Calculus 2, Sample Test 1

1. a) Calculate the value of the following integral: fmx e dx
0

1sin(x? + 1)
b) Decide whether the following integral converges or diverges: j — dx

O (1+x) Vx

. Determine the pointwise limit of f,(x) on the real line R and decide whether the

nx _

2. Letfy(x) =

e 41
convergence is uniform or not.

arctan(=)

3. a) Show that the series S(x) = Z—Z” is convergent for all x e R.
n=1 n
b) Show that S’ (x)= > forallxeR.

s +nx?
4, Estimate the value of \j3 1.2 by the Taylor polynomialoforderzoff(x)=\j3 1+x atcenterO.
Give an upper bound for the error of the approximation.

5. Find the Taylor series of the following functions at xo = 1 and determine the radius of conver-
gence.

a)f(x)= b) g(x) =

X+3 (x +3)?
. . . 2)(3 . .

6. Find the Taylor series of the function f(x) = —————— at x, = 0 and determine the radius of

5 2
32-2x

convergence. Calculate f192(0) and f193)(0).

T.LetA={(x, ) eR*:x<0,x* +y* < 1}U{(x, 0)eR*: -1 < x < 1}.

Find the set of interior points, the set of limit points and the closure of A.

8. Calculate the following limits if they exist.

) aX2y+By2 . X2ﬁy+sin(X2+y2)(l
a) lim ——— b) lim
(y)-0,0) x4 4 y2 (x.y)~(0,0) (XZ + yz)ﬁ




2 | calculus2-sample-test1-2023.nb

Calculus 2, Sample Test 1, solutions

1. a) Calculate the value of the following integral: Fx e dx
0

1sin(x? + 1)
b) Decide whether the following integral converges or diverges: j — dx

O (1+x) Yx

Solution. a) First we calculate the indefinite integral using the integration by parts
method:

Jx eXdx=-xe™ - j— e¥dx=-xe*-e*+c.

0 A
The improper integral: J xeXdx=lim J xe™dx=lim[-xe™ -e™]) =
A-oo Jo A-oo0
lim((-Ae? -e?)-(0-€%)=(0-0)-(0-€%=1
A-co
A = I'H 1 1

Here we use that ime™=0and lim(Ae™)=lim— "= lim— =—=0.

Ao A-oo Ao eA Ao eA [o'e)

sin(x* + l) 1

b) If xe[0, 1]then0<f(x) = — =g(x)

(l+X\/; (1+0) \/7 \/7

and the improper integral of g is convergent on [0, 1],
1 1 1
since j g(x)dx:limjx"z dx=lim[2 \/;]l=lim(2—2 \/E):
£ &0

1sin(x? + 1)
so the improper integral [ — dx converges.

(1+x)

nx _

2. Letf,(x) = >

. Determine the pointwise limit of f,(x) on the real line R and decide whether
|

the convergence is uniform or not.

1-= 1-0
Solution. If x > 0, then lime"” = oo, 50 lim f,(x) = lim =lim =0.
N-c0 n—co nse anx L N oo 40
eﬂ)(
Ifx=0,thene™ =1,s0 limf,(x) = lim -0,
N—-oco n-e 1 41
Ifx <0, then lime"* =0, so l|mf (x)=lim -1
n-oo n-e () 4+ 1
0, ifx=0
Therefore, the limit function is f(x) = lim f,(x) = ) .
-0 -1, ifx<0

The convergence of (f,) to f on R is not uniform, since f has a discontinuity at x = 0, but f, is continu-
ousonRforallneN.

Or: We can use that if there exists a sequence (x,) ¢ H such that
im | ra(xp) | =lim | fo(xn) = f(xp) | #0,then (f,) does not converge uniformly to f on H.
N—oco N—>co
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1 e n-1 e-1
Here letx, = —, then lim | ry(x,) | =lim | fy(xp) = f(x,) | = lim -0 = *0
n fi->eo fi->eo e | 20 e?+1
= (f,) does not converge uniformly to f on R.
o arctan(—)
3. a) Show that the series S(x) = Z— is convergent for all x e R.
n=1 n
b) Show that S' (x) = forallxeR.
and+nx?
Solution.
X
‘ arctan(;) 71 71
a) Since | f,(x) | = | | <—-— orallxeR and Z— — is convergent (p-series with p = 2),
n? 2 n? 12 n?
o arctan(;)
then by Weierstrass’s criterion the function series Z—z is uniformly convergent on R.
n=1 n
1 1 2 . .
b) The function series Zf (x)= Z— ———=) is also uniformly convergent on R
n=1 nln l+(£)2 n nln3+nx2
n
. . . . l l .
by the Weierstrass criterion, since | f," (x) | = | <— and Z— is convergent,
n®+nx? n® on®
d (& arctan(*) © 4 arctan(>) =
0S' (W)=—|> ——|= ) — Z forallxeR.
o n? dx  n? n®+nx?

n=1

4. Estimate the value of \j3 1.2 by the Taylor polynomial of order 2 of f (x) = \j3 1+x atcenterO.
Give an upper bound for the error of the approximation.

Solution.
f)= Y1+x f(0)=1
1 1
Frx)=——— f(0)=-
® 3(1+x)%3 ©
O E— 0
X)=——m—m - ——
9(1+x)*3
flll( ) 10
X) = ————
27 (1 +x)%3

The Taylor polynomial of order 2:

2

1 2
T>(x) = £(0) + £' (0) (x - 0) + u-of=1+5x~——x

9-21
1 2

fx=0.2 then Y1.2 = T5(0.2) = 1+~ -0.2 ——— 0.2? = 1.06222
2 7 921

&)

Lagrange remainder term: R,(x) = (X - o), wherexg =0, x=0.2, 0<£<0.2

The error estimation:

10 1 3
lEl:lRZ(X)|:|W3'( 2-0)°| =
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10 1 3 10 1 3
— 0.2 < —— — 0.2 = 0.000493827

T 27(1+8) 3! 27(1+0)83 3!

5. Find the Taylor series of the following functions at x, = 1 and determine the radius of conver-

gence.
a)f(x)= b) g(x) =
X+3 (x+3)
Solution.
1 1 = (-1)"
a)f(x)= =—- =Z( ) (x-1)", where
(x-1)+4 4 1_(_X_—1) oAt
4
x-1
Irl=|-—]<1= |x-1] <4 = Ri=4
4

d (& (-1) © (-1)" d © (-1)"-n
b) g(x) = —f' (X) = —— x-1)"|= — (x-1)"= (x-1)™1
g( ) ( ) dX (; 4f7+l ; 4n+l dX ’; 4I7+l
because of uniform convergenceif | x-1| < 4, so the radius of convergence

of the series is R, = 4.

2x3
6. Find the Taylor series of the function f(x) = T at xo = 0 and determine the radius of
32-2x°

convergence. Calculate f2°2(0) and f%3)(0).

1
Solution. Let g(x) = ————. First we determine the Taylor series of g at x = 0 using that
Y32-22

(1+u)“=Z(Z)uk,where |u] <1=R.

k=0
1 1 1 xz_?ls 1=(-2 K2\ e 1L (21K
=g(X)= . 1/5=_(l (__]] =_Z( 5](__) =Z_[ 5)%)(2!(
(32 (l+(_x_2)) 2 16 2.5\ k 16) 52\ k) 16
XZ
The radius of convergence: | u | = |——| <l= |x| <4 = R=4
16

Using this, the Taylor series of f is
U A LGy
fx)=2xg)=2x% > —| 5 |[——x*=>| 5 |—x**3, where R=4 (the same).
o2\ k) 16 o\ k) 16

To find the values of the derivatives we use that

0 o (n)(o)
9= ap=

|
n=0 n=0 n:

x" = ¢™(0)=n!-a,, where a, is the coefficient of x".

102 e have to solve 2 k +3 =102, where ke N.

e To find the coefficient of x
This equation doesn’t have an integer solution, so a;p, =0
(the term x1%2 is not included in the series)

= ¢g199(0)=102!-a,9, = 0.
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e The coefficient of x}%%: 2k +3 =103, wherekeN = k=50

_l (_1)50
= g199(0)=103!-ay03 = 103!'( 58 ] 16%

T.LetA={(x,y) eR*:x<0,x* +y* <1} U{(x, 0)eR*: -1 < x < 1}.

Find the set of interior points, the set of limit points and the closure of A.

Solution.

The set of interior points of A: intA=A={(x, y) eR*:x <0, x* +y* < 1}

The set of limit points of A: A" ={(x, y) eR*: x< 0, x> + y* < 1}U{(x, 0) e R*: -1 < x < 1}
The closure of A: clA=A".

8. Calculate the following limits if they exist.

ax’y +By? X*By +sin(x* + y*)*
a) lim ———— b) lim
(y)>(0,0) x4 4 y2 (X,¥)~(0,0) (x2 + yz)B
Solution.
. . - acx*+Bcx*  ac+ B _
a) The limit at the origin along the parabolas y=cx* is lim = , which depends

x50 x4 42 x* 1+c2
on ¢, that is, the limit depends on the route, therefore the limit at the origin doesn’t exist.

b) Using polar coordinates, x =r cosg, y =rsin ¢, where r— 0 and ¢ is arbitrary, the limit at

o r*F*(sin @) (cos @)*# + sin(r?%) , sin(r*®)
the originis lim =limr-(sin @) (cos ®)*# + lim =
=0 2B r-0 0 2B

sin(r*®) 0, !fa>B

=0+lim ={ 1 ifa=8.
-0 2P 3

oo, ifa<pf



