Complex numbers - Exercises

Z
1. Find the algebraic form of the complex number ?1, if z7=3-2iand z,=2+1.

Z3
2. Find the algebraic form of the following complex numbers:
27T 275 2+
a) 3(cos—+isin—) b)
3 3 i(1-4i)

3. Find the trigonometric form of the following complex numbers:

a) V6 -iv2 b) -4i <)8

4. Find the trigonometric and algebraic form of the following complex numbers:

a) V1 b) ¥-16 o 1+iv3

5. Calculate the following powers:
a)(1+i«/§)3 by1+)® o (1-i)

6. Solve the following equations on the set of complex numbers:
a)Z3=1+i b) | z| -z=1+2i Q)z*=Z

7. Solve the following equations on the set of complex numbers. Give the result in algebraic form.
a)Z2+(1+i)Z+4i=0 b)2iz3=(1+i)?®

8. Give the algebraic form of all complex solutions of the following equation whose real part is
positive and whose imaginary part is negative.
71+3_z4+8(\/§+i)=0
7T-3i

9. Assume that the imaginary part of the complex number z is not zero, but the imaginary part

1
of the complex number z + — is zero. Find | z |, the absolute value of z.
z

10. Give the algebraic form of all complex solutions of the following equation whose real and

imaginary parts are both negative.

2-30i
i =(T+i)+

1-i

Homework

11. Solve the following equation on the set of complex numbers:
7’=z+3Z

12. Find those solutions z of the following equation for which Re(z) > 0 and Im(z) < 0.
Give these solutions in algebraic form.
+772-8=0

Z-| 27|

L ifz=A3 40

zZ-Z
14. Give all the solutions of the following equation in algebraic form:

13. Find the algebraic form of

1
iz2=—(1-i)
2
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Solutions

Z
1. Find the algebraic form of the complex number ?1, if z7=3-2i and z,=2+1.
Z3

.7y 3-20 3420 3+2i 2+i 6+4i+3i+2i*% 6+4i+3i+2(-1) 4+7i 4 T
Solution. — = = = — = = = ===

Z, 7+ 2-i  2-i 2+i 4-p2 4-(-1) 5 5 5

2. Find the algebraic form of the following complex numbers:

27T 27 2+i
a) 3(cos—+isin—) b)
i(1-4i)

3 3
2 2ﬂ)=3(1 \/3) 3343

Solution. a) 3 (cos — +isin—
3

—— i === 4]
3 2 2 2 2
2+ 2+ 2+ 2+i 2+i 4-i 8-iP+4i-2i 8-(-1)+2i 9+2i 9 2
= = = == — = = = =— 4+ — |
(=40 -4 i-4(-1) 4+i 4+i 4-i 16 - /2 16 - (-1) 17 17 17

3. Find the trigonometric form of the following complex numbers:

a) V6 -iv2 b) —4i )8

Solution. The trigonometric form of the complex numberz=a+ b/ is
z=r(cos @ +isin @), where r= ya?+b?.
2=V -iV2 = r= | 2] = (Vo) +(-V2) = V8 =212

:z:zﬁ[g—%i]

. V3 1 117
= the argumentis:cos¢p=—, singp=-—- = ¢p=——
2 2 6
117 117t
=z=2 \/E(cos—+isin—)
6 6
. . 3ir . 3rm
b)z=—4/=4(O+(—1)-/)=4(cos—+ism—)
2 2
c)z=8=8(1+0-i)=8(cos0+isin0)
a) b)

o

hS)
Il
5

\J

oy
W
vé
CVE
W
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4. Find the trigonometric and algebraic form of the following complex numbers:

a) 1 b) V-16 o 1+iv3

Solution.

a) The values of iﬁ can be obtained from the equation 22 = 1.
The trigonometric form of 1 is: 1=cos0+isin0

O+k-2rt  O+k-2mm
= 7, =CO0S +isin ,wherek=0, 1, 2.
3 3

The roots are:
Ifk=0: zy=cosO+isin0=1+i-0=1

27 2 1 A3

Ifk=1: z;=cos— +isin— =—— +j—
3 3 2 2
47 47T 1 3
Ifk=2: 22=c05—+isin—=———i£
3 3 2 2

b) The values of \j4 -16 can be obtained from the equation z* = -16.
The trigonometric form of —-16 is: =16 = 16 (cos 7T + i sin 1T)

T+k- 27T T+ k-2
= 7= \4/16 (cos +isin ), where k=0, 1, 2, 3.
4 4

The roots are:

Ifk=0: 20-2(cos—+/sm—)=2(—+ig]= \/§+i\/§

4

fk=2: z,=2 cos—+:sm—

4

Ifk=1: 21—2(C05—+I5In3—n)=2 _g”g]:_ﬁ”ﬁ
( 5n)=2 V2 -‘E]=_«/E_i 5
=

2
77'()_2 2 42
- 2

cos— +isin —
4

c) The values of \3/ 1+i+3 can be obtained from the equation 2> =1+ \/g
JT JT
The trigonometric formof 1+i \/E istl+i \/E =2 (cos — +isin— )
3 3
JT TT
—+k27 —+k-27T

=>zk=i/5 cos 3 3 +isin 3 3 ,wherek=0, 1, 2.

The roots are:

3 u v .
Ifk=0: zo= 2 (cos — +isin —) % 1.18394 + 0.430918 j
9 9

3 Tt Tt .
Ifk=1: z,= 2 (cos — +isin —) % -0.965156 + 0.809862 |
9 9

3 137 137 .
Ifk=2: z,=32 (cos +isin —) %-0.218783 - 1.24078 i
9 9
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5. Calculate the following powers:

a)(1+i«/§)3 b) (1 +1)® o) (1-iy*
Solution.

A no T
a)1+/\/§_2(cos3+/sm3)

3 3T 3T
= (1+i\/§) =23(cos—+isin—):8(cosrr+isin7T)=8(—1+i-0)=—8
3 3

JT JT
b)l1+i= «/E(cos— +isin—)
4 4
8 87t 81t
= (1+i)8=(\/5) (cos— +isin—):16(c052n+isin2rr)=16(1+i-0)=16
4 4
or:
(Q+i2=1+2i+i=1+2i-1=2i
= (1+)®=(1+)?)"=(2i)*=16-(%)’=16-(-1)* =16

)1-i=+42 (COS(‘IT:) * "s‘”(';))

— (1-/‘)4:(«/3)4 (cos(—%r)+isin(—47n))=4(cos(—rr)+isin(—rr))=4(—l+i-0)=—4
or:

(1-iP=1-2i+*=1-2i-1=-2i

= (1-)*= (1= =(-2i2=4-?=4-(-1)=—4

6. Solve the following equations on the set of complex numbers:
a)Z3=1+i b) | z| -z=1+2i Qz’=z

. . . . . . Tr Tr
Solution. a) The trigonometric formof 1+/is: 1+i= 42 (cos — +isin —)
4 4

T T
—+k-27T —+k-27T

=>zk=\j31+'=\3[\/3 cos4 3 +isin4 3 ,wherek=0, 1, 2.

JT
The arguments are: k=0 = arg(z) = 5
k=1= arg(z)=— +—=—=—

k=2 = arg(z2)=—+—=——
12 3 12
The roots are:

6 T T .
fk=0: z= 2 (cos(—) +isin( —)) ~1.08422 +0.290515 ]
12 12

6 37T 37 .
fk=1: z,= 12 (cos(—) +isin (— )) % —0.793701 +0.793701 i
4 4

6 177t 177 .
Ifk=2: z,=32 (cos(—] +isin (— )) % -0.290515 - 1.08422 i
12 12
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6.b) |z]|-z=1+2]

Solution. b) Let z=x + y i, wherex, yeR. Then | z | = 4/x* +y?, and thus the equation is:

| 2| -2=1+2i & AX2+y? —(x+yi)=1+2i

= (X2 +y? =x)-yi=1+2i
(V5" =x)-y

Two complex numbers are equal if and only if their real and imaginary parts are respectively equal.
Therefore, the equation above is equivalent with the following equation system:

(1) Y2 +y* —=x=1

(2) -y=2

From here y = -2, and from the first equation Yx?>+4 —x=1 = Yx*+4 =x+1.
Since \]xz +4 20,then x + 120, thatis, x 2 -1. Taking the squares of both sides we have

3
xX*+4=x>+2x+1 = 2x=3 = x=—, which satisfies the previous condition.
2

3
The solution of the equationis: z=—- -21.
2

6.c)22=Z

Solution. ¢) Letz=x+y i, wherex, y €R. Then
o Z=(x+yiy=x*+2xyi+y’P=(x*-y*)+2xyi
e Z=x-Yyi
The equation can be written as
=7 & (X -y))+2xyi=x-yi
= (X -y +2xyi-x+yi=0
A complex number is zero if and only if both the real and imaginary parts are zero.
Therefore, the equation above is equivalent with the following equation system:
(1) (*-y*)-x=0
(2) 2xy+y=0

Writing equation (2) as a product:  y(2x+1)=0

A product is equal to zero if and only at least one of the factors is zero, so we
consider the following two cases.

Case 1: if y = 0, then substituting this into equation (1) we have:

(K*-y*)-x=0 = x*-x=x(x-1)=0

From here x; =0 and x, = 1, so in this case we obtain two complex solutions:
z1=0+40i=0and z,=1+0-i=1.
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1
Case 2:if 2x + 1 =0, then x = ——. Substituting this into equation (1) we have:
2

1 1 3
(z—yz)—x=0 = ——y2+—=0 =>y2=—
4 2 4
3 . .
From herey; , =+——, so in this case we obtain two complex solutions:
2

1 43 1 43

Zy=——+i— and zg=—- —i —.
2 2 2 2

1 3 1 43
The solution of the equationis: z;=0,2z,=1,23=—- +i£,z4 =———i—.
2 2 2 2

7. Solve the following equations on the set of complex numbers. Give the result in algebraic form.
a)Z2+(1+i)Z+4i=0 b)2iz2=(1+1i)?®

Solution. a) Letz=x+yi,wherex, yeR. Then

2oy +2xyi

e (1+N)Z=(1+i)(x-yi)=x-yi?+xi-yi=(x+y)+(x-y)i

o Z=(x+yiy=x*+2xyi+y’ i’ =(x

The equation can be written as

Z+(1+0)Z+4i=0 & (P -y?)+2xyi+(x+y)+(x-y)i+4i=0
A complex number is zero if and only if both the real and imaginary parts are zero.
Therefore, the equation above is equivalent with the following equation system:

(1) (-y*)+(x+y)=0
(2) 2xy+(x-y)+4=0

Writing equation (1) as a product, we have:  (x-y)(x+y)+(x+y)=0
x+y)x-y+1)=0

A product is equal to zero if and only at least one of the factors is zero, so we
consider the following two cases.
Case 1: if x + y = 0, then y = —x. Substituting this into equation (2) we have:

2xy+(Xx-y)+4=0 = 2x(-x)+(x+x)+4=0
“2X°+2x+4=0
x2-x-2=0
x-2)(x+1)=0
The roots of this quadratic equation are x, =2 and x, = -1, from where y; =-2and y, = 1,

so in this case we obtain two complex solutions: z;=2-2jand z, = -1 +1.

Case 2:if x -y +1=0, then y =x + 1. Substituting this into equation (2) we have:
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2xy+(X-y)+4=0 = 2x(x+1)+(x-(x+1))+4=0

2xX2+2x-1+4=0

2x*+2x+3=0
The discriminant of this quadratic equation is negative: D=22-4-2-3=-20<0,
so the equation doesn’t have a real root. Since x is a real number, then in this
case there is no solution.

The solution of the equationis: z;=2-2iész,=-1+1.
7.b) 2i3=(1+i)®
Solution. b) Let us express the value of Z°:

o (1+/)2=1+2i+7=1+2i-1=2i =
o (L+i¥=(1+i) =i)*=2*1"=16(?)=16(-1)*=16 =

.Z3: = =—‘t-=— = —8[
2 2i ii 2=l
. . . . . 37—[- 37—[-
The trigonometric form of -8/ is: -8/=8|cos — +isin —
2 2
3 3
— +k-27 — +k-27T
=>zk=3—8i=2 cos 2 +isin 2 ,wherek=0, 1, 2.
3 3
JT
The arguments are: k=0 = arg(z) = —
2
T 2 777
k=1= arg(z)=— +— =—
2 3 6
T o4 11t
k=2 = arg(z2)=— +— =——
2 3 6

The roots are:
JT

Ifk:O:zO:Z(cos(E)H'sin(g)):2(0+i-1):2i

ekl o ) L3

6 6 2

etz =2(oos 2 isn [ 2 o)« 5 -

8. Give the algebraic form of all complex solutions of the following equation whose real part is
positive and whose imaginary part is negative.

7i+3z4+8(\/§+i)=0

T-3i

. Ti+3 Ti+3 7+3i 58i
Solution. = : =— =]
7-3/i 7-3i 7+3i 58

= iz4+8(\/§ +/')=O
= 7'= _8(\/3”)-;:: _8(“/3_1) =8(—1+ \/Ei)=8(—% +£i]=16(cos(2?n)+isin(2?n))

i -1 2
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27T 27T
— +k-27T — +k-27T
= z,=2|cos 3 +isin S R ,wherek=0, 1, 2, 3.
4 4
27
— +k-2m
3 T . .
The arguments are: —— = — + k- —, where k is an integer.
4 6 2

We have to find those roots whose real part is positive and whose imaginary part is negative,
that is, the argument is in the 4th quadrant. The value of k can be determined algebraically:

3;r T T 3 1 1 4 k 11 8 11
— <—+k—<2n &= —-<-+k-<2 = —-<-<— & —-=267T<k<— =367
2 6 2 2 6 2 3 2 6
. . i LTT T 57T
Since k is an integer, then from here k = 3, and the argumentis — +3-— =—.

6 2 3

51 5 1 3
The solution is: z3=2(cos— +isin—)=2(— —£i]=1— \Ei.
3 3 2 2

Remark: the value of k can also be determined geometrically. The roots z, are the vertices

T
of a square in which the argument of one vertex is ;. (if k=0). The following figure shows

that for the vertex in the 4th quadrant we have k=3.

\

9. Assume that the imaginary part of the complex number z is not zero, but the imaginary part

1
of the complex number z + — is zero. Find | z |, the absolute value of z.
z

Solution. Letz=x+yi,wherex, yeR, y*0.

1 ) 1 x-yi
=(X+yi)+ : =
X+yi X+yi x-yi

1
Z+—=(X+yi)+
V4

. X=-yi X
=(X+yi)+ =(x+ 2)+i(y—

X2+ y? Xy x2+y2)
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1 X 1 y
From here Re(z+—)=x+ , Im(z+—)=y— .
z X2+ y? z x*+y?

1
From the conditions Im(z + —) =y -
V4 )(2

y
+y

> =y[1— ]:O. Since y # 0, then from here

=0, and thus the absolute value of zis: | z | =x?+y?=1.

X2+ y?

we have 1 -

X2 +y?

10. Give the algebraic form of all complex solutions of the following equation whose real and
imaginary parts are both negative.

2-30i
iZ8=(T+i)+

1-i
Solution:

6 2-30i 2-30i 14/ 2-30i%2+2i-30i 32-28i )
Let us express z°: o = — = = =16-14]

1-i 1-i 1+i 1-72 2
o (7T+i)?=49+14/+i*=48+14i
= i2°=48+14i+16-14i=64

, 64 64i .
== 7’=— =—— =-64]|
i P2
. . . . 3 3
The trigonometric form of —64 is: —-64 /=64 |cos — +isin —
2 2

37T 37T
—+k-2T —+k-2r
= 7= V=647 =2 cosz— +isin2— ,wherek=0,1,2,3,4,5.
6 6
3T
— +k-27T
2 T . ]
The arguments are;: —— = — + k- —, where k is an integer.
6 4 3

We have to find those roots whose real and imaginary parts are both negative, that is,
the argument is in the 3rd quadrant. The value of k can be determined algebraically:

7T T 37T 1 1 3 3 k 5 9 15
M<—+k—<— &= l<—-+k—-<—- ¢ —<—-<—- & —=225<k<— =375
4 3 2 4 3 2 4 3 4 4 4

T TS5
Since k is an integer, then from here k = 3, and the argumentis — +3-— = —.
4 3 4

4 4

The solution is:z3=2(c055—n+isin5—”):2(—£ - ‘E]z—\ﬁ—i\ﬁ.

Remark: the value of k can also be determined geometrically. The roots z, are the vertices

JT
of a regular hexagon in which the argument of one vertex is — (if k = 0). The following figure
4

shows that the vertex opposite to it is in the 3rd quadrant, from where k = 3.
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45°

\J

11. Solve the following equation on the set of complex numbers:
7’=z+37

Solution. Letz=x+yi (x, yeR). Thenz*=(x* - y?) + 2xyiandZ=x -y .
We obtain the following equation system:
(1)x2-y?=4x
(2)2xy==-2y
From the second equation2y(x+1)=0 = y=00rx=-1
If y =0 then from the first equationx=0orx =4
If x=-1then from the first equation y = £ \/E

The solutionsarez; =0, 2z, =4, z3=-1+i Y5, z;=-1-i \/E

12. Find those solutions z of the following equation for which Re(z) > 0 and Im(z) < 0.
Give these solutions in algebraic form.
2+722-8=0

Solution. 28 +72°-8=(2+8)(’-1)=0 & ?=-8o0r’=1.
o m+k2m 0 w4k 27
a) If 22 = -8 = 8(cos 7T + i sin 77) then z; = 2| cos ———— +isin——— |, where k=0, 1, 2.
3 3

Tr . . Tr .
zo=2(cos—+/sm—)=l+ 3
3 3

zy=2(cosm+isinm)=-2
5 5
z3=2(cos— +isin—)=1— \Ei
3 3

From here the condition Re(z) > 0, Im(z) <0 holds for 1 - «/E i.

k2w k-2
+/SIn

b) If 22 =1=(cos0+isin0) then z, = cos ,where k=0, 1, 2.

Zp=cos0+isin0=1

27T 2 1 \/g

Z;=CO0S— +isin— =— +—— |
3 3 2 2
4 4m 1 A3

Z3=C0S— +isin— =—-—— ——|j
3 3 2 2

From here no solutions are suitable.
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| | 2-2)
13. Find the algebraic form of ————
Z=X

ifz= \/§+i.

Solution.z= V3 +i = e7z2=2+2 3

o || = ,f22+(2 \/5)2 =4
ez-7=(3 +i)- (V3 -i)=2i

Z-|Z2| 2+4243i-4 -2+2437 -i 243 +2i

Then =
2i 2i - 2

\/§+i.

NI

z_

14. Give all the solutions of the following equation in algebraic form:
1

iz2=—(1-i)
2
Solution. First we simplify the right-hand side:
1-i= \/E(cos%r +isin7) =

8
(l—i)8=(\5) (cossT" +isin87")=16(c052rr+isin2rr)=16(l+i-0)=16

or in another way:
1-i2=1-2i+i*=1-2i-1=-2i =
1-08=(1-0?) =(-2i)*=16/*=16(?) = 16(-1)? = 16

; 1 1 - 8i
z =—'16=8'j'—=—

2i

1

—i

--)

3T

3T

In order to take the 3rd root, we find the trigonometric form of -8i: -8/=8|cos — +isin — |,
2 2

ok

3ok

from where z, =2 (cos

+i sin

3

The algebraic form of the solutions are:
T T

k=0: zo=2(cos— +isin — ):2-(0+i)=2i
2 2

37T 37
7+27T o — 4+ 27T IO 6
k=1:2z,=2]|cos +isin =2(cos—+:sm—)=2[—
3 3 6 6
k=2:2z,=2]|cos +isin =2(cos—+isin—)=
3 3 6 6

3

], k=0,1,2.



