Calculus 1, 6th and 7th lecture

Orders of magnitudes

Definition: Suppose that an)ooo and bnE;oo. Then the order of magnitude of (a,) is smaller than

An nseo
the order of magnitude of (b,) if o 3o.

n

Notation: a, << b,,.

k

1
Theorem: n” >>n!>>a" >>n">>nk >>logn, wherea>1 and keN*. That s,

n | n

n n! a
a)lim— = b) lim — =, wherea>1 c) lim— =, wherea>1
n->o nl n-eo N n
an
d) im — =, wherea>1and ke N* e) lim =
N—co nk N-co [0g2 n
n" nonn n n n n"
Someproofs.a) —=— - —- ... — —— - —2n-1-1-...-1'1' 1=n—0 = — —>x
nl 123 n-2 n-1n n!
. nl nn-1n-2 321 n 1 n n!
b) Forexample,ifa=2,then —=— " — —— . — = —2—-11- ..’ 1'l' - =——00 = — >
2" 2 2 2 222 2 2 n
. nl n n-1 [al+1 [a] 1 n c n!
In general,ifa>1,then —=—--——- .. — = 2—1 . lc=— N> = — —x,
a’ a a a a a a a a’
[a] 1
wherec=—-...-—.
a a

n!
=— wherek! =1-2-...-k and 0! =1.
k!'(n-k)!

Meaning: the number of subsets with k elements of a set with n elements.

Remark: Binomial coefficients: ( Z )

Binomial theorem: (a + b)" = (a + b) (@ +b) ... (a + b) = Z( Z ) ak bk,
k=0

n

a
c) We will prove that lim — =, wherea=1+ 6 and 6 > 0. By the binomial theorem,

n-c n
=2 (k)e=(5)e (D)o (3) e r()2(5)
(l+6)-%(k6-06+16+26+...+n6_26,50
(1+06) (2)52 n(n-1) n-1 a”
> = 6= 6?—>00 = — —>o0,Wherea>1.
n n 2n 2 n

an
d) We will prove that lim — =, wherea >1and ke N*. This is a consequence of case c¢), sinceifa>1

N-co nk

P nyk
n
Va
then%>landa—= ( ) .
n* n

e) Leta, = . It can be shown that (a,,) is monotonic increasing (we can prove this later) and

log, n
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2K 2k
sz = =— —o0.
log,2X &

From these two properties it follows that a,, — .

2 i 1
n _3!’1 3” 32_ N—>co 0—1
Example: i - — 0 =0.
n'+n n! n? 1+0
l+n!

Theorem. limna"=0,if | a| <land keN*.

N—>co

1st proof. Itis a consequence of the following statements:

N->oco 1 N—oo
a) If a,— oo then — —0.
an

n
N—>co

a
b) If a>1and k e N* then — .
n

c) If| an 30 then anﬂio.

2nd proof. It is a consequence of the following statements:
(i) \n g
(iyIfo<lim 4 | a, | =L<1then a,230.
Proof of (ii):  IfL<g<1thenthereexists NeN such thatforalln>N, \"/ | an| <q.

Then0< | a, | <q"—05so by the Sandwich Theorem an=30.

Using this,if | a| <1then i/ | n*a" | =(%)k- | a | — 1k | a | <1 = nka"—0.
The Sandwich Theorem and two applications

Theorem (Sandwich Theorem). If anE;A €eR, CHE;A eRanda,<b,<c,foralln>N,then

N->co

b,—AeR

Proof. Let £ > 0 be fixed. Then
there exists N; e N such thatifn>N; thenA-e¢<a,<A+¢cand
there exists N, e Nsuch thatifn>N,thenA - e<c¢c, <A + ¢.
So if n > max{N, Ny, N,} then
A-e<apsb,sc,<A+e = |b,-A| <¢

Theorem. lim \n =1.

N—co

1st proof. Apply the AM-GM inequality fora; =...a,,=1, a,.1=0a, = \/;
Then

1< \"/F:\jl-...‘l-\/Fw/F smsui—um-o:l,
n

n

so by the Sandwich Theorem, «/; — 1

2nd proof. Since \/F > 1 then we can write Yn =1+ &,, where &, 0. Then by the binomial theorem,



calculus1-06-07.nb | 3

n can be estimated from below:

n n n n(n - 1)
n=(l+6,,)”=l+n6,,+(2)6ﬁ+...+(n)6ﬁ2(2)6ﬁ=76},

from where

2
0<6,< ,|—— —0,s0 by the Sandwich Theorem, 6,— 0 and thus \/F —1.
n-1

Theorem. If p>0 then lim 4/p = 1.

N—co

1st proof. Assume that p 2 1 and apply the AM-GM inequality fora; =...a,,=1, a,.1=a, = \/E
Then

1< 4fp = \jl-...-l-\/z~\/5 S(n-z),:z\/E s1+2f—>1+o=1,

so by the Sandwich Theorem, \/E —1.

1 1
fO<p<1,then—>1,50 4Jp =—— —1.
p 1

P
2nd proof. If p =2 1 then \/E 21, so we can write \/E =1+ Oy, Wwhere 6, 20. Then by the binomial

theorem, n can be estimated from below:

p=(1+6,,)”=1+n6,,+('27)6,2,+...+(Z)6,272n6n,

from where 06, < P — 0, so by the Sandwich Theorem, 6,,— 0 and thus \/; —1.
n

The case 0 < p < 1is the same as before.

3rd proof. If p 2 1 then \/; =1, so we can write \/; =1+ 6,, where 6, 2 0. We show that 6,— 0. By

the Bernoulli inequality

-1
p=(1+6,)"21+n6, = 26,50
n

-1
Since P — 0 then by the Sandwich Theorem 6,— 0, so \/E—>l
n

The case 0 < p < 1is the same as before.
Monotonic sequences

Theorem. If (a,) is monotonically increasing and not bounded above, then a, T

Proof. Let P> 0 be fixed. Since it is not an upper bound, there exists an N e N such that ay > P. By the
monotonicity, if n>Nthena,=ay > P.

Consequence. If (a,) is monotonically decreasing and not bounded below, then a, U

Theorem. (1) If (a,) is monotonically increasing and bounded above, then (a,) is convergent and
lima, =sup{a,:neN}.

N—co



4 | calculus1-06-07.nb

(2) If (a,) is monotonically decreasing and bounded below, then (a,) is convergent and
lima, =inf{a,:neNj}.
N—co
Proof of part (1). Let A=sup{ax:keN}, thena, < AforallneN.
Assume indirectly that lim a, # A. Then there exists € > 0, such that for all N e N there exists n > N,

N—oco

such that a, < A - €. By the monotonicity ay < a,,, so ay <A - ¢ for all N e N. However, this is a contra-
diction, since A is the smallest upper bound of the sequence (so A - ¢ is not an upper bound).
Therefore for all £ > 0 there exists Ne N such thatifn>NthenA-e<a,<A<A+¢,s0lima,=A.

The sequence a, = (1+7)"

1 n
Theorem. The sequence a, = (1 + —) is monotonically increasing and bounded, so it is
n

convergent.

1st proof. a) Monotonicity. We use the inequality between the arithmetic and geometric means: if

k a,+da,+...+ 0,
ay, 4y, ..., dx 2 0then \/al ay..Qq S———M

k
1
Leta;= ... =a,=1+-anda,,; =1.Then
n
1\7 n(l+%)+l 1
”+1(l+—)'lS =1+ s
n n+1 n+1

1\7 1 n+1l
500n=(l+—) S(l+ 1) =a,,; forallneN.
n n+

b) Boundedness. We use the inequality between the arithmetic and geometric means for the num-

1 1
bersa;= ... =a,=1+-and a,,; =a,,,=—.Then
n 2

le—| - s—— = =1,

1 1

1\" 1 Ml+=)+2-=
T (3] 23

n 4 n+2

1 n
soa,,=(1+—) <4 forallneN.
n

2nd proof with the binomial theorem (homework).

I\" 2n\[1\ "nn-1)..(n-(k-1)) 1
a)Boundedness.an=(1+—) =Z( )(—) =1+1+Z — =
n par, k/\n Py k! nk
"1 nn-1 n-(k-1) no1 no1
=1+1+) ——- <l+l+)y —1-.1=) —:=s,
okl noon n o k! k!

The sequence (s,) is bounded above since the terms can be estimated from above by the terms of a

1
geometric sequence with ratio —:
2



1 1 1 1
Sp=1+1+—+ + o+ <
1-2 1-2-3 1-2-3-4 1-2-...-n

1\n
1 1 1 1 1-(;) 1yn-1
<l+[l+—+—+—+..+ =1+ =3—(—) <3.
2 22 23 2”—1 1_&
2
Soa —(l+ ) <Sp= —<3
n n n Z

b) Monotonicity.
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1 \m1 gy 1 \k ] n+l n n-1 n+1l)-(k-1
an+1=(1+ ) =Z( )( )_2+ — : ( )-k-D)
n+1 k n+1 okl n+1l n+l n+1 n+1
1] 1 k-1
R N
k=2k! n+1 n+1 n+1
21 n+l 1
=2+ ) — ] +( )—>
k:zk! T ne1 T+l n+1/ g4yt
no1
>2+4 ) — 1——) (1 )+O an
i k!
Soa,<ap,:.

l n
Definition: The sequence (1 + —) is convergent so denote its limit by e:

n
ln
e:=lim[l+—).

N—>o0 n

Remark: From the 2nd proof it follows that 2 <e < 3.

Theorems:
1l)eis irrational
2)l l =
|ms,, = |m — =
“ k=0 k' ko k!

N—co

3) lim(1+—)n=e"forallxe[R
n

N—c0 1 Xn
4) If x, — oo, then lim(l + —) =e.

N—>oco Xﬁ

Examples for monotonic and bounded sequences

Examplel.letO<a<landb,=a",then0<b,,; =a"t <a" =b, < 1. Since (b,) is bounded and

monotonically decreasing then it is convergent, let A= lim b,,. Then

N—>co0

A=limb,,=lima-b,=a-A & A(l-a)=0,s0A=0.

N—>o0 N—oo

15
Example 2. Leta; =4anda,,; =8 - —.
an

15
If (a,) is convergentthen A=lima, = l|m Ndp,1 = 8- e s0A?-8A+15=(A-3)(A-5)=0, therefore

N—oco
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A=30rA=5.
If we prove that (a,) is bounded and monotonically increasing or decreasing, then (a,) is convergent
and its limit is the supremum or the infimum of the sequence.
(i) First we prove boundedness by induction.
I. The statement is true forn=1: 3<a; =4<5.
II. Assume that 3<a, <5. Then

1 1 1 15 15
3<ap<b=>-<—<- = 3<—<5 =-3>-—>-5
5 a, 3 an an
15
== 3<8-—=0,,1<5.
an

(ii) Next we prove monotonicity, also by induction.

17
|.C72=— >al
4
L 15 15
l.a,<ap, = — >— (sincea,>0) = —— <-——
0n  Opax ap Upye1
15 15
= Op1=8-—<8-——=0ap,.
Cln Gn+1

Since (a,,) is monotonic increasing and bounded then a,, is convergent. The limit of (a,) cannot be
A=3,since a; =4 and the sequence is monotonic increasing. Therefore lima, = 5.

N—oco0

Subsequences
Definition. Suppose (ny) : N— N is a strictly monotonically increasing sequence of natural num-

bers. Then we call the sequence (a,,,) a subsequence of (a,).

Examples: 1) The prime numbers are a subsequence of the positive integers.

2) b, =

is a subsequence of a, =
1+n? 1+n

(bn =0n2).

Remark. A subsequence can be obtained from a given sequence by deleting some or no elements
without changing the order of the remaining elements.

koo
Remark. If (n)) is a strictly monotonically increasing sequence of natural numbers, then n, St
since ngzn; +k-1.

Theorem. lima, = Aif and only for all (a,,,) subsequences iim an, = A.

N—oo

Proof. 1) If all subsequences tend to the same limit A, then the subsequence (a,.;) 3 Asoforall

€>0there exists NeN such thatifn>Nthen | 0,1 -A| <€,50 | a,-A| <£ifn>N+l,soanE>°A.
2) If (a,) is convergent and (ap,,) is a subsequence, then for all € > 0 there exists N e N, such that if

k—oo
n>N,then | a,-A| <g,andsince ny — oo, thus there exists K € N such that if k > K, then n, > N,

k—)oo
so | a,, —A| <g,thereforea, — A



