Improper integrals

Case 1: The interval is not bounded

Definition. Let a e R and assume that f is Riemann integrable on [a, b] for all b 2 a.

b
If the limit lim | f(x) dx e R exists then we say that f is improperly integrable

b-» oo a

or f has an improper integral on [a, «) and the value of the integral is
‘00 b
[ f(x)dx:éim f(x) dx.

In this case we also say that the improper integral converges.

b b
If the limit lim | f(x)dx doesn’t exist orif lim | f(x)dx=oco Or —o then we

b e a b e a

say that f is not improperly integrable on [a, «) or the improper integral diverges.

Definition. Similarly, let b € R and assume that f is Riemann integrable on [a, b] foralla < b.
Then

Jif(x) dx= lim J;bf(x) dx.

- -

If the limit exists and is finite then the improper integral converges.
If the limit doesn’t exist or exists but is o or —co then the improper integral diverges.

Examples

Exercise 1. Calculate the following integrals:

a)r L X b)rfdx c)r L dx

0 (1+x)? 1 X 0 1+x2
0 T 1 a
d) J costdt e) J' dx ) j e dx
0 0 1+sinx —oo
Results:
T
a)l  b)oo(diverges) ¢)— d) doesn’t exist (diverges) e)2 f) e°
2
Exercise 2. /= r dx=7?
2 x> +x-2
Solution. Using partial fraction decomposition:
6 6 A B
= = + = 6=A(x+2)+B(x-1)
Xex-2 K-1)(x+2) x-1 x+2
Ifx=-2: B=-2

Ifx=1: A=2

b 6 b( 2 2
I=limj dx=limj(—— )dx:
b J2 x2 4 x =2 b2 \x=-1 x+2
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= Zl!im [In(x=1)=In(x + 2)]‘2’ = Zl!im (Inb-1)=In(b+2)-(In1-1n4))=

b-1
=2[im(ln +n4]=2-(0+ln4)=2Iln4
b\ b +2

(the improper integral converges)

—1 1
Exercise 3. /= j —dx=?

x=-2) \/ In(2-x)

a+l

Solution. We use that jf'f“: +C, a*-1:
a+1
—1 _l 1
I= lim —(In(2=-x))2dx =

a-»- Jg 2 —X

(In(2 = X))

|7 =2 lim

a- -0 [ 1 a- -

(«/ln3 - '\/lﬂ(Z—CI)):—oo

(the improper integral diverges)
Important remark

— b
Definition. Let a, b e R. The improper integral / = j f(x) dx is said to be convergent if for all c € (a, b)

the improper integrals
C b
Il=jf(x)dx and /, = j f(x) dx

are both convergent.
The improper integral / is divergent if at least one of /; and /; is divergent.

- b
Definition. | f(x)dx= lim lim J f(x) dx if the double limit exists and is finite.

=3 a->-cobh-> o

Remark. Because of the previous definition r f(x)dx # lim ’ f(x) dx.

a-»w J_g

) 0
Forexample,[ xdxis divergent,sincej

—oo —oo

x dx =-o0 and medx=m.
0

. a X (d @
However, lim J xdx = lim [—] =lim|— -—|=0.
a->c J_qg a0l 2 d-0 a5\ 2 2

00

Exercise 4. /= f
-0 1+ x?

dx=?

Result: /=77



Case 2: The function is not bounded

Definition. Assume that f is not bounded at a but f is Riemann integrable on [A, b]
foralla<A<bh.
Then
b b
J f(x)dx = lim f(x)dx or
a

6-+0 Ja+6

b b
f(x)dx= lim J’f(x)dx
a 0 JA

A-a+

Definition. Assume that f is not bounded at b but f is Riemann integrable on [a, B]
foralla<B<b.
Then
b b-6
J f(x)dx= lim f(x)dx or

a 6-+0 Jg

b 8
[ f(x)dx= lim | f(x)dx

a B-b-0 a
Definition. If f is not bounded at c e (a, b) then

b C b
ff(x)dx:jf(x)dx+ f(x)dx:dlim

1->+0

b
f(x) dx

c+6;

c-01
j f(x)dx+ lim

6,->+0

Examples

Exercise 5. Calculate the following integrals:

1 1 71/2 1
a)j |— dt b)j N1+ sinx dx c)jlnxdx d)
0 1-t 0 0

Results:
a)2  b)2

dx

1 1
J;)1—)(2

c)-1
7 1

d) o (diverges)

Exercise 6. /= f dx=7?
5 3 (X _ 5)2

Al ;imo(ifi—%)=3i/§.

7 2
Solution. /= lim (x=5)"3dx=lim
6-+0 J546 6-+0 1

3
. 1 4 arcsinx
Exercise 7.I=f—

7
Js.s=3

dx=7?

fa+1

Solution. We use that Jf' %= +C, a*-1:
a+1l
3
o1 (arcsinx)2 q1-6
(arcsinx)z dx = lim[ ]
6-+0

1-6 1
I= limj
6-+0 Jo ’ 2

3 640

1-x 3

3

= E lim ((arcsin (1-6))> - 0) =
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Improper integrals of f(x) = X—la

1
Statement. The improper integral r—a dx is convergent if a> 1 and divergent if a < 1.
1 X

Proof.

e 1

Al
If a=1, then f — dx=lim [ = dx=lim[nxl = lim(INA=n 1) = oo
1 x¢ Asoo J1 X A-oco A-oo

o 1 ) A ) X—a+1 A ) A—a+1 1 0- -
Ifa#l,then[ —dx=l|mjx‘“dx=l|m[ ] = lim - = —a+1
1 x¢ Ao J1 Asol_gq 4171 Aseo\-a+1 -a+1

11
Statement. The improper integral — dx is convergent if a <1 and divergent if a > 1.
0 X

Proof.

11 11
Ifa=1,thenj—dx= lim f Zdx= lim [lnxl = lim (In1=1ng)=0— (~o0) = oo
0

0 x% 040 Jo+e x £-0+0 £ 0+0

11 1 X—a+1 1 1 E—a+1
Ifa*l,thenJ;—dx: lim f X dx= lim | [ = tim - -
0+€ €

X% £-0+0 040ty 4+ 1 -0\ —g+1 -a+1

oo, ifa>1

1 .
-0= , ifa<l

-a+1 l1-a

30r 30¢
25} 25
zo; 20;
10; 10;
05; 05;
] Y S Y
0.0 05 10 15 20 25 30 00 05 1.0 15 20 25 3.0

Convergence of improper integrals

Theorem (Cauchy criterion for improper integrals).
Assume that f is integrable on closed, bounded subintervals of [a, B).
(Here B can be «.)

B
Then the improper integral j f(x) dx is convergent if and only if

b,
for all € > 0 there exists b € [a, B) such that | J f(x)dx| <ecifb<by<b,<pB.
by
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Remark. Assume that f is integrable on closed, bounded subintervals of [a, B).

If f=0o0n[a, B) then g(w) = jwf(x) dx is monotonically increasing
= lim jwf(x) dx exists (it is either finite or o)

w-B-0

B
= f | f(x) | dx always exists if f is integrable on closed, bounded subintervals of [a, B).

B
Definition. The improper integral j f(x) dx is absolutely convergent, if
fisintegrable on closed, bounded subintervals of [a, B) and

B
J | f(x) | dx is convergent.
a

B
Theorem. If the improper integral f f(x) dx is absolutely convergent then

B
the improper integral j f(x) dx is convergent.

by b,
Proof. | , f(x)dxl sf f(x) | dx forallasb;<b,<B

by
and we use the Cauchy criterion.

Remark. The converse of the statement is not necessarily true, for example

% Sin X
—— dx is convergent, but not absolutely convergent (see later).
1 X

Comparison test for improper integrals

Theorem. Assume that
e f and g are integrable on closed, bounded subintervals of [a, B)

e dbyela, B)suchthat | f(x) | <g(x) Vxe(bg, B)
Then

B B
1. ifjg(x)dx converges then J f(x) dx also converges.

B B
2.ifgx)2 | f(x) | Yxe(by, B)and f f(x) dx diverges then [ g(x) dx also diverges.
a a

B h b,
Proof. 1. e J g(x) dx converges SL’,’ YV e>0 3b<Bsuchthat | j g(x)dx| <eforallb<b; <b, <.
a by
o | f(x)| =g(x) Vxe(bo, B)

b, b, by
= | f(x) dx | < | J f(x) | dx| < | g(x) dx | <¢ forall max{b, by}<b;<b,<B
by by b

1

Cauchy (B
=>J f(x) dx converges.
a

B B
2. By part 1, if J g(x) dx is convergent then j f(x) dx is convergent, which is a contradiction.
a a
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1 1 1 1
Remark. 1. Ifx=1 then — <— Since r— dx diverges then r— dx also diverges.
1x 1 \/;

X X
1 1 11 11 .
2.1f0<x<1then - <—.Since | - dxdivergesthen J — dx also diverges.
X X 0 X 0 x>
Examples
Exercise 8. Decide whether the following integrals converge or diverge:
w0 SiN X w1 +Sinx w2 + COSX
a)[dx b j d o j dx
1 )(2 0o 1 +X2 1 X
1sinx SN X w | SinX
dx o) [ dx f)J — | ax
0 x? 10X 1 X
Results:

a)conv. b)conv. c¢)div. d)div. e)conv. f)div.

Integral test

Theorem. Assume that f : [1, o) — R be a positive valued, monotonically decreasing function
and let f(k) = ay > 0.

1.If rf(x)dx is convergent = > a is convergent
1 k=1

2.1If rf(x)dx is divergent = > a is divergent
1 k=1

Remark. The equivalence is also true, that is, the integral rf(x) dx and the series Zak are
L k=1

both convergent or both divergent.

Proof. 1. Consider Figure a). Since the sum of the areas of the inscribed rectangles is less than or

equal to the area under the graph of f then

02+03+...+ansff(x)dx51im f(x)dx:Ff(x)dx eR.
1

1 n—-o J1

n oo oo
Since a,>0and Zak isbounded = Zak is convergent = Zak is convergent.

k=2 k=2 k=1
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A A
aqr-——-

| y=F(x) y=F(x)

82****‘ asr-——"F -

asr-——F- -

;='-r=-_ ‘-~-‘==—-=1
1 2 3 n-1 n 1 2 3 n-1 n
a) b)

2. Consider Figure b). Since the sum of the areas of the circumscribed rectangles is
greater than or equal to the area under the graph of f then

J"f(X)dXS ap+ax+...+0,.1 =51
1

Since lim | f(x)dx=co = lims, ;=0 = Zak is divergent.

n—
=1 k=1

Error estimation

Theorem: Let f: [1, o)— R be a positive valued, monotonically decreasing function, let

f(k) = a, > 0 and suppose that rf x) dx is convergent. Let s, = Zak ands= Zak
k=1 k=1

Then the error for the approximation s = s, is

O<E=s- s,,_Zak rfx)dx

k=n+1

Proof: Since a,,1 + Qp.y + ... + 0y < j f(x) dx then

O0<E=s-s,=lim Zak<llm Jmf(x )dx = rfx)dx

o

The convergence of the series Zi

nl

Theorem: Z—a is convergent if a > 1 and divergent otherwise.
n=1

1
Proof: If a <0 then lim— = limn%=limn!% =o and

n-e Nd  n-oco N—oo0

1
if a =0then lim— =1, so in these cases the series is divergent by the nth term test.

n-e n<

1
If a>0then letf(x) = —, x = 1. This function is positive valued, monotonic decreasing

’

x4
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1
andf(n)=—=a,>0.
na

Thus, we can apply the integral test to investigate the convergence of Za,,.

n=1

1
We already proved that r_a dx is convergent if a > 1, therefore the series
1 X

> 1
Z—a is also convergent if a> 1.

n=1 n

The improper integral is divergent if 0 < @ < 1, so in this case the series is also divergent.

Examples

Exercise. Decide whether the following series are convergent or divergent.

i 1 i 1
b) Y ——
;nlnnlo nén(ln \/E)Z

If a series is convergent then estimate the error for the approximation s = sy

a)

Solution.

1 1 1
a) Letf(x) = =— , X>3
xlnx?® 10 xlnx

Then f is positive valued and monotonically decreasing on the interval [3, o)
anda,=f(n)>0 = theintegral test can be applied:

1 1 1 A S 1 1
dx=— lim | = dx=— lim[In(lnx)]; = — lim (In(InA) = In(In 3)) = o0
310 xIlnx 10 A»= J3 |nx 10 A»e 10 A» e

oo

Since the improper integral is divergent then the series is also divergent

s ninnt?

by the integral test.

1 1
b) Let f(x) = =

x(ln \/;)2
Then f is positive valued and monotonically decreasing on the interval [3, «)
anda,=f(n)>0 = theintegral test can be applied:
1 Al 1 4 1 1 1 4
r4- dx=4lim J —(Inx)2dx=4lim[-— | =4 lim(—— +—)=4(O+—)——
3 3

x (Inx)? Ase I3 x Aseol InxB3 " Ao\ InA In3 In3) In3

X>3

x(Inx)?

e |

& 1

Since the improper integral is convergent then the series Z—z is also convergent
n=3n (ln \/;)

by the integral test.

Error estimation for the approximation s = s14qq:

1 1 A
0<E=S—$10005r f()()dXZ‘I,bv 4~—~(lnx)'2dX:4lim[——
1000 1000

X Ao co [nX]1000:
1 1 4
=4lim (—— + ) = .

A-~\ |nA [n1000/ [n1000




