Calculus 1, Finalexam 1, Part 1

18th December, 2023

Name: Neptun code:

Partl: Partll.: Partlll.: Sum:

I. Definitions and theorems (15 x 3 points)

1. What does it mean that the sequence (a,) is a Cauchy sequence?

2. State the Bolzano-Weierstrass theorem for number sequences.

3. State the ratio test for number series.

4. State Leibniz’s theorem for number series.

5. What does it mean that the number x e Ris a limit point of the set H c R?
6. What does it mean that lim f(x) = +o0?

X%
7. State the sequential criterion for continuity.

8. What does it mean that a function f : R— R is uniformly continuous on an interval J c R?
9. What does it mean that a function is convex? Write down the definition.

10. State Lagrange’s mean value theorem.

11. State the L’Hospital’s rule.

12. Give two sufficient conditions for a function to have a local minimum at the point x,.
13. State Taylor’s theorem with the remainder term.

14, State the integration-by-parts formula.

15. State the Newton-Leibniz formula.

Il. Proof of a theorem (15 points)

Write down the statement of Bolzano’s theorem (or intermediate value theorem) and prove it.

11l. True or false? (15 x 3 points)

Indicate at each statement whether it is true or false and give a short explanation for your answer.
The correct answer without an explanation is worth 1 point.

1.1fa,>1forallneN,then lim @] = co.

N—oo

2. lima, =Lifand only if for any € > 0 the sequence (a,) has infinitely many terms closer to L than «.

N—>c0

3. If the sequence (a,) has no minimal term, then its limit cannot be +co.

4.1fa,<b, forallneN and Zan is divergent, then an is divergent.

n=1 n=1

5.a)lfa,=0and Zan is convergent, then Zcrf7 is also convergent.

n=1 n=1

5.b) If xis a limit point of of H c R, then x is a boundary point of H.
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6. If f :R—Ris not continuous at xy, then f doesn’t have a finite limit at x;.

1
7. The function f(x) = arctan(—) has a jump discontinuity at x = 0.
X

8. The function f(x) =2+ - x Yx2 + 5 has a real root in the interval [0, 2].

1
9.If a function f is differentiable everywhere onRand | f(9) - f(5) | <2, then | f'(x) | < B for some
x €[5, 9].
10. There exists a differentiable function f : [a, b]— R that has no maximum on [a, b].

11. The function f : R— R is differentiable at x; if and only if f is differentiable at x, from the right and
from the left.

12. Assume that f is at least two times differentiable on R. If f has a local maximum at x, then f' (xy) =0
and " (xp) < 0.

x+1
13. The partial fraction decomposition of f(x) = ——— cannot contain the term .
(x - 1)3 (x + 2)? (x+2)3

14. If the function f : [a, b]— R is Riemann-integrable, then it has an antiderivative.

15. There exists a function f : [-1, 1]— R whose integral function is F(x) = sgn(x), x €[-1, 1].
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Solutions

I. Definitions and theorems (15 x 3 points)

1. What does it mean that the sequence (a,) is a Cauchy sequence?

Definition. (a,) is a Cauchy sequence if for all £ > 0 there exists N(¢) e N such that
ifn,m>Nthen | a,-a, | <e¢.

2. State the Bolzano-Weierstrass theorem for number sequences.
Theorem. Every bounded sequence has a convergence subsequence.
3. State the ratio test for number series.

Theorem. Assume that a, > 0. Then

Ops ©
(1) if limsup i 1,then Za,, is convergent;

an n=1

2) if lim T 1, then Zan is divergent.

an n=1

4. State Leibniz's theorem for number series.

. . ey N—c0
Theorem: Let (a,) be a monotonically decreasing sequence of positive numbers such that a,—0.

Then the alternating series Z(—l)’7+1 0p=01 -0y +03—0d4+0s5—0g + ... iSconvergent.

n=1
5. What does it mean that the number x e Ris a limit point of the set H cR?

Definition. Let Hc Rand x e R. Then x is a limit point of H, if forall r > 0: (B(x, N\{X)NH=* D
It means that any interval (x - r, x + r) contains a point in H that is distinct from x.

6. What does it mean that lim f(x) = +00?

X-Xo

Definition. The limit of the function f : D c R— R at the point xq e R is +oo if
(1) xg is a limit point of Df (x e Dr")
(2) for all K > 0 there exists 6(K) > 0 such that
if xeDf and 0< | x—Xo | <6(K) then f(x)>K.

7. State the sequential criterion for continuity.

Theorem. The function f : Df c R— R is continuous at xq € Dy if and only if
for all sequences (x,) c D for which x,—x,, lim f(x,) = f(xg).
N— oo

8. What does it mean that a function f : R— R is uniformly continuous on an interval J c R?

Definition. The function f : R— R is uniformly continuous on the interval J c R, if
Ve>0 36>0 suchthat Vx,yeJ: |x-y| <6 = |flx)-f(x)]| <&



4 | calculus1-exam1-part1-2023-sol.nb

9. What does it mean that a function is convex? Write down the definition.

Definition. The function f is concave on the interval / c Dr if forall x, yeland t € [0, 1]

ftx+ (1 =-)y)Stf)+(1-t)f(y)

Or:

Definition. Let h, ,(x) denote the the secant line passing through the points (a, f(a)) and (b, f(b)).
The function f is convex on the interval / c Drif forallVa, bel and a<x<b = f(x) < h,p(x),

that is, the secant lines of f always lie above the graph of f.
10. State Lagrange's mean value theorem.

Theorem. Assume that f : [a, b]— R is continuous on [a, b], differentiable on (a, b).
f(b) - f(a)

-a

Then there exists c e (a, b) such that f' (¢) =

11. State the L'Hospital's rule.

Theorem.
Assume that a e R=R U {-oo, oo}, /is a neighbourhood of g, the functions f and g are differentiable
on/\ {a} and g(x)*0, g'(x)*0forallxel\{a}. Assume moreover that

limf(x)=limg(x)=0 or lim | f(x)|=lim | g(x)| =co.

. ') — )
If 3lim =beR then Ilim— =b.
X-a g'(X) X-a g(X)

12. Give two sufficient conditions for a function to have a local minimum at the point x,.

Theorems.
1) Assume that f is differentiable at x; € int Df.

If f' (xo) =0and f' changes sign from negative to positive at xq, then f has a local minimum at xq.
2) Assume that f is twice differentiable at x; € int Dy.

Iff'(xg) =0and f'" (xg) >0 then f has a local minimum at xq.

13. State Taylor's theorem with the remainder term.

Theorem (Taylor’s theorem). Assume that f is at least (n + 1) times differentiable
on theinterval (xo — 8, Xo + 0) and x € (xo — 6, xo + O). Then there exists a number &
between x and x; (that is, xo < € <x or x < & < xp) such that

f(n+1) )

Ra() = F(3) = To() = (X = x0)".

(n+1)!

This expression is called the Lagrange form of the remainder term.
14. State the integration-by-parts formula.

Theorem. Assume that f and g are differentiable on the interval / and f-g' has an antiderivative
on /. Then f'-g also has an antiderivative here and
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jf' () g(x) dx = F(x) g(x) - [f(x) g' (x) dx

15. State the Newton-Leibniz formula.

Theorem. If f : [a, b]— R is Riemann integrable and F : [a, b]— R s an antiderivative of f,

thatis, F' (x) = f(x) forall x € [a, b], then rf(x) dx:F(b)—F(a):[F(X)]g.

Il. Proof of a theorem (15 points)

Theorem (Intermediate value theorem or Bolzano’s theorem).
Assume that f is continuous on [a, b], f(a) # f(b) and f(a) < c < f(b) or f(b) < c < f(a).
Then there exists xq € (a, b) such that f(xg) = c.

() f(b) > 0

fa) f(a)<0

Proof. We prove the case f(a) < c < f(b). The point x, can be found with an interval halving method
(bisection method).

a+b
1st step: Consider the midpoint —— of the interval [a, b]. There are three cases:
2

a+b a+b
If f] >C = 0;:=a, b;:=
2
a+b a+b
If f <C=a;:= , by:=b
2 2
a+b a+b
|ff =C = Xp:.=
2 2
01+b1

2nd step: Consider the midpoint of the interval [ay, b;]. There are again three cases:

al+b1 Cll+b1
If f] >C = 04, :=0,, b2:=
2 2
al+b1 Ol+b1
If f] <C = a,:= , by:=b;
2
al+b1 Cll+b1
If f =C = Xp:=
2

Continuing the above procedure, we either reach x, in one of the steps, or we define
the sequences (a,) and (b,) such that

[a’ b] > [alﬂ bl] = [027 bZ] 2.2 [am bn] = [an+1; bn+l] S,
and
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b-a bi-a; b-a b-a
bl—alZ—, b2—02= = ,...,bn—an= 5 e
2 22 2"
From this it follows that lim (b, — a,) = 0, so by the Cantor axiom there exists a unique

N—oc0

element x, € [, b] such that ([a,, bs] = {Xo}.

n=1

Then a,—xy, b,— X, so by the continuity of f we have that limf(a,) = f(xy) = limf(b,),

and since f(a,) < c<f(b,), it follows that f(xg) = c.

I1l. True or false? (15 x 3 points)

1.1fa,>1forallneN, then lim @} = co.

N—oo

1 1\"
False. For example,a,=1+~->1and lim @] = lim (1 + —) =e.

n N—>c0 N—oo n

2. lima, =Lifand only if for any € > 0 the sequence (a,) has infinitely many terms closer to L than «.
False. For example, if a, = (-1)" and £ = 1, then (a,,) has infinitely many terms (the terms with
an even index) that are closer to L = 1 than ¢ (that is, 0 < a,, < 2), but (a,,) is divergent,so L =1 1is
not the limit.

3. If the sequence (a,) has no minimal term, then its limit cannot be +co.

True. The contrapositive of this statement is: if lim g, = +o0, then the sequence (a,) has a minimal

N—>co

term. This statement is true, since lim a, = +c0 means that for all K > 0, the sequence has only finitely

N->co
many terms that are less than K. Among finitely many terms there is a minimal term. Since the
contrapositive of the statement is true, then the original statement is also true.

4.Ifa,<b, forallneN and Zan is divergent, then Zb,, is divergent.

n=1 n=1

False. For example, ifa,=-1<0= b, then Za,, is divergent but Zb,, is convergent.

n=1 n=1

The implication is only true if a, 2 0.

5.a)lfa,=0and Zan is convergent, then Zaf7 is also convergent.

n=1 n=1

True. If Zan converges, then by the nth term test a,— 0. Then by the definition of the limit,
n=1

there exists n € N such that for all n >N we have 0<a, < 1. From thisit follows that0<a<a, <1

also holds. Since Za,, converges, then by the comparison test Zaﬁ also converges.

n=1 n=1
5.b) If xis a limit point of of H c R, then x is a boundary point of H.

False. For example, x = 1 is both a limit point and interior point of H = (0, 2), but not a boundary point.
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6. If f :R— R s not continuous at xy, then f doesn’t have a finite limit at x;.

False. If f has a removable discontinuity at xo, then 3 lim f(x) eR.

X=X

1
7. The function f(x) = arctan(—) has a jump discontinuity at x = 0.
X

)

1 1 1 7T 1
True. lim — =+00 and lim — =-0 = lim arctan(—):— and lim arctan(—):—

T
x-0+0 x x-0-0 x Xx-0+0 X 2 x-0-0 X 2

so f has a jump discontinuity at x = 0.

8. The function f(x) = 27°** = x Yx2 + 5 has a real root in the interval [0, 2].

True.f(0)=2*-0=16>0and f(2)=2°-2-3=-5<0, so by Bolzano’s theorem f has a real root in the
interval [0, 2].

1
9. If a function f is differentiable everywhere onRand | f(9) - f(5) | <2, then | f'(x) | SE for
some x €[5, 9].

f(9)-f(5
True. By Lagrange’s theorem there exists c € (5, 9), such that f' (c) = —( ; 5( ) =
| | (9)-£() |
N

ENEN)
N -

10. There exists a differentiable function f : [a, b]— R that has no maximum on [a, b].

False. Since f is differentiable, then f is continuous on [a, b], so by Weierstrass’ extreme value
theorem f has a maximum (and minimum) on [a, b].

11. The function f : R— R is differentiable at xq if and only if f is differentiable at x, from the right
and from the left.

False. For example, f(x) = | x | is differentiable at x = 0 from the right and from the left
(f."(0)=1, £.'(0)=1), but since the one-sided derivatives are not equal, then f is not differentiable at
x=0.

12. Assume that f is at least two times differentiable on R. If f has a local maximum at x; then
f'(xg)=0and f" (xg) <O.

False. For example, if f(x) = —x*, then f has a local maximum at x, =0, but f' (0) =" (0) = 0.

X+1
13. The partial fraction decomposition of f(x) = ———— cannot contain the term .
(x-1)3 (x+2)? (x+2)*
. . L A B C D E
True. The partial fraction decomposition is f(x) = + + + +

X-1 (-1 (x-1P x+2 (x+2)?

14. If the function f : [a, b]— R is Riemann-integrable, then it has an antiderivative.

1
False. For example, if f(x) = sgn(x), then the integral j sgn(x) dx exists, since f is continuous except
-1

one point. However, by Darboux’s theorem, f doesn’t have an antiderivative, since f has a jump
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discontinuity.
15. There exists a function f : [-1, 1]— R whose integral function is F(x) = sgn(x), x e[-1, 1].

False. The integral function of f is Lipschitz continuous on [-1, 1], so it is continuous.
However, F(x) = sgn(x) has a jump discontinuity at x = 0, therefore it cannot be an integral function.



