INTRODUCTION TO ALGEBRAIC GEOMETRY (IAG) / FALL 2014 / ALEX KURONYA

HOMEWORK 6
Due date: October 27th

The problems with an asterisk are the ones that you are supposed to submit. The ones with
two asterisks are meant as more challenging, and by solving them you can earn extra credit.

1. Decide if the following statements are true or false.

(1) A finite union of nowhere dense subsets is again nowhere dense.

(2) A finite intersection of dense subsets is again dense.

(3) Let X be an irreducible noetherian topological space, U C X a non-emtpy open subset. If
B C U is dense, then sois B C X.

(4) The image of an irreducible subvariety of A7 under a regular map is irreducible.

(5) The image of an irreducible subvariety of AZ under a regular map is irreducible subvariety
of the target.

2. Let R be a ring where for every element a € R there exists a positive integer n, > 2 such that
a™ = a. Prove that every prime ideal in R is maximal.

3. (The spectrum of a ring) Let R be a ring, and let Spec R denote the set of its prime ideals. For
an arbitrary subset S C R, define
V(S) ¥ (PeSpecR|SCP}.
Prove the following claims.
(1) V({0}) = Spec R, and V ({r}) = 0 whenever r € R*.
(2) V(S)=V((9)) =V(\/(5)) (where (S) denotes the ideal generated by S in R).
(3) If {S; | i € I} is an arbitrary collection of subsets of R, then

V(Uie[Si) = ﬂV(SZ) .
el
(4) If 1, J < R, then V(IJ) = V(INJ) = V(I)UV(J).
(5) The collection {V'(S) | S C R} determines a topology on Spec R, the Zariski topology.
(6) Describe the Zariski topology on Z, R[z], C[x]. Which points are closed?

3. Let X be an arbitrary topological space, A, B C X subsets.
(1) Show that int(A) = {z € X |3U C X open for which x e U C A} .
(2) Prove that A= {x € X|VU C X open withz c U:UNA#0D}.
(3) Show that A is open if and only if A = int(A4), and A is closed if and only in A = A. Verify
furthermore that X —int(4) = X — 4, and X — A = int(X — A).
(4) Prove the following identities: int(A) Nint(B) = int(ANB), AUB = AU B.
(5) Verify that

m int(A,) D int (ﬂ Aa> = int (m int(Aa)> , U int(A,) C int <U Aa> .
acl
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(6) Show that A C B implies int(A) C int(B), and A C B.

4. Let V C AZ be a non-empty affine variety, ¢ € C[V]. Show that Vy/(¢) = 0 if and only if ¢ is
invertible in C[V]. What happens if we ask the same question over R?

5. Let X, Y be affine variety. What is the relationship between the Zariski topology on X x Y and
the product topology?

6. Let X be an arbitrary topological space. Show that X is Hausdorff precisely if A(X) C X x X
is a closed subset.



6. * Let X be an irreducible affine variety over an algebraically closed field, U C X a non-empty
open subset. We say that a rational function ¢ € k(X) is regular on U, if it is defined at every
point P € U, the k-algebra of all such functions is denoted by Ox (U).

(1) Show that Ox(U) = Ox,p as subsets of k(X).
(2) Prove that ¢ € k(X) is regular on U if and only if for every P € U there exists an open
subset P € V C U and polynomials f,g € k[x1,...,z,] such that

(a) g(Q) #0 forall Q € V,
(b) ¢(Q) = f(Q)/9(Q) for all Q € V..

7. * Determine Op2 (AZ\ {(0,0)}).

8. ** Let X be an irreducible affine variety. Look up the definition of a sheaf of rings on a topological
space and show that the function

UC X open — 0Ox(U)

defines a sheaf of rings on the topological space (X, 7za;).



