Calculus1-02

Proofs. Inequalities.

Proofs
https://www.whitman.edu/mathematics/higher_math_online/chapter02.html
Direct proof
Since (P=R) A (R=Q)) = (P=0Q) is always true (it is a tautology), we can prove P=Q by
proving P= R and R= Q where R is any other proposition.
Example

Inequality of arithmetic and geometric means:

a+b

Ifa, b2 0then yYab < and equality holds if and only if a = b.

a+b
! > Vab < (a+b)’24ab < a*-2ab+b*20 < (a-b)*>=0,whichalways holds.

Proof:

Indirect proof

There are two methods of indirect proof: proof of the contrapositive and proof by contradiction.
They both start by assuming the denial of the conclusion.

Proof of the contrapositive

We can prove P = Q by proving its contrapositive, *Q = — P. We have seen that these are
logically equivalent. In the proof we assume that Q is false and try to prove that P is false.

Example. If g bis even then either a or b is even.
Proof. Assume both a and b are odd. Since the product of odd numbers is odd, then a b is odd.

Proof by contradiction

To prove a statement P by contradiction we assume = P and derive a statement that is known to be
false. This means P must be true.

If we want to prove a statement of the form P = Q then we assume that Pis true and Q is false
(since7"(P= Q)= ("PVvQ)=PA~Q)and try to derive a statement known to be false.
This statement need not be = P, this is the difference between proof by contradiction and proof

of the contrapositive.
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Examples

In the following two examples we will use the fundamental theorem of arithmetic also known as
unique factorization theorem which states that every integer greater than 1 can be factored
uniquely as a product of primes, up to the order of factors.

1) Theorem: There are infinitely many primes.

Proof.
1) Assume there are only finitely many primes py, py, ..., prand letn=p; p, ... px + L.
2) Then nis not divisible by any of the primes p;, py, ..., P« since the remainder is always 1.
It means that
e nis either another prime or
e it has a prime factor different from py, py, ..., Pk.
3) This is a contradiction since we started from the fact that there are exactly k primes
and then came to the conclusion that there must be at least one more prime.
It means that there are infinitely many primes.

2) \/E is irrational.

Proof.

a
1) Assume indirectly that \E is rational. Then is can be written in the form \/— = p wherea, b are

integers and b # 0. From this we get that 3 b? = a°.
2) Consider the exponent of 3 in the prime factorization of both sides.
Since in the prime factorization of a square number all exponents are even, it means that
e the exponent of 3 is odd on the left-hand side and
e even on the right-hand side.
3) However, this contradicts the unique factorization theorem, so \/E isirrational.

Induction

Let P(n) denote a statement that depends on the natural number n.
A proof by induction consists of two cases.
1) The base case (or basis) proves that P(n) is true without assuming any knowledge of other cases.
2) The induction step proves that if P(k) is true for any natural number k, then P(k + 1)
must also be true.
From these two steps it follows that P(n) holds for all natural numbers n = n,.

Examples

1. Prove by induction that for every positive integer n the following statement holds:
n(n+1)

2

n
Zk=1+2+...+n=
k=1
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Solution:
1-2

1. Base case: the statementis trueforn=1since1 = —
2

2. Induction step:

a) Assume that the statement holds for n = k, that is,
k(k+1)

1+2+..+k= (this is the induction hypothesis).

b) Using this, we prove that the statement holds for n = k + 1, that is,

k k
1+2+...+k+(k+1)=L2(+2).

Using the induction hypothesis 2. a) we get:

k(k+1 kik+1) +2 (k k+1)(k+2
1424, +k+(k+1)= (2+ )+(k+1)= (ke D+2(k+1) _( +1)2( +2)

So the statement is also true for n = k + 1. Thus, by the principle of induction, the statement holds
for all positive integers n (thatis, ng=1)

2. Prove by induction that 3" >2" + 7 n for all positive integers n = ny.
Find the smallest such positive integer ny.

Solution: Let P(n) denote the above statement. Then

P(1)isfalse,since  3'<2'+7-1 P(4) is true: 352474
P(2)is false, since  32<22+7-2 P(5) is true: 3°52°+7'5
P(3)isfalse,since  33<23+7-3 P(6) is true: 30520476 etc.

We prove by induction that the statement holds for all integers n 24 = n,.

1. Base case: The statement holds for n =4 since 3*> 2% + 7-4.
2. Induction step:
a) Assume that the statement holds for n = k, that is, 3* > 2¥ + 7 k.
b) Using this, we prove that the statement holds for n = k + 1, that is, 3¥*1 > 2K 4+ 7 (k + 1).

Using the induction hypothesis 2. a) we get:
31=3.353-(2"+ 7k) =
=3-2K+3-Tk=
=(2+1)2"+(2+1) Tk=
=224 2K+ 2-Tk+Tk=
=2k Tk 2K42-Tk>2 + Thk+04+7=
=2K1 4 7 (k+1)

So the statement is also true for n = k + 1. Thus, by the principle of induction, the statement holds
for all integers n = 4.
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Inequalities

Triangle inequality
|a+b| < |a|+]|b]|

Proof. Since both sides are nonnegative, then taking the squares of both sides is an equivalent
transformation:
la+b| s |a|+|b| ea*+2ab+b’<a*+2 | ab|+b* < 2abs<2|ab |

This is always true since x< | x | forall xeR.
Inequality of the arithmetic and geometric means

0y + 0y + ...+ 0, . . .
Ifay, ay, ...a,20then "\/al dy..a, < T and equality holds ifand onlyifa; =a, =... = a,.
n

Proof: by induction.

a;+a
a) The statement holds for n = 2 (see direct proof above): i \/al a,.
2

b) We prove that if the statement is true for n then it is also true for 2 n.
For this, divide the arbitrarily fixed 2 n numbers into two groups of n.
Apply the induction hypothesis for these two groups and then apply part a) for case n=2.

a1+ ..+0y, l/01+...40, Qpi+..+07, 1,, n In
—=—( + )2—(\/01...0,,+\/an+1...02n)2 \/al...am.
2n 2 n n 2

Thus, the statement holds for n = 2.

c) Using a kind of reverse induction, we prove that if the statement holds for (n + 1) then it is also true

for n and thus it holds for all positive integers.

a +..+0a
Letap,; = S =A, and apply the statement for the (n + 1) numbers ay, ..., @, 0p,1-
n

With equivalent steps, we get

ap+..+0,+A .
A= M A A e Alza)..a,A, &= Al2a;..0, < A2 \a;..qp.
n+1
d) Finally, we prove the equality part of the theorem.

a, +..
If a; =. .. a, = a then the equality obviously holds since L g ay..ap.

a+a
Now suppose that for example a; # a,. Using that in this case RN \/al a,, we get
2

a, +a, a; +a,
+

+d3+..+0,
a,+a+dasz+..+0d, 2
= =

n n
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a; +0,\2 2 n
> ”\/( ) az...d, > 4 (\/alaz) 03..0, = N0y ...0,.

2
HM-GM-AM-QM inequalities

The inequalities between the harmonic mean, geometric mean, arithmetic mean and quadratic
mean of the positive real numbers a,, ay, ..., a,:

n N ay+ 0y + ...+ 0, a2 +al+..+0a>
o<—s\/alaz...ans s

1 1 1 n n
= dp == G oo B
a, ap a,

Equality holdsifand only if a; =a,= ... =a,.

Bernoulli’s inequality

(L+x)"21+nx where x2-1and nis a positive integer.

Proof: By induction.

1)Forn=1:1+x<1+x.

2) Assume that (1 + x)" 2 1 + nx and multiply both sides by 1 + x 2 0:
Q+x)"L21+nx)-Q+x)=1+(n+1)x+nx*21+(n+1)x.

Exercises

Induction

Prove by induction that the following statements hold for n = ng. Find the smallest such positive
integer n.

1)1+3+5+..+(2n-1)=n?

n nin+1)(2n+1
2)Zk2=12+22+...+n2=u

k=1 6
3) ik"’: 13’+23+...+n3’=(n(n+l))2
k=1 2

n l 2
4) Zk(k"1)=l'2+2-3+3-4+...+n-(n+1)=M

k=1

S)ik-k! =(n+1)1-1
k=1
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Inequalities

1. Prove that

2 1 . X 1
a) x+—22ifx*0 b) < -
X2 1+x4 2
2. Prove thatifa, b, c>0then
a b ¢ a> b
a) —+—+-23 b) —+—+—23
b ¢ a bc ac ab

n+1\"
3. Prove that n!<(—) ifn=2.
2

4. What is the maximum of xy ifx, y20and
a)x+y=10; b)2x+3y=10?

5. Calculate the maximum value of the function x?-(1 - x) for x€[0, 1].
6. Which rectangular box has the greatest volume among the ones with given surface area?
7. What is the maximum value of a®b?c, if a, b, ¢ are non-negativeand a+2b +3c=5?
8. Using Bernoulli’s inequality, prove that there exists a positive integer n such that

1
a)0.9" < — b) V2 <1.01 c) 4/0.1 0.9
100

Solutions

1
1. a) Apply the AM-GM inequality for a; =x?> and a, = = b) It follows from case a).

X
. . a b c
2. a) Apply the AM-GM inequality for x; = [—), Xy=—, X3=—.
c a
a? b? c?
b) Apply the AM-GM inequality forx; = —, x, =—, x3=—.
bc ac ab

3. Apply the AM-GM inequality fora, =1, a,=2, ..., a,=n.

4. a) Apply the AM-GM inequality forx=0and y 2 0:

x+y 10
\/)(y S—=—=5 = xys<25
2 2

and equality holds if and only if x=y. Since x + y =10 then 2x =10 = x =5,

so the maximumof xyis 25ifx=y =5.
2x+3y 10

b) Apply the AM-GM inequality for2x20and 3y 2 0: \/2x-3y < =— =5 = xys—
6

2 2
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5
and equality holds ifand only if2x=3y.Since2x+3y=10then4x=10 = x=-,
2

25
so the maximum of xy is — ifx=
6

NlU‘I

5
s y==.
3
5. Apply the AM-GM inequality fora; =a, =x20, a3=2-2x20:

3 X+x+(2-2x) 2 ) 4
\lx-x-(2—2x) S——=— =x(1-x)s—

3 3 27

2
and equality holds if and only if x =2 - 2 x, that is, x = 3

2 4
The maximum of the function f(x) = x*(1 - x) on [0, 1] is f(g) =
7

6. The surface area and volume of a box with dimensions x, y, z are
A=2(xy+xz+yz), V=xyz Letusapply the AM-GM inequality forxy>0,xz>0,yz>0:

A _Xy+xz+yz
= rrerye \/xy ‘XZyzZ= \/(xyz)2 Vs and equality holds ifand only ifxy=xz=yz
6

from wherex =y =z, thatis, the boxis a cube.

a a a
7. Apply the AM-GM inequality for the nonnegative numbers —, —, —, b, b, 3¢:
3 3 3

a a a

3333 b3 s (5)6

o
wlQ

‘b-b-3c < = =— = a3b%c<9|-
6 6 6

wlQ
wlQ

a
and equality holds if and only if 3 =b=3c. Then substitutinga=9c¢, b=3cintoa+2b+3c=5

5 5 5 _ . 5\6
we geta=-,b=—,c=—,so for these values the maximum of a°b*c is 9-(—) .
2 6 18 6

1 10\" 1\ 1
8.3)0.9"<— &= 100<(—) =(1+—) . Applying Bernoulli’s inequality (1 +x)" 21+ nx withx=—-,
100 9 9 9

1\" n n 1\
Weget(1+—) 21+-—. If1+—>100thenn>891,sointhiscase(l+—) > 100 also holds.
9 9 9 9

Remark: Solving the inequality for n e N, we get that n > 44.

b) Q/E <1.01 < 1.01">2. Applying Bernoulli’s inequality (1 + x)" 21+ nx with x=0.01,
we get (1+0.01)"21+0.01n. If1+0.01n>2thenn>100,so in this case 1.01" > 2 also holds.
Remark: Solving the inequality for n e N, we get that n > 70.

1 9\
c) \jn 0.1>09 —>(—) =

10 1y\7 1
(—) =(1+5) > 10. Applying Bernoulli’sinequalitywithx:E,

10 \10 9
1\" n n . . 1\"
Weget(1+—) 21+-—. If1+—>10thenn>81,somth|scase(l+—) > 10 also holds.
9 9 9 9

Remark: Solving the inequality for n e N, we get that n > 22.



