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1. Introduction

The purpose of this paper is to fill the gap between the theory of random matrices
and the challenge of finding linear structure in large real-world data sets like internet
or microarray measurements.

In [5], large symmetric blown up matrices burdened with a so-called symmetric
Wigner-noise were investigated. It was proved that such an n x n matrix has some
protruding eigenvalues (of order n), while the majority of the eigenvalues is at most
of order y/n with probability tending to 1, as n — oo. These provide a useful tool to
recognize linear structure in large symmetric real matrices, such as weight matrices
of random graphs on a large number of vertices produced by communication, social,
or cellular networks. Our goal is to generalize these results for the stability of SVD
of large rectangular random matrices and to apply them to the contingency table
matrix formed by categorical variables in order to perform two-way clustering of
these variables.

First we introduce some notation.

Definition 1.1. The m x n real matrix W is a Wigner-noise if its entries w;; (1 <
i <m, 1 < j < n) are independent random variables, E(w;;) = 0, Var (w;;) < o*
with some 0 < ¢ < oo that does not depend on n and m, and the w;;’s are uniformly
bounded (i.e., there is a constant K > 0 such that |w;;| < K).

Though, the main results of this paper can be extended to w;;’s with any light-
tail distribution (especially for the case of Gaussian distributed w;;’s), our almost
sure results will be based on the assumptions of Definition 1.1.

According to a generalization of a theorem of Fiiredi and Komlés [8] to rectan-
gular matrices, the following result is valid for W (see [1]).

Lemma 1.2. The maximum singular value of the Wigner-noise W is at most of
order v/m + n with probability tending to 1, as n, m — oo.

Definition 1.3. The m x n real matrix B is a blown up matriz, if there is an a x b so-
called pattern matriz P with entries 0 < p;; < 1, further there are positive integers
mi,...,mg with .5 m; =m and nq, ..., n, with Z?:l n; = n, respectively, such
that the matrix B can be divided into a x b blocks, the block (i, j) being an m; x n;
matrix with entries all equal to p;; (1 <i<a,1<j<b).

Such schemes are sought for in microarray analysis and they are called chess-
board patterns, cf. [10]. Let us fix the matrix P, blow it up to obtain matrix B, and
let A = B+W, where W is a Wigner-noise of appropriate size. We are interested in
the properties of A when mq,..., m, — oo and nq,...,n, — oo, roughly speaking,
both at the same rate. More precisely, we make two different constraints on the
growth of the sizes m, n, and the growth rate of their components. The first one is
needed for all our reasonings, while the second one will be used in the case of noisy
correspondence matrices, only.

Definition 1.4.

GC1 (Growth Condition 1). There exists a constant 0 < ¢ < 1 such that m;/m > ¢
(¢ =1,...,a) and there exists a constant 0 < d < 1 such that n;/n > d (i =
1,...,b).
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GC2 (Growth Condition 2). There exist constants C > 1, D > 1, and Cy > 0, Dy > 0
such that m < Cy-n and n < Dy - mP hold for sufficiently large m and n.

Remark 1.5.

1. GCI implies that

1
and d< e < = (1.1)
le d

3

k
m;

c < <

1
c
hold for any pair of indices k,i € {1,...,a} and [,j € {1,...,b}.
2. GC2 implies that
1 1

(=—)YP . nt/P <m<Cy-n® and (=—)"9 -mYC <n< Dy -mP
DO C’0

hold for sufficiently large m and n.

Now, let B be a blown up matrix (Definition 1.3) and W be a Wigner-noise of
the corresponding size (Definition 1.1). We want to establish some property P, »
that holds for the m x n random matrix A = B + W (briefly, A,,,x) with m and
n large enough. In this paper P,, ,, is mostly related to the SVD of A, ,,. We will
consider two types of convergences.

Definition 1.6.

C1 (Convergence in probability). We say that the property P,,, holds for A,,
in probability (with probability tending to 1) if

lim P (A,,x, has Pp,) = 1.

m,n— oo

C2 (Almost sure convergence). We say that the property P, , holds for A,,
almost surely (with probability 1) if

P (3 mo,no € N such that for m > mg and n > ng A« has Py, ) = 1.

Here we may assume GC1 or GC2 for the growth of m and n.

Remark 1.7.
1. C2 always implies C'1.

2. Conversely, if in addition to C1, Y °_ 3> | ppn < 00 also holds, where py,,, =
P (A,,xn does not have Py, ), then, by the Borel-Cantelli Lemma, A,,x, has
Prn almost surely and so, C2 is true.

In combinatorics literature C1 is frequently called almost sure convergence (this
was also the case in [5]). However, from probabilistic point of view, type C2 conver-
gence is much stronger than C1, and it makes a difference in practice: C2 guarantees
that no matter how A, «, is selected, it must have property Py, , if m and n are
large enough.

For example, Lemma 1.2 states that the spectral norm of a Wigner-noise W, x»,
is O(v/m + n) in probability (type C1 convergence). To prove almost sure (type
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C2) convergence, a recent sharp concentration theorem of N. Alon at al. plays a
crucial role. For the completeness we formulate this result (cf. [2]).

Lemma 1.8. Let W be a q %X q real symmetric matrix whose entries in and above
the main diagonal are independent random variables with absolute value at most 1.
Let Ay > Ay > --- > A, be the eigenvalues of W. The following estimate holds for
the deviation of the ith largest eigenvalue from its expectation with any positive
real number ¢:

(1 —o(1))?
322

N

PN —E(\)| >t) <exp <— ) when i< =)

and the same estimate holds for the probability P (|[A\j—it1 — E(Ag—it1)| > t).

Now let W be a Wigner-noise with entries uniformly bounded by K. The
(m+mn) x (m + n) symmetric matrix

w7 o
satisfies the conditions of Lemma 1.8, its largest and smallest eigenvalues being

__ — 1
AMi(W) ==X\ pm—iv1(W) = e - 5:(W), i=1,...,min{m,n},

the others are zeros, where \;(.) and s;(.) denote the ith largest eigenvalue and
singular value of the matrix in the argument, respectively (cf. [3]). Therefore

P (|51 (W) = E(s1(W))| > £) < exp (-%) (1.2)

Lemma 1.2 asserts that W’s spectral norm |W|| = s;(W) = O(v/m + n) in proba-
bility. This fact together with inequality (1.2) ensures that E(||W]|) = O(v/m + n).
Hence, no matter how E(||W||) behaves when m — oo and n — oo, the following
rough estimate holds.

Lemma 1.9. There exist two positive constants C'x; and Cko, depending on the
common bound for the entries of W, such that

P(|W] > Ck1-vVm+n) < exp[—Ckz - (m+n)|. (1.3)

The exponential decay of the right hand side of (1.3) together with the second
part of Remark 1.7 implies that the spectral norm of a Wigner-noise W, «,, is
O(v/m + n), almost surely. This observation will provide the base of C2 (almost
sure) results of Sections 2 and 3.

In case of a Wigner noise with Gaussian distributed entries relying upon the
Tracy-Widom distribution [13] of the maximal eigenvalue of the above type ma-
trices, only C1 (convergence in probability) results can be proved. Also, for other
type of distribution of W, the methods of Mehta [11] and Olkin [12] may be used to
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find the joint distribution of its singular values (for the distribution of the ordered
singular values we do not know similar results).

In Section 2 we shall prove that the m X n noisy matrix A = B + W almost
surely has r = rank (P) protruding singular values of order /mn. In Section 3 the
distances of the corresponding isotropic subspaces are estimated and this gives rise
to a two-way classification of the row and column items of A with sum of inner

variances O(Z:E%) - almost surely.

In Definition 1.3 we required that the entries of the pattern matrix P be in the
[0,1] interval. We made this restriction only for the sake of the generalized Erdds—
Rényi hypergraph model to be introduced with the entries of P as probabilities.
In fact, our results are valid for any pattern matrix with fixed sizes and with non-
negative entries. For example, in microarray measurements the rows correspond to
different genes, the columns correspond to different conditions, and the entries are
the expression levels of a specific gene under a specific condition.

Sometimes the pattern matrix P is an a x b contingency table with entries that
are nonnegative integers. Then the blown up matrix B can be regarded as a larger
(m x n) contingency table that contains e.g., counts for two categorical variables
with m and n different categories, respectively. For finding maximally correlated
factors with respect to the marginal distributions of these two discrete variables,
the technique of correspondence analysis is widely used, see [6]. In case of a general
pattern matrix P (with nonnegative real entries), the blown-up matrix B can also
be regarded as a data matrix for two not independent categorical variables. As
the categories may be measured in different units, a normalization is necessary.
This normalization is made by dividing the entries of B by the square roots of the
corresponding row and column sums (cf. [10]). This transformation is identical
to that of the correspondence analysis, and the transformed matrix remains the
same when we multiply the initial matrix by a positive constant. Thus, it does
not matter whether we started with a contingency or frequency table or just with
a matrix with nonnegative entries. The transformed matrix B.,.-, which belongs
to B, has entries in [0,1] and maximum singular value 1. It is proved that there is
a remarkable gap between the rank (B) = rank (P) largest and the other singular
values of A.,,, the matrix obtained from the noisy matrix A = B + W by the
correspondence transformation. This implies well two-way classification properties
of the row and column categories (genes and expression levels) in Section 4.

In Section 5 a construction is given, how a blown up structure behind a real-life
matrix with a few protruding singular values and “well classifiable” corresponding
singular vector pairs can be found. To find SVD of large rectangular matrices
randomized algorithms are favored. They exploit the randomness of our data and
provide good approximations of the underlying clusters only if originally there was
a linear structure in our matrix.
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2. Singular values of a noisy matrix

Proposition 2.1. If GC1 holds, then all the non-zero singular values of the m x n
blown-up matrix B are of order /mn.

Proof. As there are at most a and b linearly independent rows and linearly in-
dependent columns in B, respectively, the rank r of the matrix B cannot exceed

min{a, b}.

Let s7 > so > --- > s, > 0 be the positive singular values of B. Let v, € R™,
ui € R™ be a singular vector pair corresponding to si, k = 1,...,r. Without loss of
generality, v{,...,v, and uy, ..., u, can be unit-norm, pairwise orthogonal vectors
in R™ and R", respectively [9].

For the subsequent calculations we drop the subscript k, and v, u denotes a sin-
gular vector pair corresponding to the singular value s > 0 of the blown-up matrix

B, ||v]| = |Ju|| = 1. It is easy to see that they have piecewise constant structures:
v has m; coordinates equal to v(i) (¢ = 1,...,a) and u has n; coordinates equal to
u(j) (j =1,...,b). Then, with these coordinates the singular value-singular vector
equation

Bu=s-v (2.1)

has the form

> mypigu(j) =s-v(@)  (i=1,...,a). (2.2)
With the notations

a=(u(l),...,u@)", v=@1),...,00)",
D,, = diag(mq,...,m,), D, =diag(ni,...,np)

(2.2) can be written as
PD,u=s-v.

Further, introducing the transformations

w=DY%a,  z=DY%, (2.3)
the equivalent equation
D!/?PD/?w =52 (2.4)

is obtained. It is very important that the transformation (2.3) results in unit-norm
vectors, that is

Iwll* = Zny j)=Iul*=1 and |z|]* = Zmz (@) = lv]* =

Furthermore, applying the transformation (2.3) for the Gy, vy pairs obtained from
the uy, vy pairs (k= 1,...,r), the orthogonality is also preserved, since

anuk ui(5) =0 and z,7 -z = Zmivk(i)vl(i) =0 (k#I).
i=1
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Consequently, z;, Wi is a singular vector pair corresponding to the singular value
s of the a x b matrix D&/ ?PDL/? (k=1,...,7). With the shrinking

(2.4) is also equivalent to

D/?PDY/ 2w =

Vmn

that is the a x b matrix ]5}71/2PI~)71/ ? has non-zero singular values —.= with the

g

same singular vector pairs zx, wy, (k=1,...,r).

If the si’s are not distinct numbers, the singular vector pairs corresponding to
a multiple singular value are not unique, but still they can be obtained from the
SVD of the shrunken matrix D,IT{ 2PD,11/ 2

Now we want to establish relations between the singular values of P and

D/’PDy/?. Let si(Q) denote the kth largest singular value of a matrix Q. By
the Courant—Fischer-Weyl minimax principle (cf. [3], p.75)

_ Qx|
s6(Q) = max min T

Since we are interested only in the first r singular values, where r = rankB =
rank f)}n/sz)}/z, it is sufficient to consider vectors x, for which ]571,1/2Pf)}/2x £ 0.
Therefore with k£ € {1,...,r} and an arbitrary k-dimensional subspace H C R’ one
can write

|IDy*PD/’x| . |D*PD,/’x| [IPD,/*x| |IDy/*x]|
min = min ~1/2 . — 1/2 .
xeH 1]l xeH ||PD,/?x|| D,/ *x|| 1]l
~ PD,/” _ PD,/”
> 5,(D2/?) . min w - 53(DY?) > Ved - min w,
x| Dy “x|| x| Dy “x||

with ¢, d of GC1. Now taking the maximum for all possible k-dimensional subspace
H we obtain that sk(D,lT{QPDi/Q) > vcd - s (P) > 0. On the other hand,

si(D;/*PD}/?) < |D,/*PD;/?|| < D/?| - [|P|| - |D,/|| < |IP|| < Vab.

These imply that sk(f)%sz)-;l/ 2) is a nonzero constant, and because of
sk(D}n/zPDg/z) = \/% we obtain that s1,...,s, = ©O(y/mn). O

Theorem 2.2. Let A = B4+W be an m xXn random matriz, where B is a blown up

matrixz with positive singular values sy, . .., s, and W is a Wigner-noise of the same
size. Then under GC1 the matrix A almost surely has r singular values z1, ..., 2z,
with

|zi — si| = O(Vm +n), i=1,...,r
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and for the other singular values

z;j = O(v'm +n), j=r+1,...,min{m,n}
hold almost surely.

Proof. The statement follows from the analog of the Weyl’s perturbation theorem
for singular values of rectangular matrices (see [3], p.99) and from Lemma 1.9. If
si(A) and s;(B) denote the ith singular values of the matrix in the argument in
decreasing order then for the difference of the corresponding pairs

|s;(A) — 5;(B)| < maxs;(W) = |[|[W||, i=1,...,min{m,n}.

By Lemma 1.9,

P (]si(A) — si(B)| > Ck1 - Vm +n)
<P (|W|| > Ck1-vVm+n) < exp[-Cks - (m+ n)].

The right hand side of the last inequality is the general term of a convergent series
(defined as a double summation), thus the second part of Remark 1.7 implies the
almost sure statement of the theorem. [

Remark 2.3. A more precise estimation of the individual differences can be obtained
in the following way. With any positive constant C

P(|z — s;| > CvVm+n) <P (z; — E(z:)| + [E(2:) — 5] > CvVm +n)
=P (|zi —E(z)] > CvVm+n— [E(z) — s5]) <P (|2 — E(2:)] > Ci(v'm +n)

(1—0(1))C%(m +n)

32i2(K + 1)2 = Dmn, 1=1,...,r

< exp

with some constant C; < C. We used Lemma 1.8 and the fact that the difference
between the constants E(z;) and s; is O(vm+n). As >0 > | Pimn < 00, the
Borel-Cantelli Lemma implies that |z; — s;| = O(yv/m + n) holds almost surely for
1=1,...,7.

Corollary 2.4. With notations

e:=||[W||=0(m+n) and A:= min s;(B) = min s; = O(v/mn) (2.5)

1<i<r 1<i<r

there is a spectral gap of size A — 2¢ between the r largest and the other singular
values of the perturbed matrix A, and this gap is significantly larger than e.
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3. Classification via singular vector pairs

With the help of Theorem 2.2 we can estimate the distances between the corre-
sponding right- and left-hand side eigenspaces (isotropic subspaces) of the matrices
B and A =B+ W. Let vq,...,v,,, € R and uy,...,u, € R"™ be orthonormal
left- and right-hand side singular vectors of B,

Buizsi'vi (i:l,...,?‘) and BUJIO (]:T—I—l,,?’b)

Let us also denote the unit-norm, pairwise orthogonal left- and right-hand side
singular vectors corresponding to the r protruding singular values z1,..., 2. of A
by y1,...,y¥- € R™ and xq,...,x, € R", respectively. For them

Ax;, =z - y; (i=1,...,7)
holds true. Let
F :=Span{vy,...,v,} and G :=Span{u,...,u,}

denote the generated linear subspaces in R™ and R™, respectively; further, let
dist(y, F') denote the Euclidean distance between the vector y and the subspace F'.

Proposition 3.1. With the above notation, under GCT the following estimate holds

almost surely for the sum of the squared distances between yq,...,y, and F:
S ey F) <~ o (M 3.1
is ZF)<r—— = , .
P Y (A —¢)? mn
and analogously, for the sum of the squared distances between x1,...,x, and G:
S (. 6) < o — 0 (1 32)
ist“(x;,G) <r--—m— = . .
P (A —¢)? mn
Proof. Let us choose one of the right-hand side singular vectors x1,...,x, of A =

B + W and denote it simply by x with corresponding singular value z. We shall
estimate the distance between x and G, similarly between y = Ax/z and F. For

this purpose we expand x and y in the orthonormal bases uy,...,u, and vi,...,Vv,,,
respectively:
X = Ztiui and y = Zlivi.
i=1 i=1
Then ,
Ax=(B+W)x =) tis;v; + Wx, (3.3)
i=1

and on the other hand,

Ax =zy = Z 2l v;. (3.4)
i=1
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Equating the right-hand sides of (3.3) and (3.4) we obtain

T

Z(le — tisi)vi + i ZliVZ' = Wx

=1 1=r+41

Applying the Pythagorean Theorem

T

> (el —t 22 Z 12 = |Wx]|]? < 2, (3.5)

=1 1=r+1

because ||x|| =1 and [|[W]| =e.
As z > A — ¢ holds almost surely by Theorem 2.2,

dlst i

i=r+1

82

RVN=EL

| ™
o

The order of the above estimate follows from the order of € and A of (2.5):

m-+n
mn

dist*(y, F) = O( ) (3.6)

almost surely.

Applying (3.6) for the left-hand side singular vectors y1, ..., y,, by the definition

of C2
P {3mg;, no; € N such that for m > mg; and n > ng;:

dist?(y;, F) < e2/(A — e)?} =1
forv=1,...,r. Hence,
P {3mg,ng € N such that for m > mgy and n > ng:
dist?(y;, F) < e2/(A—¢)%, i=1,.. .,r} =1,
consequently,

P {3mg, no € N such that for m > mg and n > ng:
D dist’(y;, F) <re?/(A—-e)?} =1
i=1

also holds, and this finishes the proof of the first statement.

The estimate for the squared distance between GG and a right-hand side singular
vector x of A follows in the same way starting with

ATy =2-x
and using the fact that AT has the same singular values as A. [

Proposition 3.1 implies that the individual distances between the original and
the perturbed subspaces and also the sum of these distances tend to zero almost
surely, as m,n — oo.
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Now let A be a microarray on m genes and n conditions, with a;; denoting the
expression level of gene ¢ under condition 5. We suppose that A is a noisy random
matrix obtained by adding a Wigner-noise W to the blown up matrix B. Let us
denote by Aq,..., A, the partition of the genes and by By, ..., B} the partition of
the conditions with respect to the blow-up (they can also be thought of as clusters
of genes and conditions).

Proposition 3.1 implies the well-clustering property of the representatives of the
genes and conditions in the following representation. Let Y be the m x r matrix
containing the left-hand side singular vectors yq,...,y, of A in its columns. Sim-
ilarly, let X be the n x r matrix containing the right-hand side singular vectors
X1,...,X, of A in its columns. Let the r-dimensional representatives of the genes
be the row vectors of Y: y!,...,y™ € R", while the r-dimensional representatives
of the conditions be the row vectors of X: x!,...,x" € R". Let S?(Y) denote
the a-variance, introduced in [4], of the genes’ representatives in the clustering
Al, ce ey Aa:

Sg<Y) = Z Z ||y‘7 - yiH27 where yl = Z yj7 (37)
i=1 jEA; JE€A

while SZ(X) denotes the b-variance of the conditions’ representatives in the clus-
tering B1,..., Bp:

b
. . ) 1 .
Sp(X) =YY Ix —x'||?, where x'= — > xI (3.8)

i=1 jEB; ' jEB;

Theorem 3.2. With the above notation, under GC1 for the a- and b-variances of
the representation of the microarray A the relations

S2(Y)=0 <m+ ”) and S(X) =0 <m +”)

mn mn

hold almost surely.

Proof. By the proof of Theorem 3 of [4] it can be easily seen that S?(Y) and S7(X)
is equal to the left-hand side of (3.1) and (3.2), respectively, therefore they are also
of order O(2t2) [

Hence, the addition of any kind of a Wigner-noise to a rectangular matrix that
has a blown up structure B will not change the order of the protruding singular
values, and the block structure of B can be reconstructed from the representatives
of the row and column items of the noisy matrix A.

With an appropriate Wigner-noise, we can achieve that the matrix B + W in
its (4, j)-th block contains 1’s with probability p;;, and 0’s otherwise. That is, for
i=1,...,a, j=1,...,b, 1 € A, kij, let

1—p;;  with probability p;;
Wik 1= . o (3.9)
—Dij with probability 1 — p;;
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be independent random variables. This W satisfies the conditions of Definition 1.1
with entries uniformly bounded by 1, zero expectation and variance

1
2

— (1 =) < =
T AL
The noisy matrix A becomes a 0-1 matrix that can be regarded as the incidence
matrix of a hypergraph on m vertices and n edges. (Vertices correspond to the
genes and edges correspond to the conditions. The incidence relation depends on

whether a specific gene is expressed or not under a specific condition).

By the choice (3.9) of W, the vertices of A; are contained in edges of B, with
probability p;; (set ¢ of genes equally influences set j of conditions, like the chess-
board pattern of [10]). It is a generalization of the classical Erdds—Rényi model
for random hypergraphs and for several blocks, see [7]. The question, how such a
chess-board pattern behind a random (especially 0-1) matrix can be found under
specific conditions, is discussed in Section 5.

4. Perturbation results for correspondence matrices

Now the pattern matrix P contains arbitrary non-negative entries, so does the
blown up matrix B. Let us suppose that there are no identically zero rows or
columns. We perform the correspondence transformation described below on B.
We are interested in the order of singular values of matrix A = B + W when the
same correspondence transformation is applied to it. To this end, we introduce the
following notations:

n n
DBrow = dlag (dBrow IR dBT‘OU) m) = dlag Z b1j7 ceey Z bmj
j=1 j=1

=1

Deol = diag (dBeoi 1, - - -, dBeot n) = diag (Z bit, - Y bm)
=1

DArow = dlag (dArow 1o+ dArowm) = dlag Z A1y -y Z Qmj
j=1

j=1

Dacor = diag (dacor 1, - - - dAcoln) := diag (Z i1y -, Zam> .
i=1

=1

Further, set

Boo :=D5/2BD,? and A :=D/2AD;? (4.1)

Brow row

for the transformed matrices obtained from B and A while carrying out correspon-
dence analysis on B and the same correspondence transformation on A.

It is well known [6] that the leading singular value of B, is equal to 1 and the
multiplicity of 1 as a singular value coincides with the number of irreducible blocks
in B. Let s; denote a non-zero singular value of B, with unit-norm singular
vector pair v;, u;. With the transformations

—1/2

~1/2
Veorri = Dpg v and Ueorri =Dyl u; (4.2)
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the so-called correspondence vector pairs are obtained. If the coordinates wcorr;(J),
Veorri(J) of such a pair are regarded as possible values of two discrete random vari-
ables 3; and «; (often called the ith correspondence factor pair) with the prescribed
marginals, then, as in canonical analysis, their correlation is s;, and this is the
largest possible correlation under the condition that they are uncorrelated with the
previous random variables 31, ..., ;-1 and a1, ..., a;_1, respectively (i > 1).

If s; = 1 is a simple singular value, then v.y.-1 and Ue-1 are the all 1 vectors
and the corresponding 31, o pair is regarded as a trivial correspondence factor
pair. This corresponds to the general case. Keeping k < rank B, = rankB =
rank P singular values with the coordinates of the corresponding k£ — 1 non-trivial
correspondence factor pairs, the following (k — 1) dimensional representation of the
gth and [th categories of the underlying two discrete variables is obtained:

V‘éorr = (UCOT‘TQ(j)7 <« y Ucorr k(])) and ulcorr = (uCOT‘T‘2<l)7 R ucorrk(l)) .

This representation has the following optimality properties: the closeness of cat-
egories of the same variable reflects the similarity between them, while the closeness
of categories of different variables reflects their frequent simultaneous occurrence.
For example, B being a microarray, the representatives of similar function genes,
as well as representatives of similar conditions are close to each other; also, rep-
resentatives of genes that are responsible for a given condition, are close to the
representatives of those conditions. Now we prove the following.

Proposition 4.1. Given the blown up matrix B, under GC1 there exists a constant
5 € (0,1), independent of m and n, such that all the r non-zero singular values of
B o, are in the interval [0, 1], where r = rank B = rank P.

Proof. 1t is easy to see that By is the blown up matrix of the a X b pattern matrix

P with entries
DPij

\/(2?21 Pana) (3 =1 Primi) |

Following the considerations of the proof of Proposition 2.1, the blown up ma-
trix By has exactly r = rank P = rank P non-zero singular values that are the

Dij =

singular values of the a x b matrix P’ = D}n/ 2].5D71/ ? with entries

Pij/Mi/Tj _ Dij

p;j B b - b a :
VO pan) (o pegme) (Sl P ) (i i)

Since the matrix P contains no identically zero rows or columns, the matrix P’
varies on a compact set of a X b matrices determined by the inequalities (1.1). (Here
the compactness is understood in the topology induced by the spectral norm.) The
range of the non-zero singular values depends continuously on the matrix that does
not depend on m and n. Therefore, the minimum non-zero singular value does not
depend on m or n. The largest singular value being 1, this finishes the proof. [

Theorem 4.2. Under GC1 and GC2 there exists a positive number § (inde-
pendent of m and n) such that for every 0 < 1T < 1/2 the following state-
ment holds almost surely: the r largest singular values of Acorr are in the in-
terval [6 — max{n~",m~7},1 + max{n~7, m~"}|, while all the others are at most
max{n~",m""}.
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Proof. First notice that

o WD (43)

Arow

Acorr = D00 AD 0} = D LiBD [ + D
Observe, that the entries of Dpg,.o, and those of Dp.y, are of order ©(n) and
©(m), respectively. Now we prove that for every i = 1,...,m and j = 1,...,n
|dArowi — ABrowi| <m-n~7 and |dacol j — dBcor j| < m-m~7 hold almost surely. To
this end we use Chernoft’s inequality for large deviations (cf. [5], Lemma 4.2):

n
P (‘dArowi - dBrowi‘ >n- n_T) =P wa > nl_T
j=1

n2—27’
< - n
P T2 (Var (), wig) + Knl7/3)
n2—27’
< _
_exp{ 2(n02—|—Kn1—T/3)}

1-271
=expq — n (i=1,...,m),
2(02+ Kn=7/3)

where the constant K is the uniform bound for |w;;|’s and o2 is the bound for their
variances. In virtue of GC2 the following estimate holds with some Cy > 0 and
C > 1 (constants of GC2) and large enough n:

P (|dArowi — dBrowi| > n!~7 forall ie {1,. ..,m})

n1—2’7’
< m - —
= M eEp { 2(02+ Kn—"/3) }

1—27 (44)
< .nC. _ n
<Co-n eXp{ 2002 + Kn—7 /3)}

n1—2’7’
= exp {lnCO +Clnn — o2+ Kn~"J3) } .

The estimation of probability
P (\dAcolj —dpeotj| >m!'"T for all j € {1,. ,n})

can be treated analogously (with Dy > 0 and D > 1 of GC2). Now the second part
of Remark 1.7 can be applied since the right-hand side of (4.4) forms a convergent

series. Therefore

. Ilnin |[dArowi| = ©(n),
min col il = O(m
j€{17"'7n} A l]

hold almost surely.

Now it is straightforward to bound the norm of the second term of (4.3) by

IDLY2 1 W - D2 (4.6)

Arow
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As by Lemma 1.9 ||[W] = O(y/m +n) holds almost surely, the quantity (4.6)

m—+n

is at most of order almost surely. Hence, it is almost surely less than

max{n~",m""}.

In order to estimate the norm of the first term of (4.3) let us write it in the form

~1/2 ~1/2 —1/2 —1/2
D / BDAcc{l =D / BDBcéz"‘

Arow Brow
+ D — Doyl BDG + (4.7)
+D /2B D7 - Dyl

The first term is just B.y,, so — due to Proposition 4.1 — we should prove only
that the norms of both remainder terms are almost surely less than max{n=",m~"}.
These two terms have a similar appearance, therefore it is enough to estimate one
of them. For example, the second term can be bounded by

—1/2 —1/2 —1/2
IDLY2 — D2 B - DY (4.8)

Arow Brow

The estimation of the first factor in (4.8) is as follows:

_ _ 1 1
D2 — DR 2 | =  max ( )

Arow Brow

ie{l,....,m} \/dArowi B \/dBrowi
|dA7"owi - dBrowi|
= max 4.9
ie{l,..., m} \/dArowi . dBrowi(\/dArowi + \/dBrow z) ( )
< |dATowi - dBrowi| 1
~ max . max .

ie{l,... m} \/dArowi : dBrowi ie{l,....,m} (\/dArowi + \/dBrowi)

By relations (4.5), V/dArowi * dBrowi = ©(n) for any i = 1,..., m almost surely, and
hence,

|dA7"owi - dBrowi| S TL_T
\/dArowi : dBrowi

holds almost surely, further max;¢ 4

1
----- m} \/dA'rowi_'_\/dBrawi

Therefore the left hand side of (4.9) can be estimated by n~"~1/2 from above
almost surely. For the further factors in (4.8) we obtain |B|| = ©(y/mn) (see

Proposition 2.1), while ||D;(1:él2|| = 6(\/%) almost surely. These together imply,

that

= @(ﬁ) almost surely.

n T2 212 L, —1/2 <n”" <max{n ",m "}

This finishes the estimation of the first term in (4.3), and by he Weyl’s perturbation
theorem the proof, too. [

Remark 4.3. In the Gaussian case the large deviation principle can be replaced by
the simple estimation of the Gaussian probabilities with any « > 0:

1 4o n
Pl|=S wi|>r| <min(1,—2— {—— 2} . 4.10
nZw] K mln( m/%exp 553" (4.10)

J=1
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Setting kK = n~" we get an estimate, analogous to (4.4).

Suppose that the blown up matrix B is irreducible and its non-negative entries
sum up to 1. This restriction does not effect the result of the correspondence
analysis, that is the SVD of the matrix B.,.-. By the theory of correspondence
analysis, the non-zero singular values of B, are the numbers 1 = s; > s9 >
.-+ > 8, > 0 with unit-norm singular vector pairs v;, u; having piecewise constant
structure (i = 1,...,r). Set

F :=Span{vy,...,v,.} and G:=Span{uy,...,u,}.

The correspondence vector pairs obtained by the transformations

—1/2 —1/2
Veorri = DBrc/m/Vi and  Ucopri = DBcél u;

contain coordinates of the discrete random variables 3; and «;, respectively. Apart

from the first (trivial) pair — with all 1 coordinates — they are of zero expectation

and unit variance with respect to the marginal distributions

dBrowl:"-7dBrowm and dBcoll:-'-7dBcoln7

respectively. Further, the different «;’s and f3;’s are uncorrelated with respect to
the joint discrete distribution embodied by the entries of B.

Let 0 < 7 < 1/2 be arbitrary and € := max{n~",m~"}. Let us also denote
the unit-norm, pairwise orthogonal left- and right-hand side singular vectors corre-
sponding to the r singular values z1,..., 2, € [§ —¢,1+ €] of Ao — guaranteed by
Theorem 4.2 under GC2 — by y1,...,y, € R™ and x1,...,x, € R", respectively.

Proposition 4.4. With the above notation, under GC1 and GC2 the following esti-
mate holds almost surely for the distance between y; and F":

dist(yi,F)g(éie):eil) (i=1,....r) (4.11)

and analogously, for the distance between x; and G:

. € 1 ,
dist(x;, G) < = = E-1) (i=1,...,7). (4.12)

Proof. Follow the method of proving Proposition 3.1 — under GC'1 — with ¢ instead
of A and ¢ instead of ¢! Here GC2 is necessary only for A, to have r protruding
singular values. [

Remark 4.5. The left-hand sides of (4.11) and (4.12) are almost surely of order
max{n~",m~"} that tend to zero, as m,n — oo under GC1 and GC2.

Proposition 4.4 implies the well-clustering property of the representatives of the
two discrete variables by means of the noisy correspondence vector pairs

-1/2 ~1/2 .
Yeorri i= DAréwyi, Xeorri i= DAco/l x; (i=1,...,r).
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Let Y., be the m X r matrix containing the left-hand side vectors
Yeorr1s -+ Yeorrr il its columns. Similarly, let X.,,- be the n x r matrix containing
the right-hand side vectors Xcorr1, - -+, Xeorr - il its columns. Let the r-dimensional
representatives of a be the row vectors of Yeorr: ¥igms-. s y™.. € R, while the r-

: : : . w1 r
dimensional representatives of 3 be the row vectors of X orr: Xeopps -« -y Xogpr € R”.

With respect to the marginal distributions, let the a- and b-variances of these rep-
resentatives be defined by

a
2 _ E : E : . J =1 2 =1 _ E ~rJ
Sa (YCOTT> - dATOUJJ ||yco7"r - ycorr || ) Where yCOT’r‘ - dATOU)chOTT’
i=1j€A; JeA;

while

2 { § : S 2 2 {
COTT dACOlJHXcorr corr“ ) Where corr - dACOl] corr:

=1 jE€B; JEB;
Theorem 4.6. With the above notation, under GC1 and GC2

2 2
Sa(Ycorr> < (2_71)2 and Sb (Xcorr> < (2_71)2

hold almost surely, where e = max{n~",m~"} with every 0 < 7 < 1/2.

Proof. An easy calculation shows that

Y corr) Zdlst (y:, F) and Sb corr) Zdlst (x;, G

hence the result of Proposition 4.4 can be used. [

Under GC1 and GC2 with m, n large enough, Theorem 4.6 implies that after per-
forming correspondence analysis on the noisy matrix A, the representation through
the correspondence vectors belonging to A, will also reveal the block structure
behind A.
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5. Recognizing the structure

One might wonder where the singular values of an m x n matrix A = (a;;) are
located if @ := max; ; |a;;| is independent of m and n. On one hand, the maximum

singular value cannot exceed O(y/mn), as it is at most \/ doiey >i—y ai;. On the

other hand, let Q be an m xn random matrix with entries a or —a (independently of
each other). Consider the spectral norm of all such matrices and take the minimum
of them:

min - [|Q]].

QE{—G,+G}"LX7L

This quantity measures the minimum linear structure that a matrix of the same size
and magnitude as A can possess. As the Frobenius norm of Q is ay/mn, in virtue of
inequalities between spectral and Frobenius norms, the above minimum is at least
%\/ m + n, which is exactly the order of the spectral norm of a Wigner-noise.

So an m X n random matrix (whose entries are independent and uniformly
bounded) under very general conditions has at least one singular value of order
greater than \/m + n. Suppose there are k such singular values and the represen-
tatives by means of the corresponding singular vector pairs can be well classified
in the sense of Theorem 3.2 (cf. the introduction to this theorem). Under these
conditions we can reconstruct a blown up structure behind our matrix.

Theorem 5.1. Let A,,xn be a sequence of m X n matrices, where m and n tend
to infinity. Assume, that A,,xn has exactly k singular values of order greater than
vm+n (k is fized). If there are integers a > k and b > k such that the a- and b-
variances of the row- and column-representatives are O(ZEL)  then there is a blown

up matriz By, xpn such that Ay xn = Bmxn + Emxn, with ||Epnxa| = O(Vm +n).

Proof. The proof gives an explicit construction for B,,«,. In the sequel the sub-
scripts m and n will be dropped. We shall speak in terms of microarrays (genes
and conditions).

Let y1,...,yx € R™ and xq,...,x; € R" denote the left- and right-hand side
unit-norm singular vectors corresponding to z1, ..., 2x, the singular values of A of
order larger than v/m + n. The k-dimensional representatives of the genes and con-
ditions — that are row vectors of the m x k matrix Y = (y1,...,yx) and those of the
n x k matrix X = (x1,...,Xy), respectively — by the condition of the theorem form
a and b clusters, respectively in R* with sum of inner variances O(Z£n) Reorder
the rows and columns of A according to the clusters. Denote by y!,...,y™ € R¥
and x!,...,x" € R* the Euclidean representatives of the genes and conditions (the
rows of the reordered Y and X), and let y!,...,y* € R* and %!,...,%* ¢ R¥
denote the cluster centers, respectively. Now let us choose the following new rep-
resentation of the genes and conditions. The genes’ representatives be row vectors
of the m x k matrix Y such that the first m; rows of Y be equal to y', the next
ms Tows to ¥2, and so on, the last m, rows of Y be equal to y“; similarly, the
conditions’ representatives be row vectors of the n x k matrix X such that the first
ni rows of X be equal to X', and so on, the last n; rows of X be equal to X°.
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By the considerations of Theorem 3.2 and the assumption for the clusters

Zdlst vi, F) = S2(Y) = O(mn;”) (5.1)
and

b m-+n

ZdistQ(xi,G):Sg(X):O( —) (5.2)

hold respectively, where the k-dimensional subspace F' C R™ is spanned by the
column vectors of \?, while the k-dimensional subspace G C R” is spanned by the
column vectors of X. We follow the construction given in [4] (see Proposition 2)
of a set vyq,..., vy of orthonormal vectors within F' and another set uq,...,u; of
orthonormal vectors within G such that

k
S llys — vill? = Z lys — viI12 < 2Zd1st (v F)  (53)
i=1

Vl,
1T

v’ VJ-:(L-J

and

k
D s — wgl|* = Z l[x; —ul||? < 2Zdlst x;, G (5.4)
=1 ]

u17

1T /7
u'; uj_éw

hold. The construction of v;’s is as follows (u;’s can be constructed in the same

way). Let v{,...,v} € F an arbitrary orthonormal system (obtained e.g., by the
Schmidt orthogonalization method). Let V' = (v{,...,v}) be m X k matrix and
YTV =QSsz”

be SVD, where the matrix S contains the singular values of the kx k matrix Y7V’ in
its main diagonal and zeros otherwise, while Q and Z are k x k orthogonal matrices
(containing the corresponding unit norm singular vector pairs in their columns).
The orthogonal matrix R = ZQ” will give the convenient orthogonal rotation of
the vectors vi,...,v). That is, the column vectors of the matrix V.= V'R form
also an orthonormal set that is the desired set vq,...,vg.

Define the error terms r; and q;, respectively:
r;=y;—v; and q;=x;—u; (1=1,...,k).
In view of (5.1) — (5.4)

m+n m+n
Z!Imll2 ——) and ZIIqZH2 —) (5.5)

hold.

Consider the following decomposition:

min{m,n}

A= Zzzyzx + Y ayix

i=k-+1
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The spectral norm of the second term is at most of order v/m + n. Now consider

the first term,
k

k
doayx] =) a(vi+r)(u] +af) =
=1

=1

k k
= zviul + ) zviql + (5.6)
=1 =1
k k
+ Z zirau; + Z Zriq; -
=1 =1

Since vi,...,vg and uy,...,u; are unit vectors, the last three terms in (5.6) can
be estimated by means of the relations

viu; || = vlu w, v || = 1=1,...,k),
Ivoul | =/ T=1  (i=1,... k)
Iviai | = \/llavivial | = laill ~ (i=1,....k),
lrouf || = /llvouf vl || = [lesll - (=1,....k),

Ilrsai | = \/llrsaf qirf || = llagll - [les - (@=1,....k).

Taking into account that z; cannot exceed ©(y/mn) and k is fixed, due to (5.5) we
get that the spectral norms of the last three terms in (5.6) — for their finitely many
subterms the triangle inequality is applicable — are at most of order /m + n. Let

B be the first term, i.e.,
k
B = Z ziviuZT,
i=1

then |[A — Bl = O(v/m + n).

By definition, the vectors vi,..., vy and the vectors uy,...,u; are in the sub-
spaces F' and G, respectively. Both spaces consist of piecewise constant vectors,
thus the matrix B is a blown up matrix containing a x b blocks. The 'noise’ matrix
is

min{m,n}

E = Zzzvlqz +Zzzru +ZZ'L 1qj + Z ZiyiX

i=k+1
that finishes the proof. [

Then, provided the conditions of Theorem 5.1 hold, by the construction given in
the proof above, an algorithm can be written that uses several SVD’s and produces
the blown up matrix B. This B can be regarded as the best blown up approxi-
mation of microarray A. At the same time clusters of the genes and conditions
are also obtained. More precisely, first we conclude the clusters from the SVD of
A, rearrange the rows and columns of A accordingly, and after we use the above
construction. If we decide to perform correspondence analysis on A then by (4.3)
and (4.7), Beorr will give a good approximation to A, and similarly, the corre-
spondence vectors obtained by the SVD of B, will give representatives of the
genes and conditions.
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To obtain SVD of large matrices, randomized algorithms are at our disposal,

e.g., [1]. There is nothing to loose when applying these algorithms because they
give the required results only if our matrix had a primary linear structure.
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