Calculus1-16

Indefinite integrals

Antiderivative

Definition. If F is differentiable on the interval /and F' (x) = f(x) forallx e/
F is an antiderivative or primitive function of f.

1
Example. If f(x) =sinx cosx = - sin 2 x then
2

sin? x Cos2x

and G(x) = -

F(x)= are primitive functions of f on R

since F' (x) =G' (x) = f(x).

Theorem. If F and G are antiderivatives of f on the interval / then there exists
ceRsuch that F(x) = G(x) + c.

Proof. F and G are antiderivatives of f & F'=G' <= (F-G)'=0 &
dceR:F-G=¢c & dceR:Fx)=GX)+c Vxel.
Remark. This theorem holds only on an interval.

Definition. If f has an antiderivative then the set of antiderivatives of f is called
the indefinite integral of f:

jf(x)dx:{H:H' () = FX) VY x ey = F(x) + ¢

Inx ifx>0
4+In(-x) ifx<0

3+Ilnx ifx>0

Remark. Let F(x) = { -2 +In(-x) ifx<0

andG(x):{
= F‘()():G'()():E VxeR\{0}=H
X

1
= F and G are antiderivatives of f(x) = — on the set H, however,
X

-3 ifx>0
6 ifx<0

Itis important, that the above theorem holds only on an interval.

, so their difference is not a constant.

F(x) - G(x) ={

1
On the contrary, we use the following notation: j— dx=In| x| +c
X
1 1
It means that J— dx=Inx+cif/c(0o)and J— dx =In(=x) + cif | € (-, 0).
X X

Theorem. If f and g have antiderivatives on/ and c e R then

f+g, f—g and cf also have antiderivatives on / and

1) [F29)= [fx [o
2) ch:cjf
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Basic integrals

a+l

X 1
jx“dx: +c (a*+-1) J—dx=1n|x|+c
a+1 X
GX
Jexdx=ex+c faxdx=—+c(0<a¢1)
Ina
jsinxdx:—cosx+c Jeosxdx=sinx+c
1 1
J dx=tanx+c J dx=-cotx +c
cos?x sin x
1 . 1
dx = arcsinx + ¢ [ dx=arctanx + ¢
1’1_)(2 ].+X2
=-arccotx +c
= —-arccosx +c¢c
Jsinhxdx:coshx+c J’coshxdx=sinhx+c
1 1
j dx=tanhx +c J dx=-cothx +c
cosh? x sinh?x
1 1
dx=arsinhx + ¢ dx=arcoshx +c
X +1 X -1
1 1+x
J dx=- ln | +C
1-x2

Integration methods

F(ax +b)
Theorem. jf(ax+ b)dx=——— +c,where F'=fanda+0
a
F(ax+b) 1
Proof.(— +c)‘:—F‘(ax+b)-a:f(ax+b)
a a

1 5x- 82
Example 1. j\j5X 8 dx = jSX 8)2 ( ) +C

3.5
2
e™ sin2x
Example 2. J(e"‘+c052x) dx=—+ +C
-1 2
1 arctg(2x)
Example 3. dx = J5~ dx=5- +C
4x*+1 (2x)7?%+1 2

5 5 1 5 1
Example4.f dx=j—~ dx= |- ———— dx=-"——F—
4x%+2 2 2x%+1 2 (\/Ex)2+1

f'(x)

Theorem. 1) J— dx=1In| f(x) | +c
f(x)

a+l

f
2) ff'(X)(f(X))“dX=L +c, a*-1

a+1

Proof. These are consequences of the differentiation rules.
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X 1 2x 1
Example 1.] dx:—j dx=—In(x*+1)+c
x*+1 2J)x2 41 2

—-sinx

Example 2. tanxdx:—J dx=-In| cosx | +c

CosXx

‘o4
X
Example 3. |cosxsin®xdx =

+c (f(x)=sinx, f'(x)=cosx, a=3)

3
2

1 1 (L+x 1
Example 4. jx«]1+x2 dx=—'f2x(1+x2)'; dx=£~( +§ ) +c=g-\/(l+x2)3 +C
2

2

Integration by parts

Theorem. Assume that f and g are differentiable on the interval / and f -g' has an antiderivative
on/.Then f'-g also has an antiderivative here and

jf' () g(x) dx = F(x) g(x) - ff(x) g' (x) dx

Proof. The right-hand side is differentiable and its derivative is

(f(x) 900 - jf(x) g' () dx)' =F () g0+ F) g () - F(x) g (X) = F' () gx)-

Applications

1. g(x) is a polynomial of degree n and
f'(x)=e?**, sin(ax+b), cos(ax+b), sinh(ax +b), cosh(ax +b)
= the method has to be applied n times

Example 1.

sin2x Sin2x sin2x cos2x
X - +C

ldx=x- +
2

fxcos 2xdx=
2 2 4

sin2x

f'(x)=cos2x = f(x)=
g=x = g'()=1

Example 2.
fxzexdx=e’('x2 —fex-zxdx=ex-x2—(eX-Zx—feX-zdx)z

=eX-x? - 2x+2€+cC

f'x)=e¢* = f(x)=¢€* u'(x)=€e* = u(x)=¢e"
gx)=x> = g'(x)=2x vix)=2x = v'(x)=2

2.f'(x)is a polynomial and
g(x)=Inx, arcsinx, arccosx, arctanx, arccotx, arsinhx, ...
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Example 1.

1
lnxdx:J’l-lnxdx=xlnx—jx-—dx=xlnX—J’1dx=xlnx—x+c
X

f'ix)=1 = f(x)=x

1
gx¥)=lnx =g'(x)=-
X
Example 2.
X2 X2 1 X2 X X2 X2
fxlnxdx:—lnx— —-—dx=—lnx—j—dx=—lnx——+c
2 2 X 2 2 2 4

X2
f'xX)=x = f(x):;

1
gx)=lnx =g'(x)=-
X
Example 3.
1
jarctgxdx:jl-arctgxdx:x-arctgx—Jx- dx
1+ x?

1 2x 1 )
=x-arctgx - - J dx=x-arctgx — = In(1+x%)+c
2014+ 2

f'ixX)=1 = f(x)=x

glx)=arctgx = g'(x)=
1+x?

f'(x)
j— dx=1n | F(x) | +c
f(x)

Example 4.
1

farcsinxdx:jl~arcsinxdx=x-arcsinx— [)« dx

1-x2

1 l 1
=x-arcsinx—jx'(1—x2)'i dx=x-arcsinx+—~j(—2x) (1-x*)"2 dx
2

+c=xarcsinx+\/1—)(2 +C

1)
=X-arcsinx + —
2

2

f'xX)=1 = f(x)=x

1
g(x)=arcsinx = g'(x) =
1-x2
f a+l
Jf'(x)-(f(x))“ = a0
a+1l

3. f'(x) and g(x) are both one of the following functions:

e?**b sin(ax +b), cos(ax +b), sinh(ax +b), cosh(ax +b)
= the method has to be applied twice
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Example. /= [e*sinxdx=?
I= [e'sinxdx=e"sinx - [e*cosxdx

f'ixx)=e* = f(x)=¢*
g(x)=sinx = g'(x)=cosx

I= [e*sinxdx=e*(-cosx) - [e*(-cosx) dx

f'(x)=sinx = f(x)=-cosx
gx)=€* = g'(x)=¢€"

(1) I=€sinx - [e* cosxdx

(2) /=€*(-cosx) + [e* cosx dx

1
(1)+(2) = 2/=€"sinx-€e"cosx = [=—€e*(sinx-cosx)+cC
2

Powers of sin x and cos x

0dd powers of sin x and cos x:

sin®™! x =sinx-(sin’x)" =sinx-(1 - cos?x)" = ...

2n+l

cos?™L x = cosx-(cos?x)" = cos x- (1 - sin*x)" = ...

Even powers of sin x and cos x:

1-cos2x\"
Sin2”X:(sin2x)”=(—) +
2
1+cos2x\"?
c052”x=(cos2x)”=(—) F o
2
Example 1.
I=fsin3xdx=fsinxsin2xdx=fsinx(l—coszx)dx=
) , cos® x
=f(5|nx—5|nxcoszx)dx=—cosx+ +cC
3
(F))*+
ff'(x)-(f(x))adx: +C, @#0
a+1
Example 2.

/=fcossxdx=fcos“xcosxdx:f(l—sinzx)zcosxdx=

= f(l - 2sin*x +sin*x) cosx dx = f(cosx— 2sin” x cosx +sin® x cos x) dx

. 2, sin’x
=sinx——-sin®x+ +C
3
(Fx)*t

Jf'(x)~(f(x))adx: +C, @%0

a+1l
Example 3.
5 1-cos2x X sin2x

/= [sin xdx:f— dx=-- +C

2 2 4
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Example 4.
2 1+cos2x)\?2
l=jcos4xdx=J(cos x) dx=f(—) dx =
2
1 2
=j—-(1+2c052x+cos 2x)dx=
4
1+cos4x
cos?2x =
2

11 11 3 1 1
= j(— +—COS2X+— +— cos4x)dx=—x+— sin2x+— sindx +c¢
4 2 8 8 8 4 32

Products of powers of sin x and cos x:

jsin”xcos’"xdx: ?n, meN*

1.1f normis odd:
jsin3xcos4xdx=jsinxsinzxcos4xdx=Jsinx(l—coszx)cos“xdx:
cos’x cos’ x

+
5 7

= Jsinx(cos4x—c056x)dx=— +C

2.If nand m are even:

jsinzxcos4x dx = j(l - cos®x) cos* x dx = j(cos"’x - cos®x)dx=...

Integrals of rational functions

Polynomial division

p1(x)
P2(X)

Definition: If p;(x) and p,(x) are polynomials then the function R(x) =

is called a rational function.

Statement. Polynomials can be divided in the following sense:
p1(x) = q(x) p2(x) + r(x)
where degr < degp,. If degp; <degp, theng=0and r=p;.
The polynomial g is the quotient and r is the remainder.

Example 1. Divide p;(x)=x3-4x?>+5x-8 by p,(x)=x*>+3
(x*-4x*+5x-8) :(x*+3)=x-4 (x*:x*=x, then multiply p,(x) by x*)

-(x® +3X)
0-4x*+2x-8 (-4 x? : x* = -4, then multiply p,(x) by -4)
-(-4x* -12)
0+2x +4 = the remainder is 2x + 4, since deg(2 x + 4) < deg(x + 3)

= x> -4x*+5x-8=(x*+3)(x - 4) + (2x +4)

X3 —4x*+5x-8 2x+4
— L x-4)+
x*+3 x*+3
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Example 2. Divide p;(x)=x* by py(x)=x*+x -2

xt ((x* +x-2)=x*-x+3 (x*:x*=x? then multiply p,(x) by x*)
—(x*+x3-2x%) (the product is subtracted from the line above)
0-x>+2x? (=x* : x* = =x, then multiply p,(x) by -x)

-(-x® - x* +2x)

0+3x%-2x (3 x% : x* = 3, then multiply p,(x) by 3)
-(3x*+3x-6)
0-5x+6 = the remainderis -5x + 6, since deg(-5x + 6) < deg(x2 -x+3)

= x*= (x> +x-2)(x* -x +3) + (-5x + 6)
x* -5X+6

= (" -x+3)+

X 4x=2 X +x-2

-

Integration of rational functions

T
1st step. IfR(x) = % and deg T(x) = deg Q(x) then with polynomial division
X

P(x
we bring it to the form R(x) = E(x) + % , Where E(x) is a polynomial
X

and deg P(x) < deg Q(x).
2nd step. The denominator can be written as
QX)=(x—ay)™ ...(x—a,)* (x> + by x + cl)ﬁ1 e (X2 +bsx + CS)BS
where b,.2 -4ci<0and ay, ..., a, are the multiplicities of the real roots
and By, ..., B are the multiplicities of the complex roots.
3rd step. Partial fraction decomposition. It means that to each term in the above form
of Q(x) we assign an elementary fraction (or partial fraction) such that the sum of

o PKX) _ . e
these fractions is equal to —. This decomposition is unique.

Q(x)
Factorinthe Term in the partial
denominator fraction decomposition
A
Singlerealroot : X-a —
x-a
A A A
Multiple real root : (x - a)¥ A S
X-a (x-a) (x - a)*
. 5 Bx+C
Single complex roots X +bx+c -
b
(b*-4c<0): xorbaee
Bix+C Byx+C Bix+C
Multiple complex roots (x2+bx+c)k 21 SR =t Tk p
2 2
(b2—4c<0): X“+bx+c (x*+bx+c) (x> +bx+c)

4th step. We integrate the polynomial E(x) and the partial fractions term by term.
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Integration of the elementary fractions

A
(1) [—dx=Aln|x-a ]| +c
x-1

A
(2)kel\|,k>1:f dx =
(x - 1) (x-1)?

X Bx+C B 2x+b - +C
(3)b*-4c<0: —dx:J——dx+ — dx

-kA

+C

X2 +bx+c 2 X>+bx+c

. 2x+b
(i) J— dx = In(x* + bx +¢) + constant
xX2+bx+c

arctan| —2
B 1 1 1 1 1
(ii) J— dx= |——— dx=— |—— dx=— — + constant
x*+bx+c (x+9)2+d2 d? (x+i’]2 d?
2 —2| +1

1
d
d
where d = c—%z.
" Bx+C B 2x+b [-B—Zb+C
(4)b"-4c<0, keN, k>1: [——— dx= |[— dx + dx
(x2+bx+c)k 2 (X2+bX+C)k J(x2+bx+c)k
2X+b 1 1
(i) [ dx= + constant
_I(x2+bx+c)k L=k (x®+bx+c)™

1 1 2
(ii)* [— dx = j— dx, where d'= \c- &
(x2+bx+c)k ((X+E)2+d2)k
2

1 [ 1 1 x b
If dx = F,(x) + ¢ then dx = Fol—+—|+c.
o+ 1) o lfee) ( )
2

1 1 X 2n-1
Remark. If j dx=F,(x)+c thenfornz1: F,(x)=— + F, (x) +C.

(o +1)" 2n (®+1)"  2n
For example, F;(x) = arctanx + ¢
1 X 1
F(x)=— +—arctanx +c¢
2x2+1 2

1 x 3 x 3
F3(x)=— +— +—arctanx +c
4x2+1 8x*+1 8

Examples

dx=7?

X+1
Example 1. Izj
x2+3x
Solution. The denominator has two distinct real roots: x; =0, x, =-3.
Partial fraction decomposition:

x+1 X+1 A
— = — +
x2+3x Xx(x+3) x

B Ax +3)+Bx

X+3_ X(x + 3)



= x+1=A(x+3)+Bx
We want to find A and B such that this equation holds for all x e R.

1st method (comparison of the coefficients)

x+1=(A +B)x+3Aholds for all x eR if and only if

1 2
A+B=1 = A=-, B=-
3

3
3A=1

2nd method (substitution) (it is worth substituting the roots of the denominator)
X+1=A(x+3)+Bx

1
ifx=0 = 1=A3+B0 = A=-
3

2
ifx=-3 = -2=A-0+B-(-3) = B=-
3

x+1 11 2 1 1 2
=>I=j dx:J’(—‘—+—' )dx:—ln|x|+—ln|x+3|+c
X2 +3x 3 x 3 x+3

X+5
Example 2. /= J— dx=7?
X2 +6xX+9

Solution. The denominator has multiple real roots: x; , = -3.

Partial fraction decomposition:
X+5 X+5 A B Ax+3)+B
= = + =
X +6x+9 (x+3)2 X+3 (x+3)2  (x+3)?

= x+5=A(x+3)+B

1st method: x+5=Ax+ (3A+B) = A=1 = A=1, B=2
3A+B=5

2nd method: x+5=A(x+3)+B
X=-3 = 2=0+B =B=2
x=0 = 5=3A+B = A=1

X+5 1 2 1
e e [ o [ o
x*+6x+9 X+3  (x+3)? X+3

-1

x+3)

=ln|x+3|+2 +c=ln|x+3|— +C

X+3

calculus1-16.nb | 9
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1
Example 3. /= I— dx=?
(x-172(x*+1)

Solution: The roots of the denominator are:
X1, =1 (multiple real roots), x5 4 = +i (simple complex roots)

Partial fraction decomposition:
1 A B Cx+D  Ax=-1)(x*+1)+B(x* + 1)+ (Cx + D) (x - 1)

(X—l)z(X2+l)=X—l+(X—l)2+X2+l (x=1)*(x* + 1)

= 1=A(x-1)(x*+1)+B(x* + 1)+ (Cx + D) (x - 1)
Substitutions:

x=1= 1=0+B+0 = B=1

x=0= 1=-A+B+D

X=-1= 1=-4A+2B-4C+4D

xX=2 = 1=5A+5B+2C+D

Homework: the solution of this equation system is
1 1 1
C=—,D=0,A=——,B:—
2 2 2

1 1 1 1 1 1 X
— 1= —dx:J(——~ Lo Lo )dx:
(x-1*(x* +1) 2 x-1 2 (x-12 2 x®+1

1 1 1 11 2x f
= J’(_E = =1)P == )dx: (thelastterm has the form N

x-1 2 2 2 x*+1
1 1 k-1t 1
=— ln|X—l|+—- +—ln(x2+1)+c
2 2 -1 4

Integration by change of variables

The substitution formula

Theorem. Assume that g is differentiable on the interval /, f is defined on J = g(/)
and f has a primitive function on J. Then (f o g) g' also has a primitive

function on/and
jf(g(x)) -g' (x)dx=F(g(x)) +c where jf(x) dx=F(x)+c
Proof. (F(g(x)) +¢)'=F'(9(x)) 9" (x) =f(g(x))-g" (x)
Remark. If g is invertible then the above formula can be written in the form

[(CORRCEIMmEY (AT
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Examples
Example 1. /= Jsinxemsx dx=7?

Substitution: t=cosx = x=x(t) =arccost

' dx 1
x'(t)=—=- = dx=-
dt l_tz \/l_—tz

sinx= ysin®x = Y1-cos?x = Y1-t2

[ 2 1
/:jsinxecosxdxzj 1-t et'[—\li]dt=J'—etdt=—et+C=—ecosx+C

1-¢2

Remark. jef(x) f'(x)dx=e™ + ¢

Example 2. /= sz sinx3dx=?

; 1 2
Substitution: t=x3 = x=x(t) = \/? =t = x*=1t3

dx 1 : 1 2
X'()=—=-1t3 = dx=-tzdt
dt 3 3

s . 3 2 1 > 1 1 1 3
lzfx sm(x)dx:ftssmt'—t sdt:J— sintdt=——cost+c=--cosx>+c¢
3 3 3 3

Example 3. /= [sin*x cos dx =?

a+l

1st solution. ff' (x) F(x) dx = +C (a*-1)

a+l
Here: f(x)=sinx, f'(x)=cosx, a=4 =
sin®x

5

Izjsin“xcosxdx: +C

2nd solution.
Substitution: t=sinx = x=x(t)=arcsint

dx 1
X'(t)Z—: — dx =
dt y1-¢ V1-2

cosx= ycos?x = Y1-sin®x = y1-¢2

sin® x

5

+C

1-¢2

1 t
lzfsin“xcosxdx: jt“\]l—tz' dt:Jt4dt=—+c=
’ 5
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Rational functions of &*

Statement. The integral fR(eX) dx (where Ris a rational function) can be transformed

to the integral of a rational function t = €*.

2x
dx=7?

Example 1. /=J
e +1

Substitution: t=e* = x=x(t)=Int

dx 1 1
X'(t)=—=- = dx_—dt

e?x (t+1)- 1
/_j dx = j L= [ gt- j L dt= (1——)dt=
e +1 t+1 t t+1 t+1 t+1

=t-In|t+1]+c=€e"-In(e+1)+c

Example 2. I=J’ dx=7?

e’ -4

Substitution: t=¢* = x=x(t)=Int

4 4 1 4
=f dx=j —dt= |——— dt
e’ -4 t2-4 t t(t-2)(t+2)

Partial fraction decomposition:
4 A B C

=—+ +—

tt-2)(t+2) t t+2 t-2

= 4=A(t+2)(t-2)+Bt(t-2)+Ct(t+2)
t=0: 4=-4A+0+0 = A=-1
1
t=-2: 4=0+8B+0 = B=-
2
1
t=2: 4=0+0+8C = C=-
2
1 1 1 1 1
=>/=J'(__+__+__)dt=_|n|t| ln|t+2| ln|t 2|+c—
t 2t+2 2t-2

1 1
=-lne*+=In(e"+2)+—In | e -2 | +C
2 2

Some integrals with roots
Remark. In the following cases R(u v) denotes a two-variable rational function,

thatis, R(u, v) = o P(u V)= ZZG'J“ v, Q(u, v) = ZZb”u V,neN.

i=1j=1 i=1j=1



ax+b
1. The integral jR(x, n y )dx (where c? +d?#0, ad#bc) can be transformed
CX+
. : S _— ax+b
to the integral of a rational function with the substitutiont = ¢ e
CX+
1 x+1
Examplel./= [— 3 x=7?
x? X

. x+1 3
Substitution: t = = x+1=tx

X
1
x=x(t)=——
£-1
dx 3¢ 3t
x'(t)=—=- = dx=- dt
dt  (£#-1) (£ -1)
1 [x+1 —3¢2 3 3 x+1\s
I= |— 3 dx= [(-1)t- dt=J—3t3dt=——t4+c=——( )3+c
x>\ x (£ -1y 4 4\ x
xX-3
Example2.l=j — dx=?
x-1
P x-3 2 2 2
Substitution: t= .| — = t’(x-1)=x-3 = x(t*-1)=t*-3
x-1
t?2-3 t?-1-2 2
x=x(t) = = =1-
t?-1 t?2-1 t?-1
dx 4t
x'(t)y=— = = dx= dt
dt (2 -1) (2 -1y
x-3 4t 4t
| = — dx= |t dt:f dt
x-1 (2 - 1) (t-1)2(t+1)?
4¢ A B C D

Partial fraction decomposition:

= +
(t-12(t+1)y t-1 +(t-1)2 t+1 +(t+1)2

= A=1, B=1, C=-1, D=1

1 1 1 1 1 1
== + - + dt=h1|t—l|—————M|t+l|————+C
t-1 (t-1)? t+1 (t+1)?

t-1 t+1
x-3 X-3
2t t-1 24 il
=- +M|———|+c=— +M| |+C
tz—l t+1 X_a—l x=3
x-1 — +1
x-1

2. Theintegral J’R(x, \jn ax+b ) dx can be transformed to the integral of a

rational function with the substitution t = \jn ax+b.

calculus1-16.nb | 13
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Examplel./= Jx V5x+3 dx=?

t?-3

Substitution: t= Y5x+3 = x=x(t) =
dx 2 2

X'(t)=—=-t = dx=-tdt
dt 5 5

t?-3 2 2 2 (P
I=Jx \5x+3 dx=j—-t-—tdt=J— (t4—3t2)dt=—[——t3)+c=
5 5 25 5
2 \/(5x+3)5
——[T—\’(5X+3)3]+C

25

Example 2. /= [ dx=7?

X +1

Substitution: t = Yx = x =x(t) = t?
dx
X'(t):d— =2t = dx=2tdt
t

[ 1 2t 2(t+1)-1 1
= dx:j dt=J dt:Jz-(l-—)dt=
j\/;+1 t+1 t+1 t+1

=2t-2In|1+t]| +c=2 \/;—ZIn(l+ \/;)+C

3. In the integral jR(X, m) dx (a *0) after completing the square
under the root sign, either of the following substitutions can be used:
«/ﬁ A=sint, te[—g,g] (orA=cost, te[0, mt])

B’+1  B=sinht

C*-1  C=cosht
Identities for taking the square root: cos?t+sin’t=1, cosh?t-sinh?t=1.

Example 1. /= [y4-x* dx=?
. . . . X
Substitution: x =x(t) =2sint = t=arcsm(—)
2

dx
x'(t):d— =2cost = dx=2costdt
t

I:J\j4—x2 dx=[V4—4sin2t'2costdt=[2 Vl—sinzt-2costdt=J4 ycos?t -costdt

1+cos2t

) sin2t
= [4cos tdt:J’4 dt:j2-(1+coszt)dt=2(t+ S )+c:

. X X X\2
=2t+sm2t+c=2~arcsin(—)+2-— 1—(—) +C
2 2 2
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Identities:

) 5 ,  l+cos2x . 1-cos2x
cos“x+sin“x=1 = COS"X=—, SIN“X=—"

)

2 2
2 2,
COS“X—SIN“X=C0S2X

/ 2
sin2t=2sintcost=25int\jcos2 =2sint\/1—sin2t =2')—2(' 1—()—2()

2

dx=7?

Example 2. /= J
9-x2

X
Substitution: x=3sint = t= arcsin(—)

dx
x'(t)=— =3cost = dx=3costdt

dt
[- ’- (3sint)? 9sin’t
-3costdt= [——— -3costdt=
J J\/9 (3sint)? w/9-(1—sin2t)

9sin’t 9sin?t 1-cos2t
costt J'

costdt=f9sin2tdt= f9-— dt=
2

cos2 t cost
9 sin2t 9 9 9 X 9 X X\2
=- (t— )+ :—t——sm2t+c-—arcsm( )——~2~— 1—(—) +C=
2 2 2 4 2 3 4 3 3
Identities:
., 1l-cos2x
sin X =———
2

2
sin2t=25intcost=2$int\jcoszt =2$int\/1—sin2t =2')‘;'wf1‘()§()

Rational functions of sin x and cos x

Statement. The integral fR(sin X, cos x) dx where R is a rational function can be

transformed to the integral of a rational function with the substitution

X
t=tan-
2
) 2t 1-t2
= x=2arctant, dx= dt, sinx = COSX =
1+¢82 1+¢t2 1+82
X dx 2
Remark. t=tan- = x=x(t)=2arctant= — =x"(t) =
2 dt 1+t
,  sin®x  1-cos’x 1 5 1
tan“x = = = -1 = cos“x=
cos’x  cos’x  cos’x 1+tan?x
] X X X X 2tan? 2t
sinx=2sin - cos— =2tan— cos* — = =
2 2 2 2 1+tan2)—2( 1+¢t2
X X X x\ 1l-tan?* 1-¢t
cosx = cos? — —sin? - = cos® — (1 ~tan? —) =——7t =
2 2 2 2 l+tan®s 1442
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1
Examplel./= |— dx=?

sinx

o X . 2t 2

Substitution: t=tan- = sinx = , dx= dt
1+t 1+t

1 1+t 2 1 X
/=[—dx=J dt=j—dt=ln|t|+c=ln‘tan—|+c

sinx 2t 1+¢2 t 2

1
Example2./= |— dx=?
cosx

o X 7T
Substitution: t = tan(— - —)
2 4

1 1 1 1 X T
/=[ dx= [———dx=- —dx:—[—dt:—ln tan(———)|+c
cosx sin(’—zT—x) sin(x—Lz’) t 2 4

1
Example 3. /= J— dx=7?

1+cosx
o X 1-t 2
Substitution: t=tan- = cosx = , dx= dt
2 1+t 1+t
1 f 1 2 X
Iz[ dx = dt=f1dt=t+c=tan—+c
1+cosx j Lt 1+t 2
1+t2
1
Example4.l=[— dx=7?
sin x(1 + cos x)
o X ) 2t 1-¢? 2
Substitution: t=tan- = sinx= , COSX= , dx= dt
2 1+t 1+t 1+t
[ 1 2 1+t
l=[ dx = dt=[ dt
sinx(1 + cos x) J 2t 2t

1-t2\ 1+¢2
2 1+ 2
1+t 1+t

1t 1 t? 1 X 1 X
=J(—+—]dt=—ln|t|+—+c=—ln|tan— | +—tan“ - +c¢
2t 2 4 2 2 2

4
1+sinx
ExampleS*.I:J— dx=7?
1-cosx
o X ) 2t 1-t2 2
Substitution: t=tan- = sinx = , COSX = , dx= dt
2 1+t 1+t 1+t
14+ 2L
1+sinx e 2 t?+2t+1
Iz[— dx = dt= dt=
1-cosx 1oLt 148 t2(t% + 1)
1+t2

Partial fraction decomposition:

t?+2t+1 A B Ct+D
—_—— =—+—+
2 +1) t 2 £+l

= A=2,B=1,C=-2, D=0



2 1 2t X 1 ) X
/:J(—+—— )dt=21n|tan—|— —ln(l+tan —)+C
t 2 t*+1 2 tang 2

Remark. For even powers of sin x and cos x the following transformations are bet-

ter:
sinx+cos’x 1 - 1
1+cot’x= = — sin‘x=—
sin® x sin? x 1+ cot®x
cos®x +sin? x 1 1
l+tan’x= = = cos’x =
cos®x cos® x 1+tan’x
Example 1*. I=J dx=7?
sin®x
1 1\ 1 )
lzj dx:J( ] dx=ﬁ1+cot2x) dx
sin® x sinZx/ sin’x sin?x
_— dy 1
Substitution: y =cotx = — =-
dx  sin’x
2\2 2. 4 2 5 y°
I=—f(1+y) dy=—f(1+2y +y)dy=—|y+-y +—|+c
3 5
2 , (cotx)’
=—|cotx +— (cotx)” + +C
3 5
1
Example 2*. /= f— dx=7?
2 +sin’x
1 [ 1 1+ cot?x
Izj— dx = dx:j dx
2 +sin’x J2+ 1 3+2cot’x
1+cot® x
Substitution: y = cotx
Xx=arccoty = dx=- dy
1+y?
1+y2 1 1 1 1
/:—J dy:—J’ dy:-— —dy
3+2y% 1+y2 3+2y? 3 ( ) )2
1+ 5 y
arctan \F
1 37 1 2
=—— ———— +c=—-——"arctan| |- cotx|+c
: N 3
3
Additional examples
Substitution
Example 1.I=Jtan6xdx=?
Substitution: y =tanx = x =x(t) = arctany
dx 1 1
)('(y):— = = dx= dy

dy 1+y? 1+y?

calculus1-16.nb | 17
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6
I=ftan6xdx=j Y dy
y2+1

Here y® has to be divided by y? + 1. This can be done in several ways,
for example:

yE _y4(y2+1)—y4 y ¥ y V(2 + 1) -2 )2
Y2+l Y2+l Y2+l y2+1 Y2+l

v 0+ -1 (V1) -y2+1)-1 P 1

or: = = =y -y + 1-

Y2+l Y+l Y+l Y+l

or polynomial division can also be applied.
6

1
50/=j Y dy=j(y4—y2+l— dy =
y2+1 y2+1

tan®x tandx

y oy
— -—+y-arctany+c=
5 3

+tanx-x+c¢
5 3

dx=7?

Example 2*. /= j
(x> + l)2

Substitution: x=x(t)=tant = t=arctanx

dx 1
x'(t)=— = = dx=
dt  cos?t cos’t

1 1 1 1
= [ dx = [ dt=jcos4t dtzfcosztdt=
Joes1? Jitan?t+ 1) costt

tan’t+1=

cos?t
1+ cos2t 1 1 1 1 x
j—dt:—t+—sm2t+c=—arctanx+—
2 2 4 2 2 1+x2

+C

2tant 2x
sin2t=2sintcost=2tantcos’t= =

l+tan’t 1l+x

2

dx=7?

Example 3. /= J

1-x*

1
Substitution: t =x* = x=x(t)= \t =tz

dx 1 1 1 1
X'()=—=-ti=— = dx=——dt

_dt E 2\/? 2\/?
I= [ 2x dx= [2\/? -1 dt= [ . dt=arcsint + c =arcsin(x?) + ¢
ijl-x“ J«]l-tz 24t .’ 1-¢

1
Example 4. /= j— dx=7?
X \]x -1
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Substitution: t= Yx? -1 = t?=x*-1= t?+1=x>

x=x(t)= Y2 +1 =(t2+1)'i

dx 1 1
X'(t):—x=—(2+l)__2'2t= = dx=

dt 2 \lt2+l \jt2+l

] 1 [ 1 t 1
/= dx = - dt_j dt=
ce-1 Ieeie e t+1
=arctgt+c=arctg(«jx2—l)+c




