Calculus1-09

Power series

Definitions. The series Zan(x —xo)" = ag + a1(X = Xo) + Gz(X — X)? + ... is called a power series with
n=0
center x, where a, is the coefficient of the nth term.

The domain of convergence of the power series is H = {x eR: Za,,(x - Xxg)" converges}.
n=0

1
limsup v | ay |

The radius of convergence of the power series is R =

Remarks. H is not empty, since the series converges for x = xq.

Since 4/ | @, | 20,thenO<limsup 4/ | a, | <oo.
Iflimsup 4 | a, | =eothenR=0and if limsup 4 | a, | =0thenR=co.

Ops a
If lim | s | exists then R=lim . |
an

N—oco N—>co0 an+l

Theorem (Cauchy-Hadamard): Denote by R the radius of convergence of the power series

Zan(x—xo)”. Then

n=0

(1)if | x=xo | <R, then the seriesis absolutely convergent, and
(

)
2)if | x=xo | >R,then the seriesis divergent.

1 1
Proof. We define — = +00 and — =0. By the root test

+0 +00
. . - . , | X-Xo |
l|msup\/|an| |l x=-x|" = |x—x0| -limsup \/ | ap | =——
R
| x-Xo |

Then ——— <1 & | x-x | <R = theseriesis absolutely convergent
R

X =Xo . . .
and dx=x] >1 < | x-x9| >R = theseriesisdivergent.
R

Consequence. (1) IfR=0thenforallx*x,, | x-x,| >0=R,so the seriesdiverges
and if x = x, then it converges. Then H = {x,}.
(2) If R=oothenforallxeR, | x-xo | <R,sotheseriesisabsolutely convergent.
Then H=R.
(3) If 0 <R < oo, then (xo - R, Xo + R) € H c [Xg — R, X + R] and the endpoints of the
interval must be investigated separately.



Power series, interval of convergence

Exercise 1: Find the interval of convergence of the following power series:

= (—1
nZ::l (n2)

Solution:
n

The coefficients are a,, =
n 2m

n

(z—1)"

and the base point is o = 1. Applying the root test:

1 1

T DT 11 _

We investigate the convergence at the endpoints:

o (=D)” o~ (D"
Ifx=3: Lon —
absolutely convergent)

e=-1: 3 C ooyt

n=1 n=1

—~

The interval of convergence is: (—1, 3].

convergent by the Alternating Series Theorem (but not

— 1
—1)%" = Z - divergent (the harmonic series)

n=1

Exercise 2: Find the radius of convergence of the following power series:

i n

Solution:
2 1
The coefficients are a, = (—1)" nt
(2n)!
!
b 1%t (2n+3) (2n)! _
n—oo | G n—oo (2n+2)! (2n +1)

2n+1

5] (x+7)", R ="

and the base point is xg = —7. Applying the ratio test:

o +3 1 1
nt 0=— = R=o

nose 2+l Cn+2)2n+l) R
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Exercise 3: Find the radius of convergence of the following power series:

i nt 27 z" R ="
1 (n+6) "2+1 ' )
n=
Solution:
. (n+2)"’ . .
The coefficients are a,, = W and the base point is g = 0. Applying the root test:

2\" 1
lim %/|a,| = lim (n—i— ) -

— R=¢*

1+2 '
n 1 e? 1 1

Yn+6 n1—>moo <1+6)n Yn+6 eb e R

Here we used that 1 < /n+6 < /7 {/n and thus {/n+6 — 1 by the Sandwich Theorem.

* ok Xk



Exercise 4: Find the radius of convergence of the following power series:

& 1)"
Z (n + ) " ’ R =7
n!

n=1

Solution:

(n+1)"

' and the base point is xg = 0. Applying the ratio test:
nl

The coefficients are a,, =

2)n+1 ) 2\ "t 1\ 1
lim 12 = i M:lim ntz = lim (1+— — o= —
1
= R=-
e

* % %

Exercise 5: Find the interval of convergence of the following power series:

I
2
n=1 n®+ 3
Solution:
—2)" 3
The coefficients are a,, = % and the base point is xg = 0. Applying the ratio test:
n
n -9 n+1 4 2 4 2
lim M:lim (=2) (n+) n"+3 :1m2~n+~ n"+3 =
n—oo | ay n—soo | (n+1)2+3 (=2)" (n+3)| n—oo n+3 n?+2n+4
1
=2-1-1=2=—- = R=—
R 2
The endpoints:
1 ~ n+3 . n+3 n+0 1 - 1. ~ n+3
If x = -3 : nz::l FUREE Since 213 > 22 1302 = = and n;% is divergent then nz::l -
is also divergent by the Comparison Test.
1 - 3
If x = 3 nz::l (=" :27—:_3 is convergent by the Alternating Series Theorem.
. . 1 1
The interval of convergence is: 55|
* ok ok
Exercise 6: Find the interval of convergence of the following power series:
$~ ey
— n2 3n
Solution:
The series can be written as i 2" (x +2)", so the coefficients are 2" and the base
ri n written — (x ients are a, = ——— an
— n? 3n ’ " p23n
point is zg = —2. Applying the root test:
) . ) W20 2 2 1 3
The endpoints:
7 = (=0 . . .
If z = —5 Z 5 is convergent (by the Alternating Series Theorem, or: it is absolutely
n

n=1
convergent)



1 = 1
Ifax= -5 Z 3 is convergent

n=1

7T 1
The interval of convergence is: {—2, —2} .

* 3k Xk

Exercise 7: Find the radius of convergence of the following power series:

o0
nog, L o3 2 g 3 9 4 1 _
1st solution:
0, if nis not divisible by 3
Th flicient n = 3
¢ coclicients ate - d /3 it wis divisible by 3
on/3
0, if nis not divisible by 3

Th n\/ n| — n 3 v . . .
o 2] n/ = l , if nis divisible by 3
V2rs ~ 3 3R
1

—> The accumulation points are: t; =0, t5 = %
1

— 1

2nd solution:

By the substitution y = 3 the series can be written in the form

o0 o0 n
bn n = _ n
D by =3 5y
n=1 n=1
The coeflicients are b, = 2% and the base point is yo = 0. Applying the root test:
im o= lm ¢/ —i-L1 o g s

The radius of convergence of the original series can be determined in the following way:

y<2 = |23|=]Pf<2 = [23/<V2 = R=V2

Exercise 8: Find the interval of convergence of the following power series:

= 1
Z ng_; (x_2)2n

n=1

Solution:
oo

n+1
By the substitution y := (z — 2)? the series can be written in the form: Z 9—; y"

n=1
. n+1 o . .
The coefficients are a,, = on and the base point is yg = 0. Applying the ratio test:

2) gn 1 2 1
S TR e o) I nte_ 1 . g9

An+1 — 2. nre
n—oo 97l (n+1) n—oo 9 n+1 9

Qn

lim
n— oo

The radius of convergence of the original series can be determined in the following way:

ly<9 = |(z-2)?<9 = [z-2/<3 = R=3
—_——

—1<z<5



The endpoints:

00 1 o0 e
Ifx:—lorz:5thenzn;; (—1_2)%:2:“; 5_2 ZTH_I

n=1 n=1

This series is divergent by the nth term test, so the interval od convergence is (—1,5).

Remark: The endpoints can be investigated in both the original and the new series.

Practice exercises

Exercise 9: Find the interval of convergence of the following power series:

n—1

> 7(_‘;)3 (+1)"

Exercise 10: Find the interval of convergence of the following power series:

DRLURTRERE

n=1

Exercise 11: Find the interval of convergence of the following power series:

_1)n
n2 32n

n

o0 _1 (o)
a) > 122 3)271 " b)z_:l

(z +2)%"

Exercise 12: Find the interval of convergence of the following power series:
oo o0 (_

Z DS

n=1 n=1

Exercise 13: Find the interval of convergence of the following power series:

7)

Results

5 3
Exercise 9: [—4,—4]. Exercise 10: (0,4). Exercise 11: a) [-9,9] b) [-5,1]
11 1 1 5 5
Exercise 12: a) <—3, 3] b) [_\/3’ 3} Exercise 13: (—2,2}



