Calculus 1, Midterm Test 2

2nd December, 2021

Name: Neptun code:

1.1 2.1 3. |4 |5 |6.|7]8] 9]

n-1
1. (10 points) Let H = {(—1)”~— ‘ne N} U ([3,4nQ)uU (5,8l
n

Find the set of interior points, boundary points, limit points and isolated points of H.

2. (9 points) Determine the points of discontinuity of the function f(x) =x arctan 2
X(x+2

What type of discontinuities are these?
X’ In(2x +5)

3. (9 points) Find the equation of the tangent line to the function f(x) = ——  atx, =0.
COsSXx

4, (9+9+9 points) Calculate the following limits:

V1+8x —etX L sinh(2x + 3)
a) lim— b) lim(cosx)sin’x  ¢) lim ———
x>0 xsin2x x>0 x> cosh(2x - 5)

5. (9 points) Find the values of the parameters such that the following function

ifx=1

be differentiable onR: f(x) = { X +1
bx*+1 ifx<1

X+x+1

6. (18 points) Analyze the following function and plot its graph: f(x) = >
X +1

7. (9 points) The volume of a rectangular box with a square base is V =20dm?3. Arope is

tied around the box as shown in the figure. Find the dimensions of the box if the length

of the rope is minimal.

b

8. (9 points) Estimate the value of \j3 1.2 by the Taylor polynomial of order 2 of f(x) = \j3 l+x
at center 0. Give an upper bound for the error of the approximation.

9.* (10 points - BONUS) Without the help of a calculator, by investigating the
function f(x) =x — e In(x), show that e3> 3€.
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Solutions

n-1
1. (10 points) Let H = {(-1)" TS N} U (3,410 Q) U (5, 8].
n

Find the set of interior points, boundary points, limit points and isolated points of H.

Solution:
Set of interior points: intH=(5,8) (2p)

n-1
Set of boundary points: d H= {(—1)” ——:ne N} u{-1,1}UI[3, 41uU{5, 8 (3p)
n

Set of limit points: H'={-1,1}U[3, 4]U[5, 8] (3p)

n-1
Set of isolated points: {(—1)” ——:ne N} (2p)
n

2. (9 points) Determine the points of discontinuity of the function f(x) =x arctan ( )
X(x+2

What type of discontinuities are these?

Solution. The arctan function is continuous and the composition and ratio of

continuous functions is continuous if the denominator is not 0, so the points of discontinuities
arex; =0and x, = -2 (1p).

Ifx; =0: lXTg f(x) = 0 (1p), since the arctan function is bounded (1p)

= f has a removable discontinuity at x; = 0. (1p)

T
lfx; =-2: lim f(x)= lim xarctan = lim (—2)arctany=—2~(——)=rr
X-> -2+ X- -2+ X(X + 2) Y- —oo 2

JT
lim f(x)= lim xarctan = lim (-2)arctany =-2-— = -y (4p)
X—-2- X—-2- )(()( + 2) e 2

= f has a jump discontinuity at x, =-2 (1p)

X’ In(2x + 5)

3. (9 points) Find the equation of the tangent line to the function f(x) = ——  atx, =0.
Cos X
. 2 2 1 2
Solution. ' (x) = ((ex 2x-In2x+5)+e* - -2|-cosx-e* In@2x +5)-(-sinx)| (5p)
cos? x 2X+5

2
f(0)=In>5, f'(0)=g (1p)
2
The equation of the tangent lineis y=f(0) +f'(0) (x - 0), thatis, y=In5+ g x (3p)

4. (9+9+9 points) Calculate the following limits:

V1+8x —etX L sinh(2 x + 3)
a) lim—— b) lim(cosx)sin’x ¢ lim ——
x>0  xsin2x x>0 x> cosh(2x - 5)

Solution. a) The limit has the form % = L’Hospital’s rule can be applied:

V1+8x —e*X ., (1+8x)72-8-4e%
lim—— =|lim (4p)
x>0 xsin2x x>0  SiN2X+2XC0S2X

1
=3

N =
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3

h =2 (1+8x)72-64-16e* ~3-64-16

= lim (3p) =————=-8(2p)
x>02C0S2X+2C0S2X+2x(-sin2x)-2 2+2+0

1

1 —
n (cosx)smzx] 1
e [ _ e(sinzx ln(cosx))

b) The limit has the form 1°: (cosx)sin’x = (3p)
The limit of the power has the form —g:

In (cosx) —— (-sinx) 1 1

n(cosx) -
lim = lim X = lim =— (4p)
x>0 ginZx x>0 2sinxcosx x202cosix 2

1 1

= lim(cosx)sin’x =e2 = «/E (2p)

x-0
) By the definition of the functions:

sinh(2x + 3) e2X*3 _ =(2x43) e?X @33 e-0
im = lim (3p) =lim— —— (3p) = =e° (3p)
X— oo COSh(ZX - 5) X— oo eZX—S + e—(2x—5) X— oo e2x e—5 + e—4x+5 e—5 +0

5. (9 points) Find the values of the parameters such that the following function

ifx=1
be differentiable onR: f(x)={ x2+1

bx*+1 ifx<1

Solution. The function is differentiable for all a, b except x = 1.

a
If fis continuous at x =1 then lim f(x)= lim f(x)=f(1) = —=b+1 (3p)
Xx-1-0 2

Xx-1+0

2x ifx>1
f'x)= ()(2+l)2 g (2p)

4bx3 ifx<1

x-1+0 Xx-1-0

a
If f is differentiable at x =1 then lim f'(x)= lim f'(x) = - =4b (3p).
8 1
The solution of the equation systemisa = E’ b= —E. (1p)

xX2+x+1
6. (18 points) Analyze the following function and plot its graph: f(x) =
Xx“+1

Solution.
Df=R; f(x)*0; limf(x)=1

1-x2
f'(x)= =0 & x=%1(3p)
()(2+l)2
X | Xx<-1| x=-1 | -1<x<1 x=1 x>1
' = 0 aF 0 = (4p)
f N min:i 2 max:% N
2x(x*-3)
f'(X)=—————— =0 &=x=0o0r x=t+3 (3p)

(1 +x2)3
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X x<—\/§ x:—\/g -4/3 <x<0 X=0 0<x<\/§ x:\/g x>\/§

Fr - 0 + ) - ) + (4p)

<‘

3

U infl: 1| |infL:®22 |

f N infl: % :

4

-10 -5 5 10

7. (9 points) The volume of a rectangular box with a square baseis VV =20dm?>. Arope s
tied around the box as shown in the figure. Find the dimensions of the box if the length
of the rope is minimal.

b

Solution. The volume of the boxis V=a?b =20 (d m3), the length of the ropeisL=2b + 10a (1p).
40

Expressing b from V and substituting into L, we get that L(a) = —+ 10a. (2p) We want to find the
a

minimum of L on the interval a € (0, «). (1p)

80
L'(a)= -+ 10a (1p).

a

L'(a)=0 = a=2, b=5(2p).
240

L“(a)=—4 = L"(2)>0 (or,L'(a)<0ifa<2andL'(a)>0ifa>2)
a

= L haalocal minimum at a =2 (1p), which is a global minimum on the interval (0, «) (1p).

8. (9 points) Estimate the value of \j3 1.2 by the Taylor polynomial of order 2 of f(x) = \3/ 1+x
at center 0. Give an upper bound for the error of the approximation.

Solution.
f)= Y1 +x f(0)=1
1 1
fri)=—— fr(0)=-
*) PR (0) 3
O E— ()=
X)=——— = ——
9(1+x)>? 9
10
)= ——— (3p)

27(1+x)%3
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The Taylor polynomial of order 2:

' (0) , 1 2,
T,(x) = f(0) + £ (0) (x - 0) + (X-02=14=Xx-—x
2! 3 9-2!
1 2
fx=0.2 then Y1.2 = T,(0.2) =1 + = -0.2 -—— 0.22 = 1.06222 (2p)
2 9-2!
. (&) 3
Lagrange remainder term: R,(x) = ' (x = x0)°, wherexo=0,x=0.2, 0<£<0.2
3!
The error estimation:
10 1 3
|El= 1R | = | ——= = (02-08| =
27(1+ &% 3!
10 1 10 1
= —0.22<——— —0.2°~0.000493827 (4p)
27 (1 + )% 3! 27 (1 +0)°2 3!

9.* (10 points - BONUS) Without the help of a calculator, by investigating the
function f(x) =x — e In(x), show that e3> 3€.

Solution. f'(x)=1- £
X
fe)=0

e
f'ix)y=1---=
X X

= Lagrange’s mean value theorem can by applied on [e, x]:

fix)-f f
0=l g
X-€ X-€

3>e = f(3)=3-¢eln3>0 = 3>eln3=In3° = e*>3° (10p)

X-€

>0,ifx>e = Vx>e: f(x)>0

e X-e€
Or:f'(x)=1--=——>0,ifx>e = fis strictly monotonically
X X

increasing on (e, o).
3>e = f(3)>f(e)=0 = ...

Remark: e = 20.0855, 3°=19.813



