Calculus 1, 3rd lecture

Axioms for the real numbers. Complex numbers.

Axioms for the real numbers

R is a set whose elements are called real numbers. Two operations, called addition and
multiplication are defined in R such that R is closed under these operations, that is,
Va,beR (a+beR and a-beR).

Addition:

1)Va,beR(a+b=b+aqa)
2)Va,b,ceR ((a+b)+c)=a+(b+c))
3)30eR (VaeR (a+0=0+a=0))
4)VaeR (AbeR (a+b=0))

(commutativity),

(associativity),

(existence of a zero element),

(existence of an additive inverse, notation: b = -a).
Multiplication:

5)Va,beR (a-b=b-q)
6)Va,b,ceR ((a-b)-c=a-(b-c))
7)31eR (VaeR (a-1=1-a=q))
8)VaeR\{0} (AbeR (a-b=1))

commutativity),
associativity),
existence of a unit element),

(
(
(
(existence of a multiplicative inverse, notation: b=a1).

For the two operations above:
9)Va,b,ceR (a+b)-c=a-c+b-c (the multiplication is distributive with respect to the addition).

Axioms (1)-(9) are the axioms for a field.

Ordering: 10) Exactly one of the followingistrue:a<b, b<a, a=b (trichotomy),
11)Va, b,ceR ((a<b)A(b<c)) = (a<c) (transitivity),
12)Va,b,ceR ((a<b)Ac>0) = a-c<b-c
13)Va,b,ceR (a<b) = a+c<b+c (monotonicity)

Axioms (1)-(13) are the axioms for an ordered field.

Archimedian axiom:
14)VaeR (AneN (a<n)).

Axioms 1) - 14) are true both for R and Q.

Cantor axiom:
15) Let ay, by, ay, by, ...€R.
(VneN (a,<0p,1 S bp15by)) = (AxeR (VneN (xela,, by])))
(so (lan, byl # Q).
n=1

It states that any nested sequence of closed intervals has a non-empty intersection.
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Example: Let a;=14 and b;=15
a, =141 b,=1.42
a3 =1.414 by =1.415
a,=1.4142 b,=1.4143

;;,:[10”- V2] 10" ;n=([10"~ V2]+1)-10"

where [.] denotes the floor function.

Then a1 <a;<a3<as<...<\2 <...<bs<bs<by,<by, so ﬂ[an,bn]z{ﬁ}eﬂ?\@.

n=1

l oo
Remark. Closeness is important, for example if /, = (0, —] then ﬂ/n =d.
n n=1

Consequences
Some elementary laws of algebra and inequalities follow from the axioms. For example:

1) For all a e R, exactly one of the following properties hold: a>0, a=0, a<0.
(0>0 & -a<0)

2)(a<b) A (c<d) = a+c<b+d
Specifically: (a>0) A (b>0) = a+b>0

3)(0<sa<b) A (0sc<d) = ac<bd
Specifically: (a>0) A (b>0) = ab>0

4)(a<b) A (c<0) = ac>bc
Specifically:a<b = -a>-b

. 1 1 3 1 1 1 1
5)({)0<a<b = —>- (iia<b<0 = —>- (iila<0<b = — <—
a b a b a b

6) Foralla,beR, |a+b| < |a|+|b]| and]|la]|-|blls|a-b].
7) If nis a positive integerand 0 <a < b then a” < b".
8)VxeR (x-0=0)

9)VxeR (x'y=0 = x=0o0ry=0)

Proof of 8):
x0=x0+0=x0+(x0-x0)=(x0+x-0)-x-0=x-(0+0)-x-0=x-0-x-0=0.

Proof of 9):
Xx*¥0 = y=1y=((1/x)-x)-y=(1/x)-(x-y)=(1/x)-0=0.
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Bounded subsets of real numbers

Definition. A c R is bounded above if there exists a K € R such that a < K for all a € A.
In this case K is an upper bound of A.

Definition. A c R is bounded below if there exists a k e R such that a = k for all a € A.
In this case k is a lower bound of A.

Definition. A c Ris bounded if it is has an upper bound and a lower bound.
It means that there existsa K > Osuchthat | a| < Kforalla € A.

Remark: A bounded set has infinitely many lower and upper bounds.
Examples: 1) N is bounded below
2) (0, 1]={xeR: 0<x <1} is bounded (for example, upper bounds are 1, 2, m, ...,
lower bounds are 0, -3, -100, ...)
3) Q has no upper bound or lower bound

Definition. If a set A is bounded above, then the supremum of A is the least upper bound of A.
Notation: sup A. If Ais not bounded above, then supA = o.

Definition. If a set Ais bounded below then the infimum of A is the greatest lower bound of A.
Notation: inf A. If A is not bounded below, then infA = —co.

Examples: 1) infN =1, supN = oo; 2) inf(0, 1]1=0, sup(0, 1]=1; 3)inffQ=-c0, SUpPQ =0

Definition. The minimum of the setAis aif aeAand a=infA.
The maximum of thesetAisbif beAand b=supA.

Examples: 1) The minimum of N is 1 and it has no maximum.
2) The maximum of (0, 1]is 1 and it has no minimum.
3) @ has no minimum and no maximum.

Least-upper-bound property

Theorem (Least-upper-bound property, Dedekind):
If a non-empty subset of R is bounded above then it has a least upper bound in R.

Consequence. If a non-empty subset of R is bounded below then it has a greatest lower bound in R.

Remarks. 1) In the above system of axioms, the axioms of Cantor and Archimedes can be replaced
by this statement.

2) The set of rational numbers does not have the least-upper-bound property under the usual order.
For example, {x eQ:x’< 2} =Qn (— \/E, \/E) has an upper bound in @ but does not have a least

upper bound in Q since \/E is irrational.
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Complex numbers

Definition

The complex field € is the set of ordered pairs of real numbers: C =R% ={(a, b) : a, b € R} with
addition and multiplication defined by

(@, b)+(c,d)=(a+c, b+d)
(a, b)(c,d)=(ac-bd,ad+bc).

The field axioms

Commutativity and associativity of addition and multiplication as well as distributivity (see 1), 2), 5),
6),9) ) follow easily from the same properties of reals numbers.

3) the additive identity or zero element is (0, 0)

4) the additive inverse of (a, b) is (-a, -b)

7) the multiplicative identity or unit element is (1, 0)

8) the multiplicative inverse of (a, b) * (0, 0) can be found in the following way:

a -b
(a,b)(x,y)=(1,0) < ax-by=1 < x= , V=
a*+b? a*+b?

bx+ay=0
Thus the complex numbers form a field.

Some consequences

We associate the complex number of the form (a, 0) with the corresponding real number a.

Then (ay, 0) +(a,, 0) =(a; + a,, 0) corresponds to a; + a, and

(a1, 0) (ay, 0) = (a1 a,, 0) corresponds to a; a,.

Since (0, 1) (0, 1)=(-1, 0) =-1, then we can say that (0, 1) is a square root of -1 and

it will be denoted by i. That is, i = -1, where i is called the imaginary unit.

Remark: i = (-i)? = -1.
The algebraic form of complex numbers

We can rewrite any complex number in the following way:
(a,b)=(a,0)+(0,b)=a+bi

wherea, beRand i? = -1.

— Addition: (a+bi)+(c+di)=(a+b)+(c+d)i
Multiplication: (a+bi)(c+di)=ac+bdi?+adi+bci=(ac-bd)+(ad+bc)i
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The complex plane

To each complex number z=a + biwe associate the point (a, b) in the Cartesian plane.
Real numbers are thus associated with points on the x-axis, called the real axis and
the purely imaginary numbers b correspond to points on the y-axis, called the imaginary axis.

A
bil -4 » z=a+bi
ro
% | ~
=9 a
r
~bir--e o » Z=a-bi
Definitions

Ifz=a+ bithen

e therealpartofzis Re(z)=aeR
e theimaginary partofzis Im(z)=beR
e the conjugate of zis Z=a-bij

e the absolute value or modulus of zis r= | z| = ya?+b? 20 (the length of the vector 2)

e the argument of z, defined for z# 0, is the angle which the vector originating from 0 to z
makes with the positive x-axis. Thus arg(z) = ¢ (modulo 2 77) for which

Re(z) a . Im(z) b
cosp= =— and sing= =—
lz| r lz] r
Some identities
o zZ=(a+bi)(a-bi)=a?-b*P=a?+b?= | z |2
o __ Iz =
o 71 tz,=71+7], Z_1'22=Zl'zly (—)::, zZ=Z
V) Z)
Z+7 z-7
e Re(z)=—o, Im(z) = —
2 2i

The trigonometric form (or polar form) of complex numbers
Let z=a+bi*0,r=|z| and ¢@=arg(z). Then a=rcos¢ and b=rsin¢and
z=r(cos @ +isin @)

where r and ¢ are called the polar coordinates of z.
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Multiplication and division

Let z; = ri(cos ¢ +isin @;) and z, = r,(cos @, +isin @,). Then

® 217, =r1(COS (@1 + @) +isin (@1 + @)
Z1 n L. .
o —=—(cos(@r—-@)+isin(p—-y)) (ifr,*0)

Z; N

Reciprocal, conjugation, nth power
Let z=r(cos @ +isin ¢). Then

. E = E (cos(-@) +isin(=¢)) (ifr+0)
V4 r
Z =r(cos(-@) +isin(-g))
" =r"(cos(n @) +isin(n @) (neN*) If r £0then it holds forne Z.

o 7
e 7

The nth root

If z+0and neN*then we Cis an nth root of zif w” =z. Then

— e+k2m  @+k2m
W=Q/r(cos<p+/sm<p)=Q/7(cos—+/sm—) where k=0, 1, ..., n-1.
n n
Some identities
1 1 Z | z1 | _
lazl=lal lzl, |-|=— |Z|=— 1Z]=12I" 1Z|=|z]
z | | 7 | 2 |

Fundamental theorem of algebra

Every degree n polynomial with complex coefficients has exactly n complex roots, if counted with
multiplicity.

Exercise
1. Using the field and ordering axioms prove that VaeR a*=0.

2. Show that no ordering can make the field of complex numbers into an ordered field.

Solution: See exercises 1.1.8 and 1.1.9 here:

http://etananyag.ttk.elte.hu/FiLeS/downloads/4b_FeherKosToth_MathAnExIl.pdf



