Calculus 1, Midterm Test 1

27th October, 2022

Name: Neptun code:

1. (10 points) Find those solutions z of the following equation for which Re(z) > 0 and Im(z) < 0.
Give these solutions in algebraic form.

2+772-8=0

4

3n n
2. (9 points) Leta,, = - Find the limit of a,, and provide a threshold index N for £ = 0.001.
n"+n+2

3. (9 points) Find the limit of the following sequence: a, = n( \/n“ +8n - \/n4 -1 )
4. (6+6+6 points) Find the limit of the following sequences:
2 3

n?+1\" n?+1\" n?+1\"
a)a, = b) b, = c)cp=
n*+4 n*+4 n*+4

5. (12 points) Leta; =3 and a,,,; =

forall neN. Prove that (a,) is convergent and calculate
7-a,

its limit.

6. (9 points) Find the liminf and limsup of the following sequence. Is this sequence convergent?

6n’-n+5
. ) ) o 22n+1 +5- (_2)n
7. (6 points) Calculate the sum of the following series: Zf
_ 23"
n=2

8. (9+9+9 points) Decide whether the following series are convergent or divergent:

> An*+3n+1 b) \/ ® /1 n+3\N°
C
; +n+ln() %(n+3)' Z(2n+3)

9.* (10 points - BONUS): Construct a number sequence whose limit points are the positive
integers. Give a reason for your answer.
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Solutions

1. (10 points) Find those solutions z of the following equation for which Re(z) > 0 and Im(z) < 0.
Give these solutions in algebraic form.

2+722-8=0

Solution. 28+ 722 -8=(2*+8)(2°-1)=0 & z*=-80rz*=1.(1p)

3 o m+k-2m | m+k 27w
a)lfz>=-8=8(cosmr+isinrm)thenz,=2[{cos—— +isin—— |,where k=0, 1, 2. (2p)
3 3

T T
zozz(cos—+isin—)=l+ \/Ei
3 3

zy=2(cos+isinm)=-2

50 . 5 .
z3=2(cos—+/sm—)=1— 3
3 3

From here the condition Re(z) > 0, Im(z) < 0 holds for 1 - \/E i. (3p)

k-2 k-27T

+isin ,where k=0, 1, 2. (2p)
3

b) If 22 =1=(cos0 +isin0) then z, = cos

Zp=c0os0+isin0=1

27T 27T 1 \/E

Z;=C0S— +isSin— =— + — |
3 3 2 2
4t 4m 1 A3

Z3=C0S— +isin— =—— — — |
3 3 2 2

From here no solutions are suitable. (2p)

3n*-5n
2. (9 points) Let a, = —— . Find the limit of a, and provide a threshold index N for £ = 0.001.

n*+n+2
5
. 3n*-5n  3-7 3-0
Solution. g, = = — =3 (1p)
n*+n+2 1+i3+£ 1+0+0
n n*

Let £>0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <¢&. (A=3) (1p)

3n*-5n 3n*-5n-3-(n*+n+2)
oeal= | 2] -
n*+n+2 n*+n+2
-8n-6 8n+6 8n+6n 14 14
=| |= 2p) s ——=—<ee=n> 3 —, (2p)
n*+n+2 n*+n+2 n*+0+0 n? £
14
so with the choice N(¢) 2 [—] the definition holds. (2p)
€

If £ =0.001 then N = 14 000. (1p)
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3. (9 points) Find the limit of the following sequence: a, = n( \Nn*+8n - yn*-1 )

\/4 . \/n4+8n+\/n4—1
- n_ .
\/n4+8n+\/n4—1
(n*+8n)-(n*-1) 8n+1
n- -n- _
n*+8n +4n*-1 n*+8n +4n*-1
Vron w1 Nen A

8+

Solution. g, = n( \n*+8n = (2p)

8+0
(4p) —————— =4 (3p)

n
’l+ﬁ3+ 1_% Vl+0+ 1-0
n n

4. (6+6+6 points) Find the limit of the following sequences:

n+1\" n?+1\" n+1\"
N e

n+4 n?+4 n*+4

n2
n2

2

e 1
= — — =— (3+2+1p)

2

4\N e4 e3
n2

1 n
2 1+—
n2+l)” ( ,,2)

Solution. a) a, =(

1 1
b) b, = \"/a,, (1p). Since ah—>— and 0 < = < 1 then there exists N e N such that if n > N then
e e

1 1 1
—<ay<l =71 <b,<1(3p).Since »
263 268 263

1 1
c)cp=ap (1p). Let — <9< 1. Since ah—— then there exists N e N such that if n > N then
e e

0<a,<q = 0<c,<q" (3p). Since g"— 0 then by the sandwich theorem c,— 0 (2p).

—> 1 then by the sandwich theorem b,— 1. (2p)

5. (12 points) Leta; =3 and a,,,; = for all n e N. Prove that (a,,) is convergent and calculate

7-a,
its limit.

10
Solution. If 3 lima, =A thenA= —— < A(7T-A)-10=0 < A>-TA+10=(A-2)(A-5)=0
Nn—co T-A

e A, =2, A, =5 (3p).

Boundedness: we prove by induction that2<a, <5forallneN.
(1)2<a;=3<5
(2) Assumethat2<a, <5

1 1 1 10
(3) Then-2>-a,>-5 = 5>7-0,>2 = — < <— = 2<0p=
5 7-a, 2 7-a,

<5

So (a,) is bounded above. (3p)



4 | calculus1-test1-2022-sol.nb

Monotonicity: we prove by induction that (a,) is monotonically decreasing, that is, a, > a,,,; for all

neN.

10 10
(1)a;=3>a0,=——=—2=25
7-3 4

(2) Assume thata, > a,,;
(3) Then-a,<-a,,; = 7-0a,<7-0,,1.Since2<a,<5then7-a,>0

10 10
>
7- an T- Qn+1

So (a,) is monotonically decreasing. (3p)

= dpy1 = =0p42

Since (a,) is monotonically decreasing and bounded below then it is convergent.
Since a; = 3 and the sequence is monotonically decreasing then A =5 cannot be the limit.
So lima, =2.(3p)

N—co

6. (9 points) Find the liminf and limsup of the following sequence. Is this sequence convergent?

o n*+(-1)"-n*
n_ - .
6n*-n+5

Solution. If nis odd then a, =0 (1p)

, 2n*
If niseventhena,= " — (1p)
6n“-n+5

Upper estimation:

2n* 2n X
a,=1n —>1~1 =1(2p)
6n? —n+5 6n%-n? +O

Lower estimation:

2”4 n 2 2
a,= 1 (VF) —51-12=1 (2p)
6 n? —n+5 6n%+0+5n?

By the sandwich theorem a,,— 1. (1p)

The limit points of the sequence are 0 and 1, so liminfa, =0and limsupa, =1 (1p)
Since these are not equal then @, is not convergent. (1p)

. ) ) o 22n+1 + 5(_2)n
7. (6 points) Calculate the sum of the following series: Z—

=2 23n
© 92n+l o n n © n n
Solution. Zz 5 =Zz T ( 2 Z(z(f) +5.(_3) ): (2p)
n=2 3 n= n=2 8 8
l 2 _1 2
=2'(2)1+5' ( 4)1 (4p)=1+£=E
1-2 1-@-) 4 4

4
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8. (9+9+9 points) Decide whether the following series are convergent or divergent:

yn*+3n +1 = \/(Zn °°(n+3)n2

DL DR 9>

2 n®+n+In(n) e 2n+3
. Yn*+3n+1 An*+3n*+1 2n?+n?> 3
Solution.a)0<a, = < < =— (6p)
n® +n+In(n) n®+0+0 n®+0+0 n*

3
and Z— is convergent, so by the comparison test, the series Za,, is convergent. (3p)

n=1 n n=1
\/ (2n)!
b) Leta, = . By the ratio test:
(n +3)!

an (n+Ht @) n+4 n+4

Ons1 (2n+2)! (n+3)! (3p) (2n+2)2n+1) (2p) Nant+6n+2

4+82 42
n no o op? \j4+0+0 had
=—- — =2 (3p) >1 = theseries ) a,is divergent (1p)
n 1+ 1+0 —
n
3\
c) Leta,,:( ) . By the root test:
2n+3
3\ 1 3Y
n n+3\" l+; 1\n +; &
Vor = (= @m | () 755 @R —0-5 =0(2p) <1
2n+3 2n 3 2 P
+ — 1+_
2n 2n

= the series Zan is convergent (1p)
n=1

9.* (10 points - BONUS): Construct a number sequence whose limit points are the positive
integers. Give a reason for your answer.

Solution. Let the sequence by the following:
1, 1,2, 1,2,3, 1,2,3,4, 1,2,3,4,5, 1,2,3,4,5,6, .. (6p)

It can be seen that every positive integer occurs infinitely many times in this sequence and
no other number occurs, so this sequence satisfies the conditions. (4p)

Remark: The solution is worth 2 points if for every positive integer n a sequence converging ton
is given. The solution is worth 4-6 points if there are good experiments for combining infinitely
many convergent sequences but the solution is not perfect or no reason is given.



