Practise exercises 3.

1. Find the limit of (a,) and using the definition, provide a threshold index N for a given ¢ > 0.

Th+4 3n*+4n+7
a)an= b)anz—
2n-1 n”?+n+1
n? - 108 L -3
cQa,=—— d)a,=1+(-1)™"-2°>7"

5n®+2n-1

2. Using the definition of the limit, show that

a)lim(6n3+3n)=oo b) lim yn’-n = c)lim(n3—3n2+5n+9)=oo
N—-oo N—oco N—oo0
n"+3n 1+n*-3n°
d) lim = oo e) lim——— = -
now 2 4 ) noo n? 43047

3. Formulate the following statements without negation:
a)lima,+AeR

N—co
b) (a,) is divergent
Show that the sequence a,, = (-1)" is divergent.

4. Calculate the limit of the following sequences:

n+3 n-5n* 1-n®
a)ay=——— b)a,= ——— C)ap=—"—
4n>+7n+6 n*+8nd+1 70-n%+n
nT+nf-3 (20 +3) (n+1)!
da=—— e)a,=—— fla,=—
n°-n?+2 (3n+6)° (3-2n)n!
() (%)
2 4 ) 2n*+6
g)ap=— hya,=————— iap=3——
(5) ("N
3 2 2
) 2 4+n*+1 \n+6 9n -342n +1
j)an K)ap=———— ) a,=

_\/1+n2+2\/n3+2 Nn?+3n+2 \n ++3n

5. Decide whether the following sequences converge and if so, find their limit:

a)ay=Ym+n+1 - \n*-n+1 b)a,= V2 -Tn+1-n?-n+4
Q) ap=N2m+3n+1 - \n?+1 d)an=(3n+1)(n—\jn2+1)
e)an=; fla,= A +3n* -1 - \n*-2n®+3n+2

n

a
6. Prove that lim— =0, whereaeR.

n-eo nl
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7. Calculate the limit of the following sequences:

sin(n) n*-5

a)a,= b) a, = ——— cos(n*+5n +8)
n 2n+6n

log(n +1) log,,(n*) +3 (=3)™L 4 223

C)ap=——"— day=——— e)ay=—-—"—
n log,(n) 8+5"
¢ 3274 n2 4+ 1 7"+n"+7 n 401 4 p5.3n+2
)an= 3"+ 9" g)an_4”+3n2+5 ) an = 92n+3 | on-2
) n32" 43" " 2n!+n% " (2" +7")?
)a,=— Qp=—— ap=——
"3 Vi n n" ! n!

8. True or false?

a) If a,— Athen a2 — A%, b) If a2 — A% then a,— A.
1
¢)Ifa,>0and b,— o thena, b,— . d)Ifa,—0then — — .
an
l .
e) If a,— o then — — 0. f) If a,>0and (a,) is convergent then lima, > 0.
an N—co

9. Is there a convergent sequence that can be written in the following form?
a) a, + b, where both (a,) and (b,,) are divergent
b) a, + b, where (a,) is convergent and (b,) is divergent

c) a,-b, where both (a,) and (b,) are divergent
d) a,-b, where (a,) is convergent and (b,,) is divergent

10. Prove the following statements:
a)lfa,— Athen v a, — \3/Z

b) If c,—~C>0and d,—  then ¢, d,,— .



