
���������
	���
�� ������������������ "!�# 
%$&$&'(�*)�+,	.-/�0-/132&�

46587�9/:<;(:
=?>�@BAC:
DE:GF
H
I�J�I<@K7�F
HML8N�F<7�907POQ7RL87R@TSU:QOQ>8;BV�9WV�L8>�@QV�D�XY=ZNPJ.7R@B[
\ �^]Z_Y`ba�ced0fhg

2 × 2 i f"jlkBgBd/m&jlnpo
qb_.rts�uBcwvBx�y�_.yT`bz�{,f"|Egwg�`buB{�{}r/~�f8oBd0uBc
g
q8�3��f"vBx%��c�nQf"vpa�vBx<gB|�f"��q�g��� d0j��^�}o
_.u&nQj�� � v&npo
qb_.rts�uBc^vBx�y�_.yT`bzP_bf�r0jP�
� �Q��f"vBx(f"|

M
f"vBxpk(z"v&fPjbf"|�v&f"|�fP_.oBd/q

C[x] i nQu�~�a�d0a�j"�g�����r0�Pu&|<x%�/q.jba�c�{�fB�*��u&vBx
M

c(u&nG�}d0f�s�k(f�c%q.uB_bqbzP_8��gBnQf"d/x(fP|�gB�
x i jb�"fPd�k
gBd0m�jb�"uB_b�8oBjGd/r0|�f8o
_br0jqb_.gB|�jb� � uB_.npoB�Pr0mBc(z"|(q��}g
q"�

{,���er/cwgB�
M

_.z"jb�"n^u%~�a�d0a�jbgBr��
�M���er/cwgB�

M
f"vBx�jb�PfP_.y�_.zPjb�"nQu�~�a�d0a�j.gBr��

~����ef"d�x(fPcwg � z"d/r0v&f"vBx%jb�"fP_.y
C[x] i nQu�~�a�d0a�jbuBc��

� �Q�er�g�c
g
q.f"v&mB_.r0gBf"d0n^z"d0fPqbr%jb�"uB_b�8g
q*zPj c(u&jb�PuB_.�8g
q�gB�¢¡£{�f"d i �"jbuB��uB_bq.uBc¤c � _.z�{,f"|����er�g3j��"uB_.�8g
q*g3�Pjbu i�,uB_�q.uBcGc � _bzP{,f"|�����r0�Pu&|<x%�/q.jba�c�{,f
����u&vBx^fPvBx
A
z"j

B
�PjbuB�,uB_bq*c(u&jb�"uB_.�8g
q.g¥g¤�"jbuB�,uB_�q.uBcGc � _bzP{,f"|

g¦jb�8g
{�gB~�j��"uB_.�8g
q.a�c���k
gBvBx�r0j�gB�pg��"j�uB�,uB_bq8�§gBnQf"d/x%|�fPcEf"d0f"n^f"r
a1b1a2b2 · · ·anbn

gBd�g
c%¨©jb�8g8k
g
c
ª
ai ∈ A

�
bi ∈ B

�C�«zPjlg^jb�"uB_b�8g
q.a�c%{�gB|�f"vBx�jb�PfP_.y�jb��q.f"|�r��Pj.g
c�j��"u&nQjb�"zP~�u&jlgB�"u&|�u&j�c(u&n^��u&|�f"|�j�{�f id0r/fPc(fPq¢d0f"��f�q8�}r0d0d/fPqbk(f3gB�
1 i fPq¢{�o
_.nQr�k(f"d¬�

4∗
�p��a�~T`ba�c�����u&vBx

Z[x]
nQr/|�~�f"|wr/~�f8oBd `.g¤k(z"v&fPjbf"|Kv&f"|�fP_CoBd�q8��~�f�|�f"n � �&r0~�f"oBd0vBx�y�_by­�¯®*gB| i fln^r0|�~�f"| nq.fP_bnQz"jb�"f�q.f"j�j��8oBnQ��u&� u&d/x<gB|�r/~�f8oBd

Z[x] i {�f"|­�BgBn^f"d/x(fPq n
f"d0f"n^nQf"dBd/f"��fPq§v&fP|�fP_CoBd0|�r°�
~�f c(fPk(f"jbfP{�{�f"d

|�f"n��
± �Q��f"vBx(f"|

V
f"vBx¤nQf"v&jb�8oBn^d�oBd0�}g
qbm(gB|�k(z"vBq.f"d/f"|�~�r0nQf"|��Pr0m&j§k(fPc�q.uB_bq.zP_"�Bz"j

E = End(V )
g

V
d0r0|�f"o
_.r0j

qb_CgB|�j�� � uB_.npoB�"r/m&r0|}g
c�vBx%y�_.yT`bfB�²��r0�Pu&|<x%�/q.jba�c³{,fB� ��u&vBx´gek(zPv&f"j�_.gB|�v&¨´qb_.gB|�jb� � uB_.npoB�Pr0mBc�f"vBx
Ir0~�f"oBd/qlgBd�c(uBq.|}g
c

E i {�f"|­��z"j�gB� R = E/I
vBx%y�_.y¦f"vBx%jb�"fP_.y­��~�f

RR

|�f"nµnpgMs�r/n�a�n � f"d/q.z�q.f"d0fPj"��z"j
|�f"n¶r0j·nQr0|�r/nha�n � f"d/qbzPq.f"d/f"j"�

¸ �p��r0�"u&|(x���q.jba�cw{,fB�­��u&vBx��}g
RR

npgMs�r/n�a�n � f"d/q.z�q.f"d0fPj"��g
c�c(uB_lnQr/|�~�f"|�k(z"v&f"jbf"|Ev&f"|�fP_CoBd�q
MR

nQu i~�a�d0a�j¢r0j·npgMs�r/nha�n � f"d/qbzPq.f"d/f"j"�
���Q��f"vBx(f"|

E = End(M)
fPvBx

M
nQu�~�a�d0a�j � |�npgBv(o
{�g¥nQfP|�����u&n^u&nQuB_b¹}�"nha�j.gBr/|}g
c ª fP|�~�u&nQuB_b¹}� inha�j.gBr0|}g
c���vBx�y�_.yT`bfB�*��r0�"u&|(x���q.jba�cp{,f
����u&vBx

g��
EE i

|�f�c,� r0d0d/fPqbk(f
EE i |�fPc²g
c�c(uB_hz"j��"j.g
c²g
c�c(uB_¥kBgB|º|�f"n»qb_.r�k�r�oBd/r0j¤~�r/_.fPc�q � f"d/{�u&|<qCoBjbg����}g

M i |�fPc�k
gB|­¼{,�
End(RR) ∼= R

�
½ �Q�ea�qCgBjbjba�c�n^f"v�����u&vBxp�}ghf"vBx

R
c(u&nQnha�qCg
q.�/k�|<a�d0d/u&jb�Pq.m&nQfP|<q.fPj·vBx%y�_.yKnQr0|�r/n�a�n � f"d/q.z�q.f"d0fPj"�%g
c ic(uB_

R
q.f"j¾q8�

¿ �Q��f"vBx(f"|
R
ª c(u&nQnha�qCg
q.�/k��ÁÀlu�fPq.��fP_ i vBx�y�_.y­� I / R

��z"j¢qbf"vBx���c ��� d°����u&vBxwgB�
I i {,f"d/rÂf"d0f"n^fPc�|�r0d��,u iq.f"|�j�fPc,� �ea�qCgBjbjba�cwnQf"v�����u&vBx�k
gB|�u&d/x<gB|

n ∈ N
�}��u&vBx

In = 0
�

Ã � \ �Q��f"vBx(f"|�fPc
A
�
B
zPj

C
_bz"jb�"nQu�~�a�d0a�jbuBcEgB�

M
n^u%~�a�d0a�j¾{�gB|­��z"j�qbf"vBx���c ��� d¬�Ä��u&vBx

A ≥ C
����r i�"u&|(x���q.jba�c�{,fB�}��u&vBxKfPc�c(uB_

A ∩ (B + C) = (A ∩ B) + C
�

Ã � � �Q��f"vBx(f"|
R = A ⊕ B

gB�
A
z"j

B
vBx�y�_by�c²~�r/_.fPc�q � jbjb�"f"v&f
�º��r/�"u&|<x%�/q.j�a�c©{,fB����u&vBx

R
nQr/|�~�f"|

r0~�f"oBd `.g
A1 ⊕ B1

gBd0g
c�¨­�}gB��u&d
A1 / A

z"j
B1 / B

�
Ã � � �Q��f"vBx(f"|

M
fPvBx¦nQr/|�r0nha�n i z"j£npgMs�r0nha�n � f"d�q.zPq.fPd0f"j·nQu%~�a�d/a�j"��z"j f : M → M

f"|�~�u&n^uB_b¹}�"nha�j"�
��r0�"u&|(x���q.jba�cG{,fB����u&vBx^kBgB|�u&d/x<gB|

n
��gBnQf"d/x�_.f

M = Ker fn ⊕ Im fn
� ª�Å q.nha�qCg
qCoBj"Æ�qbfPc�r/|<q.j���cpg

Ker f ≤ Ker f2 ≤ . . .
zPj

Im f ≥ Im f2 ≥ . . .
nQu�~�a�d0a�jbd0oB|��"uBc
g
q8���


