Calculus 1, Midterm test 1

26th October, 2023

Name: Neptun code:

1.1 2. |3 |4 |5 |6 |7.[8 9]

4n>+3n-1
1. (9 points) Let g, = — Find the limit of a,, and provide a threshold index N for € = 0.01.
2n“-n+17

1

3n+1-49n*+5n

2. (9 points) Find the limit of the following sequence: a, =

3. (9+9 points) Find the limit of the following sequences:

3n? +4Y" 3n+2\m3
a)a, = b)b,,:( )
3n*+1 4n+3

4
4. (12 points) Leta; =2 and a,,; =5-— forallneN.
an

(Thena, =3, a3 =3.67,...). Prove that (a,) is convergent and calculate its limit.

’10 n*-n
5. (9 points) Find the liminf and limsup of a,=(-1)"- 7 : .
n*+5

. . . 2 10+(-6)"
6. (6 points) Calculate the sum of the following series: ZT
nm 3°2°™

7. (9+9+9 points) Decide whether the following series are convergent or divergent:

3
© 3n*+2n-17 e (2+n)" © (n?+6\" n?
) 5 o324
n=14nAn +9n°-n+1 o1 (n+ 1)1 g\n*+4) 9™
. . . . . e 2n+1
8. (10 points) Find the interval of convergence of the following power series: Z - “(x+3)"
n=1 n ’4”

9.* (10 points - BONUS):
Let (b,) be the following periodic sequence: 3, 4, 5, 3, 4,5, 3,4, 5, ....
(bn -3+ _;)n
Let (c,) be the following sequence: ¢, = EE—
2
Find the accumulations points and the liminf and limsup of the sequences (b,,) and (c,).
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Solutions

4n*+3n-1
1. (9 points) Let a, = ——— . Find the limit of a,, and provide a threshold index N for € = 0.01.

2n*-n+17

3 1
4n+3n-1 4*7-=  4+0-0

Solution. g, = =
2n?-n+17 2-248 2-0+0
n n

Let £>0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <¢&. (A=2) (1p)

| an-A| = | (2p)

4n>+3n-1 2|_|4n2+3n-1-2~(2n2-n+17)| | 5n-35 ifns7  5n1-35

2n?-n+17 2n*-n+17 2n*-n+17 2n*-n+17

5n-35 5n+0 5n 5
< = <e & n>- (3p)

5
2m-n+17 2 -n+0 n> n £

5
—]} the definition holds. (1p)
&

so with the choice N(g) = max{?,

5
If €= 0.01 then N = [m] =500. (1p)

1

3n+1-49n*+5n

2. (9 points) Find the limit of the following sequence: a, =

1 3n+1+4Y9n%*+5n
3n+1- \/9n2+5n 3n+1+ \/9n2+5n

3n+1l+ \/9n2+5n 3n+1l+ \/9n2+5n 3n+1+ \/9n2+5n

= (2p)

Solution. g, =

(3n+1)2—(9n2+5n)_9n2+6n+l—(9n2+5n)_ n+1
3434 4/9+2
n n V n 3+0+ Y9+0
L T sp) > 6 ap)
n 1+; 1+0

3. (9+9 points) Find the limit of the following sequences:

3n*+4Y' 3n+2\m3
a)a, = b)b,,:( )

3n?+1 4n+3

4 n
32+ 4\" (1+;) g
= —= =e. (4p)

1\"” e
(t+55)
Since2<e<3then2<a] <3ifnislarge enough. (2p)
Then 42 <a, < /3, and since Q/E—)l and Q/§—>1,
then by the sandwich theorem a,— 1. (3p)

Solution. a) a; =[
3n*+1
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2 n+3 . 2\n 2 3 'i
b)bn=(3n+2)n+3=(3n(l+3n)) : =(§)n 3.(1+3n)n.(l+ 3n)3 (6p) —>0 e_3_E=0 (3p)
4n+3 (4n(l+4—3n))n+ 4 (l+4—3n) (l+ﬂ e 1

4
4. (12 points) Leta; =2 and a,,; =5-— forallneN.
an

(Thena, =3, a3 =3.67,...). Prove that (a,) is convergent and calculate its limit.

4
Solution. If 3 lima, =A thenA=5-—- < A’-5A+4=(A-1)(A-4)=0
A

N—co
= A =1, A =4(3p).
Boundedness: we prove by induction that 1 <a, <4 forallneN.

(1)1<a;=2<4
(2) Assumethatl<a, <4
1 1 4 4
(3)Thenl>—>- = -4<-—<-1 = 1<agp,;=5-—<4
a,, 4 an C’n

So (a,) is bounded above. (3p)

Monotonicity: we prove by induction that (a,) is monotonically increasing, thatis, a, <a,,; YneN.
(1)01:2<02=3
(2) Assume thata, <a,.;

11 -4 -4 4 4
(3) Then — > — (sincea,>1>0) = — <— = 0,,1=5-—<5-— =0,
an An+1 an an+1 an Un+1

So (a,) is monotonically increasing. (3p)

Since (a,) is monotonically increasing and bounded above then it is convergent.
Since a; =2 and the sequence is monotonically increasing then A= 1 cannot be the limit.
So lima, =4. (3p)

N—co

10n-n
5. (9 points) Find the liminf and limsup of a,=(-1)"- 7

. 10n*-n )
Solution. Letb,= 7 . An upper estima-
n*+5

tion:

10n%-n 10n+0 10 1 1
by=1 < =n= =410-— —1->=1(3p)

n*+5

n*+0 n

A lower estimation:

10nm-n 10nm-n3 9 9 1 1
a,=" >N =M—=nN-.——51-—=1(3p)
n*+5 n*+5n* 6n 6 '1/; 1

so by the sandwich theorem, b,— 1. (1p)

If nis even,thena,=b,—1andifnisodd thena,=-b,—-1, so
liminfa,=-1and limsupa, =1. (2p)
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. . . 210+ (-6)"
6. (6 points) Calculate the sum of the following series: ZT
n2 3277

. ® 10+ (-6)" =10+ (-6)" =/10 (1\" 1 [-6\"
Solution. => =Z(_ (_) . (_) ) - (2p)
oy 3 23 n+1 > 6- 8n s 6 8 6 8

1\2 3\2
o (5] 1 () 5 3 1
= 1 3 ( = 4+ — = —
_ = (=2 1 12
6 1-2 1 ( ) 68 56

7. (9+9+9 points) Decide whether the following series are convergent or divergent:

3
= 3n+2n-17 =l (9 4 )T © (n?2+6\T n?
)5 5 232
n=14n%-\n +9n*-n+1 o1 (N+1)! g\n*+4) 9™
) 3n?+2n-7
Solution. a) Leta, = . Then for large enough n we have
4n-yn +9n*-n+1
3n?+2n*+0 5n? 5 1
O<a,= = :—E(Gp)
4n-An+0-n*n+0 3n%4n 31

& 1
Since Z— "~ is convergent (p-series with p = % > 0) then by the comparison test
3 n
n=1

Za,, is also convergent. (3p)

n=1

n

2+
b) Leta, =

. By the ratio test:
(n+1)!
3\" 3
Oper B+n)™L (n+1)! @+t 1 (n+3)™ (1 + ;) 1+~ &1
= : 3p) = : = = . ——-—=e>1 (5p)
a,  (n+2)! Q2+n) (n+2)  2+n)" (n+2)™ (1+2)” 1+2 €1
n n
= the series ) a, is divergent (1p)
n=1

n?+6\" n?
c) Leta, = ( ] . . By the root test:

n2 +4 9n+1

5 2 n? 2
) n2+6\" (%) (1+n—62) (Q/;) b 12 @2
Va, = : Bp) =—— ——-—=—<1(5p)
weal Yoo (aay Yoo e 19 0
n2
= the series Za,, is convergent (1p)
n=1
. . . . . = 2n+1
8. (10 points) Find the interval of convergence of the following power series: Z - “(x+3)"
n=1 n '4”

n+1

2
Solution. The coefficients are a, =

and the centeris xg =-3.
n%-4"
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. 2n+1 AN2n+1 1 1 1
NVan = = — =—=— = R=4
n*-4" (%)2.4 14 4 R
Here we used that \jn 2n+1 —1 by the sandwich theorem, since

1<s\2n+1<Y2n+n=43-Yn—>1-1=1.

Let H denote the domain of convergence. The endpoints of H:

2n+ 2n+1
Ifx=xo-R=-3- 4——7thentheser|e5|sz— (-4 Z( 1)"

n=1

This is a Leibniz series (or, the sum of two Leibniz series), so it is convergent

= -TeH.

°°2n+1 . 2n+1
If x = xo + R = -3 + 4 = 1 then the series |sZ Z
o 24" =1

2n+1 n+0 1 =1 .
=— and Z— diverges, then by the comparison test,

Since >

n’ n’ n n=1l
®2n+1 .
> also diverges. = 1 ¢ H.
n=1 n

The domain of convergenceis H=[-7, 1)

9.* (10 points - BONUS):
Let (b,) be the following periodic sequence: 3, 4, 5, 3, 4,5, 3,4, 5, ....
(bn -3+ i)n
Let (c,) be the following sequence: ¢, = EE—
2
Find the accumulations points and the liminf and limsup of the sequences (b,,) and (c,).

Solution. (bl, bz, b3, ) = (3, 4,5,3,4,5, )
Since (b,) is constructed from finitely many constant sequences then
its accumulation points are 3, 4, 5 and thus liminf b, = 3, limsup b,, = 5. (2p)

3—3+%)n 1
Ifn=3k+1 (keN*) thenb,=3,s0¢c, = > =2 —0. (2p)
n n.pn
(4_3+%)n 1 1\"
Ifn=3k+2 (keN") thenbn=4,socn=2— =2—-(1+—) —0-e=0. (2p)
n n n

Ifn=3k (keN*) thenb, =5, so

Cn=(5-3+i)n:(2+%)n:(z(1+2_1n))”_2n (“i)n:(“i) e e vz, (2p)

2" 2" 2" 2" 2n 2n

The accumulation points of (c,) are 0 and «/E, so liminfc,=0and limsupc, = \/g. (2p)



