-1-2+1-4, 1-In(1) - 3-4) = (6, -12).
Calculating the Jacobian matrix of f :

afl(X:Y) afl(X:y)

6X%y -y +y? 2x3-x+2xy

R A 30
oh(x,y) 0f(x,y) ln(3)(—y)+3 3 -6y

X - X -

ox oy Y Y

Substituting (x, y) = (1, 2) into the Jacobian:

f,(1’2)=(14 5)

3 -13

Calculating the determinant of the Jacobian:
14 5

detf' (1, 2)=det( ):-14-13-15:0
3 -13

Since the above determinant is not zero then by the inverse function theorem,
the inverse function ! exists in a small neighbourhood if the point (1, 2) = (6, -12).

The derivative of ! at (6, —12) is the inverse of f' (1, 2). Using that

1 _
the inverse ofA:(a b)isA‘lz ( d -b
cd ad-bc

), then
-c a

IV R _19) < (F! 1 1 -13-5\_ 1 (13 5
()6, -12)=( (1, 2) _-14-13-15( -3 14)_197(3 —14)'

2
1
5. Determine the local minima and maxima of the function f(x, y) = x + z +—

4 x
Solution. Here x * 0, y # 0. The first-order partial derivatives of f are:
1 yz 2 2
(l)fX(x,y)zl——zzo = 4x°=y° = 2x=ty
4x
y 1
@f'yxy)=—-—=0 = )y =2x
2x yz
Casel.If 2x=ytheny’=zy = y*-y=y(y-1)(y+1)=0
1 1
Sincey*#0theny; =1, y,=-1 = x;=—, X,=——
2 2
Case2.If 2x=-ytheny’=-y = y(y*+1)=0.
This cannot be the case, since y #0 and y? + 1> 0.
. . 1 1
The stationary points are: Pl(—, 1) and Pl(——, —1).
2 2
v y

=y 12

TheHesse-matrixoffisH(x,y)=(f,, 0y Fx y)
yx (X, yy s

% (X, Y) f”xy(X;Y)) 23 2

+
2x? 2x 3

Evaluating the Hesse-matrix at the given points:
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4

1 -
At PI(E’ 1): H(P1) = ( _ 32 ) SincedetH(P;)=12-4=8>0and f", (P;)=4>0then

1 1
f has a local minimum at Pl(E, 1) with f(E 1) =2.

-4 2
). SincedetH(P,)=12-4=8>0and ", (P,) =-4 <0 then

At Pz(—g, -1): H(P,) = ( , 3

1 1
f has a local maximum at Pz(——, —1) with f(——, -1) =-2.
2 2

Remark. We can avoid calculating the Hesse matrix with the following observation:
a) f(—x, -y) =-f(x, y), therefore, if f has a local minimum at (x,, yo) then f has a local maximum at
(=X0, =Yo)-
b) If x>0, y>0, then f(x, y) >0, and thus f is bounded below.
c) The limit of f(x, y) is infinity if
e Xx—> o0, yisfixed, or
e y— o0, xisfixed, or
e x—0, yisfixed, or
e y—0, xisfixed.
Therefore, f can only have a local minimum on the region x> 0, y > 0.

So f has a local minimum at P; and a local maximum at P,.

6. Determine the maximum and minimum of the function f(x, y) = x + y under the constraint

x*+yt=2.

Solution. The constraint is given by the function g(x, y) =x* + y* - 2. Applying the Lagrange multi-
plier method,
consider the function L(x, y) = f(x, y) + Ag(x, y) =x +y + A(x* + y* - 2)

The first-order partial derivatives of L are:

1
L'X=l+4X3'/\=O = xX3=-——
4A
' 3 3 1
L'y=1+4y>-A=0 = yi=-—
4A
W 4 Y Y Y
g, ) =x"+y*-2=0 = |3J-— | +|IIJ-— | =2 3Y-— | =2
4A 4A 4A

1 1 1

= 3-— =1 = -——=x1 = A=%-

47 4 4

1
lfA=-thenx=y=-1= Py(-1, -1)
4

1
andifA=—-—thenx=y=1= Py(1, 1)
4

The second order partial derivatives of L are:
L' =12X%A,L"y=0,L", =12)2 A
L y) L'y (X, Y) )

The Hesse-matrix of L is H(x, y) =

0 12y%-A

(12)(2-;\ 0 )
L”yx(Xs ,V) L”yy(X,y)
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1 3 0
IfA=-th H(-1, -1)= .
o ffA= then H(=1, -1) (o 3)

SincedetH(-1, -1)=9>0and f",, (-1, -1) =3 > 0 then f has a local minimum at P;(-1, -1).
-3 0

0o -3 )

SincedetH(1, 1)=9>0and f",, (1, 1) =-3 <0 then f has a local maximum at P;(1, 1).

1
o If A== then H(L, 1) =(
4

Remark. Since the constraint defines the surface of a sphere then by Weierstrass’s min-max
theorem f has a minimum and a maximum with this constraint. Substituting the coordinates of
the stationary points, we obtain that f(1, 1) = 2 is the maximum and f(-1, -1) = -2 is the minimum.

7. Determine the maximum and minimum of the function f(x, y, z) =x* + y> + z under the con-

straintx? +y? + 72 =1

Solution. Substituting y? = 1 - x*> - Z2 into f(x, y, z), we obtain the function
gix,2)=x3-x*-22+z+1

The first-order partial derivatives of g are:

2
(1)g', (x,2)=3x*-2x=x(3x-2)=0 = x;=0,x=-
3

1

2)g',(x,2)=-2z+1=0 — 7=
2

1 21
The stationary points are: Pl(o, —) and Pl(—, —).
2 32

9" Y) 9"y (6 Y) -
The Hesse—matrixofgisH(X,J/)=( i 0 ):(GX ’ 0)

g”yx(X,y) g”yy(xiy) O _2
Evaluating the Hesse-matrix at the given points:

1 -
AtPl(O,E): H(Pl)=( 2 _02).SincedetH(P1)=4>Oandf"XX(Pl)=—2<Othen

0

1
f has a local maximum at Pl(o, - )
2

1 3
At (x, 2) = (0, —), from the condition x? + y? + 72 =1 we obtainy = + —.
2 2

_ , 31 V3 1
Therefore, f has a local maximum at the points |0, —, — |and [0, -——, — | and the value of the
2 2 2 2

5
maximum is —.
4

(2 +y?)2 -sin ;ﬁ if (x, y) £ (0, 0)
8. Let a> 1 and consider the function f(x, y) = (2 +y2):

0 if (x, y)=(0, 0)
a) Calculate the first-order partial derivatives of f where they exist.
b) Prove that f is continuously differentiable on the set R?\{(0, 0)}.
c) Are the partial derivatives continuous at the origin?
d) Using the definition of differentiability, decide whether f is differentiable at the origin.
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Solution. If (x, y) £ (0, 0) then

a 1 a B 1
f'e (6 y) = ax(x®+y?)2 " -sin —— -Bx(¥ +y?)2727 - cos -
(XZ _'_yZ)'2 (X2 +y2)'2
At the origin using the definition:
. (|h |)°‘~sin|h—1|3
f'x (0, 0) = lim—— =0.
h-0 h

f'y(x, y)and f'y (x, y) can be obtained from these by the changing the variables.

b) The partial derivatives are continuous on R?\{(0, 0)}, since they are compositions of continuous
functions, therefore f is continuously differentiable on this open set.
c) Since f is symmetric in the variables then it is enough to investigate the partial derivative f .
Itis continuous in the originifand only if lim f',(x, y)=f", (0, 0).

(.9)>(0,0)

We calculate the limit using polar coordinates: x =rcos @, y =rsin ¢:

a 1 a B 1
lim 'y (x,y)=lim (arcos @(r?)2 " sin- - Breos @(r?)2"2 " -cos —B) =
r-0+ r

(y)-(0,0) r
) 1. 1 1 1
=lim|a cos@-r*t-sin- - Bcos ¢-r*P1-cos—
r-0+ r rﬁ
1 0 ifa>B+1
=0-Bcos - limr*Ft-cos— = o A
r-0+ B | doesn'texist ifasB+1

Therefore, the partial derivatives are continuous if and only if a> 8 + 1.

d) If f is differentiable at the origin then its derivative can only be the mappingA=(0 0).

1
resin —
. ) -f(0,00-AY) rf
Since lim = lim =0,
(0)=(0,0) 1) I 0y

then f is differentiable at the origin.



