Improper integrals, exercises
Exercise 1. ri dx=7?

1 1
Solution: ‘r— dx = lim F— dx=lim [Inx]{=lim (INnA-Iln1)=c
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Exercise 2. r— dx=7?
1 )(2

. x 1A 1A 1
Solution: —dx_llmr— dx_llmr 2dx=lim[—] =lim[——] =lim(——+l)=0+l=1
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Exercise 3. fe"‘ dx=7?

X,
Solution: fe‘xdx= lim Ee"‘dx: lim e_l] =lim[-e™] = l|m( A-(-€%)=0+1=1
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Exercise 4. EX3 dx=7?

x4 A A%
Solution: fx3 dx = lim fx3 dx=lim [—] = lim (— - 0) =
A-co Aol 4 0 Ao\ 4
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Exercise 5. f0°°sin xdx =?

Ao A-oc0

Solution: fsinxdx: lim fsmxdx = lim[- cosx]0 = l|m( cos A+ cos0),

this limit doesn’t exist, so the integral is divergent.
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Exercise 6. J: —dx ?

. -1 1 -1 1 ~1 1 o1t
Solutlon:J: 3—dx= lim J ?dx= lim [ x3dx= lim T]B =
oo B- - JB B- - JB B- - b =
X 3
3, 3
= lim [—-\/Xz] l|m ( \, 1) - ) — —c0=-

B> -0ol?)

Exercise 7. f

. 1 1 T\ TT
Solution: f dx= lim JO dx= lim [arctgx]% = lim (arctg0-arctgB)=0- (——) =—
00X2 +1 B> - X +1 B - B -0 2 2
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dx=7?

Exercise 8. f

wx?+1

. X X 1 2x
Solutlon:f dx= lim JO dx= lim JO—- dx =
wx?+1 Bo-eoJB x? 41 Bo-w0JB2 x2 41
(the integrand has the form %)

= i ll 2,9 = o 111 ll B?+1)|=0-o0=
_“3_|)r11m[2 n(x*+ )]B_Blnlo(z n —2 n(B*+ ))_ —0=—00
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Exercise 9. L —dx=?
X

11 1
solution: | - dx= lim L — dx= lim [Inx]} = lim (In1-Ing)=0- (o) =oo
X 5040 Jo+e X £-0+0
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Exercise 10. J; —dx=?

1

. 1 1 1 X214l
Solutlon:L—dx_ lim —dx_ im [x%dx= tim [<] =
£ 0+0 £ 0+0 Jg e>0+0L 1 de
2
= lim [2 x] = lim (2«5-2 «/?):2-0:2
£ 0+0 [ £-0+0
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Exercise 11. J; —dx=?

X2
. 11 11 1 x1
Solutlon:J;—dx_ lim L ~ dx= lim Jx'zdx: im [—] =
2 £ 0+0 Jo+e x2 £ 0+0 Jg e>0+0L _1 de
) 1 1 1
= lim ] lim (— —):—l+—=—l+oo=oo
£ 0+0 £-0+0 £ 0+
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Exercise 12. J; Inxdx=7?

1
Solution: By integration by parts: fl-ln xdx=xlnx- Jx-— dx=xlnx-x+c
X
f'ixX)=1 = f(x)=x

g0 =lnx = g'(x)=-
X

1 1
Inxdx= lim | Inxdx= lim [xInx-x]!=
£-50+0 J0+¢ £- 040
= lim ((1-In1-1)-(elne-¢))=(0-1)-(0-0)=-1
£ 0+0

By L’Hospital’s rule (the product has the form 0-(-c0)):
1

nx %
lim xInx= lim — = lim — = lim (-x)=0.
Xx-0+0 x->0+0 1 x-0+0 _ 1 x-0+0

X )(2

Exercise 13. ftgx dx=7?

g b

] - ~-esinx ¢ (-sinx)
Solution: [tgxdx = lim E dx= lim L (-1) dx =
£->0+0 COS X £-0+0 COS X

f
(the integrand has the form . )

= lim [-In (cos x)]T** = lim (—ln(cos (7—; - s)) + In(cos 0)) =—(-o0)+0=00

- 040 £-0+0

JT JT JT
If e 0,then cos (— —e)—>cos— =0, ln(cos (— —e))—)—oo
2 2 2
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Exercise 14. J x2dx= I —dx=?
1 1 x?

1
Solution: The integrand is not bounded: lim — =oo.
X0
1 1
The integral is divided into two parts: / = J: X2 dx = ng‘z dx + Lx‘z dx=1 +1,
1 -1
Since the integrand is even and the interval is symmetric about the origin then /; = /.

11
In Exercise 11. we have seen that/, = J; = dXx=o00 = =00+ 00=100.
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Exercise 15. J

-1

1 1
x‘l’zdx=I — dx=?

Lyx

Solution: The integrand is not bounded: lim x™*? = oo.

x-0

1 1
The integral is divided into two parts: / = J: X2 dxx = Jox‘”z dx + J; x M dx =1y + 15
1 -1
Since the integrand is even and the interval is symmetric about the origin then /; = /,.

11
In Exercise10.wehaveseenthatlz=J;—dx=2 = =1 +1,=2+2=4.
X
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Exercise 16. f— dx=7?
3 (x-5)

1 1
Solution: The integrand f(x) = ———— is not bounded: Im—— = — =
3'()( _ 5)2 X5 3' (X _ 5)2 0+

= theintegral is divided into two parts:

1 1
dx:L5 dx+r dx=l+1/,
2 3 2 5 3

(x - 5) (x - 5)2

) 5, ) 5-¢; 2 ] ()(_5)_3 5-¢; ) 3 5-¢,
e [ e i - S
l|m(3«/5 £)-5-33- 5)_ nm(3\/-71-3«/ ) 0-3y-2=342

£-0+0 £-0+0

(x-5)

Iz:gzl—iglo J:r*?z \3/17)2 > ='”=€zl—l>r(1)1+o[3 ] +€2=£11—I>r(?+0(3 ‘/6 >3 \/5+£2_5)
lim (341 -3 {e,)=3-0=3

£,-0+0

=1 +1,=3 2 +3
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Exercise 17. | —— dx=?
0ox-1

Solution: The integrand is not bounded at x = -1:

1
lim —— =-c0, liMm —— =400
x=>1-0 x — 1 x=>140 x — 1
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1 11 1
/=f dX=L dx+ | —dx=/+1,
x-1 x-1 1 x-1

homework: /; = —oo, I, = +o0 = the sum doesn’t exist, so the improper integral is divergent

6
4 |-
2
0 0.5 1j0 115 210 2‘.5 310

2F
_4F

-6 F
Exercise 18. re‘”' dx=?
Solution:

/=J:°;e'|x| dx=','f)me'|’(| dx+J;)°°e'|X| dx=fioe'("()dx+J;)°°e"(dx:/l.|./2

e A
From exercise 3: I, = fe‘%ﬂx: lim fe‘ﬂﬁx: lim[—] = lim[-e™]}
A-sco Aseol _1 40 Ase

= lim(-e” - (-€%))=0+1=1

Ao

The integrand, f(x) = e™!*l is even and the interval is symmetric about the origin,so I, =/,

The solutionis: /=l +/,=1+1=2

-4 -2

2 2

Exercise 19. J dx=7?

wx? +4

Solution: First we calculate the indefinite integral:

2 2 [ 1 1 arctg(3) X
J dx=- dx=——+c=arctg(z)+c

x> +4 4 J(EY+1 2 1
2 -
2
. . . 2 2 2 2 X\q2
The improper integral is: I dx= lim j dx= lim [arctg(—)] =
wx? +4 B0 Jg X2 4 4 B-oo 2/-B

=+ —=—

rr)rrrr3rr

2 B
= lim (arctg(—) - arctg(— )) =arctgl - (——
Bo-oo 2 2 2/ 4 2 4
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1
Exercise 20. f — dx=?

©(3x-2)?

1 1
Solution:l:f—dx: lim Jﬂ— dx = lim f(3x—2)'2dx=
°°(3X— 2)2 A--co JA (3)(_ 2)2 A--c0 JA

(3x-2)1o0 1 1

_ /1111 1 1
—] =l|m[—— ]:llm(—— +——)=—+0=—
-1:3 A o=l 33x-20 4=\ 30-2 334-2/ 6 6




