Calculus1-07

Numerical series

Definition
Definition. Suppose that (a,) is a sequence and define the sequence of partial sums as

sn=Zak=al+az+...an.
k=1

If (s,) is convergent, then the numerical series Za,, is convergent,
n=1

) n
and its sum is Zan = lim Zak =lims,=seR.
e n—)ook:l N—>co

Examples

1.a) il =? b) i(—l)k"l =2
k=1 k=1

Solution.a)Zl=l+l+1+l+...=oo
k=1

Heres, = Zl n = lims, =0 = theseriesis divergent (and its sum is infinity).
N—co
k=1

b) i(—l)k"l: 1-1+1-1+..+(-1)F+

Here syi,1 =1—1and s, =0—0, so (s,) has two limit points.
= The series is divergent (and its sum doesn’t exist).

IR 1 (12 1 1
2. Z( ) —hmZ( ) =lim(—+(—) +...+(—) ):lim—- =— =i
nsef={2) mel2 |2 2 nso 1 2 1
so the series is convergent.

A telescoping series

i n 1 1 1
Z lim Z _lim(—+—+...+ ):
klk(k+l) e ) =12 208 n(n +1)
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The harmonic series

> 1
Theorem. The harmonic series Z— diverges.

n=1
Z| 1 (1 1y (1 1 1 1 1 1
Proof. Szn:Z—:l+—+(—+—)+(—+—+—+—)+...+( +...+—)2
& 2 \3 4/ \5 6 7 8 27141 2"
1 1 1 1 1 N noeo .
21+-+2—+4—+ .. +2"" — =1+——> 00, SO limSyn = 0.
2 4 8 2" 2 n—eo

If n>2¥thens, 25,50 lims,=co and therefore S = = co.
2
N—=co n
n=1

Remark. The name of the harmonic series comes from the fact that foralln=2, g, is the
harmonic mean of a,_; and a,,,1, that is,

2 2 2
1 11 1 (n-1)+(n+1)

1 1

n-1 n+1

1
.

ap-1 On+1

The divergence of the series is very slow, for example

100 | 10* 10° 108 1
Z— ~5.18738, Z— ~9.78761, Z— ~12.0901, Z— ~14.3927
n=1 n n=1 n n=1 n n=1 n

Remark. If a finite number of terms in a series are omitted or changed then the fact of convergence
or divergence doesn’t change. However, the sum of a convergent series changes.

The geometric series

= 1
Theorem. 1+g+@*+...= Zq” =— if ’ q ‘ <1 and the series is divergent otherwise.
= L=
n=0
qu-l _ l
- - ifg+1
Proof. Ifa, =q" thens, = Zak = qu ={ g-1 q

k=l k=0 n+l ifg=1

1) Ifg=1then lims, = co.

N—>oco

2) If g > 1 then lims, = o, since limg

N—>c0 N—co

n+l _
= oo,

1
3)If-1<g<1thenlims,=——,since limg™! =0.

Nn—co 1- q Nn—co

4) If g < -1then lims, does not exist, since lim g" does not exist.

N—-oco N->oco
k .
e a i a- firstterm
Similarly, > a-q"=—, Za-q”:—q if | g <1. (sum = —)
e 1-q9 = 1-gq 1 - ratio
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Sum and constant multiple

Theorem: Assume ) a,and ) b, are convergent, » dj, is divergent, and c e R\{0}. Then

n=1 n=1 n=1

o o

(an + bp) = Zan + an

n=1 n=1
[ee]
n=1

(a, +d,) is divergent

NMs

(1)

3
Il
N

|\/|8ﬁ|\/|8

(3)

3>
]
—

|\/|8

(4)

cd, is divergent

3
Il
=

Proof. All statements follow from the properties of the sequences.

) 3k+l +5(_2)k+3
Example. ) ————— =7
4k
k=2

oo k+1 _9\k+3 n k k o o k
Solution.z3 +302) :Z3 35802 =3 Z( ) Z(_E) =

K
k=2 4 k=2 4k k= k=2

L B

3 1 12
4 2
The series is the sum of two convergent geometric series.

Cauchy criterion

Theorem: The numerical series Zan converges if and only if for all £ > 0 there exists Ne N
n=1

suchthatifm>n>N then | s, -5, | = Zakz | Qo1+ Gpap+ .o+ 0 | <&
k=n+1

Proof: It is trivially true, since the Cauchy criterion for number sequences can be applied for (s,).

i 1
Example. s the series Z(—l)”+1 — convergent or divergent? (alternating harmonic series)
n
k=1

Solution. The series is convergent. Let m>nand m=n+ k. Then

(_1)n+2 (_1)n+3 (_1)n+4 (_l)n+k+1
| Sm=Sn| = |Snk=Sn|=1|0n1+0nia+...+0nyk | = | + + +o =
n+1 n+2 n+3 n+k

= - + -t

1 1 1 (-1)k+1|
n+l n+2 n+3 n+k |



4 | calculus1-07.nb

1 1 1 1
Using that - >0, - > 0 etc. we get the following.
n+l n+2 n+2 n+3

1) If k is even then
1 1 1 1 1 1
- + - ot - =
(n+l n+2) (n+3 n+4] (n+k—l n+k)
1 1 1 1 ) 1
= - - - = <
n+1 (n+2 n+3) (n+k n+1
2) If kis odd then

1 1 1 1 1 1 1
|5n+k_5n|=( - )+( - )+...+( - )+ =
n+l n+2 n+3 n+4 n+k-2 n+k-1) n+k

I Sn+k — Sn |

1 1 1 1 1 1
= - - - = - < .
n+1 (n+2 n+3) (n+k—l n+k) n+1
1 . l . . l
Then | Snek=Sn | < <¢ if n>- -1, sowith the choice N(s)z[— - 1] the statement holds.
n+1 £ £

Later we will see that this is a Leibniz series, so it is convergent.

The nth term test

Theorem: If Za,, is convergent then lima, = 0.

N—oo
n=1

1st proof: Apply the Cauchy criterion with the choice m=n+ 1. Then

| Snsr=Sn | = | Ons1 | <€ ifn>N(g), solima, =0.

N—oo

2nd proof: Let lims, =seR,thens,=s,.1+a, = a,=5,-S,.1—>S-5=0.

N—oco

Remark. The theorem can also be stated in the following form:

If lim a, # 0 or if the limit doesn’t exist then > aj, diverges.
N—co
n=1

Remark. The condition lima, = 0 is necessary but not sufficient for the convergence of Za,,.
nN—->oo
n=1

> 1 1
For example, the harmonic series Z— is divergent but lim— =0.

n-
n=1 *n
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Series with nonnegative terms

Theorem. A series with nonnegative terms converges if and only if its partial sums form
a bounded sequence.

Proof. Ifa,20forallneNthens,,; =a,,1 +5s,25s, forallneN, so (s,) is monotonically increasing.

If Za,, converges, then (s,) converges = (s,) is bounded.

n=1

If (s,) is bounded, then (s,) converges since it is monotonically increasing.

Remark. If a, 2 0 then Za,, either converges or its sum is co.

n=1

Cauchy Condensation Test

Theorem. Suppose a; 2a, 203 2 ... 20. Then the series Zan converges if and only if

n=1

the series > 2Xay =a; +2 0, +4a, +80dg + ... converges.
k=0

n n
Proof. Let sn=al+az+...+an=Zak and t,,=al+202+4a4+808+...+2”azn=szazk
k=1 k=1

1) (s,,) is monotonically increasing, since the terms of (a,,) are nonnegative and
n<2"-1forallneN*sos,<sy_;.Then

SpSSyn_1 =0y + (A +a3) +(Ag + A5+ Ag + A7) + ... + (Ayn-1 + ... + Apn_1) S
Say+(a,+a))+(Ag+ag+as+az)+ ...+ (Ay1 + ... + Ayn1) =
=4y +20, +40a5+...+2" Ay =

1
=£(Cll+202+4a4+808+...+2n02n)=tn_1

n
Assume that sz apr is convergent = (&,) is convergent, so it is bounded = (s,) is bounded above

k=1
since s, <spn_y <t,.; = (S,) is convergent since it is monotonically increasing.

2)S;n=ay+ 0y + (a3 +0,) + (A5 + Ag + A7 + Ag) + ... + (Apr-1,1 + . + Ap0) 2
1
Z—a;+ay+(az+0az)+(ag+ag+ag+ag)+...+(ay +... + ayn) =
2

1 1
=—a1+az+204+4ag+...+2”'la2n=—tn
2 2

Assume that Za,, is convergent = (s,) is convergent, so itis bounded = (t,) is bounded above

n=1

l oo
since — t, £ s;» = (ty,) is convergent since it is monotonically increasing = sz ar« is convergent.
2

k=0
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The p-series (or hyperharmonic series)

1
Theorem. Z— converges if p>1and divergesif p< 1.
n= 1

1
Proof. 1) If p <0 then I|m a, = lim— =limn!Pl £0, so by the nth term test, the series diverges.

nseo NP N

1
2) If p> 0 then a, = — is monotonically decreasing, so the Cauchy condensation theorem is
nP

1
applicable, that is, Z— and sz (— are both convergent or both divergent. Then
2

n=1

1

T i
k=1 k=1 2" * 2P 2" k=1
1yl
This is a geometric series with ratio r = (—) and it is convergent if and only if
2
1\p-1
| r] =(—) <le=p-1>0=p>1.
2
Examples

bl 1
1. Is the series Z
o n~log2 n

convergent or divergent?

1
is monotonic decreasing and the terms are nonnegative,

Solution. The sequence g, =
n-log,n

so the Cauchy Condensation Test can be applied.

e 1
sz ok = sz p —~ =) -, thisthe harmonic series which is divergent
k=ky ok, 210gy(2") ko

= the series Z a, is divergent.
n=n,;

i 1
2. Show that ) ———— converges if p> 1 and divergesifp < 1.
n-(log, n)’

1
Solution. If p > 0 then the sequence a, = ——— is monotonic decreasing and the terms are

n-(log, ny’
nonnegative, so the Cauchy Condensation Test can be applied.

e 1
k _ k. _ . ~ . . .
§ 2%-ajk = § 2% 2k : = § P this the p-series which converges if p > 1 and
k=ky k=k, 08,2 i,

divergesifp<1.

If p < 0 then for example the comparison test can be used to show divergence (see later).

1 © 1 had
Thena, = - and — diverges= ) a, also diverges.
ne~ Z g Z n g

n=n; n=ny
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& 1
3. Is the series Z convergent or divergent?
n-log, n-log, log, n

n=n,

1
Solution. The sequence a, = is monotonic decreasing and the terms are
n-log, n-log, log, n

nonnegative, so the Cauchy Condensation Test can be applied.

i2k'02k= izk' ! S

k=ky kol 2410g,(2")-log,(log,(2¥)) ik, k*log, K

, this is divergent (see example 1.)

= the series Z a, is also divergent.

n=n;



