Tororocy (TOP) / ALEX KURONYA / FALL 2005

HOMEWORK 2

The problems with an asterisk are the ones that you are supposed to submit. The ones with
two asterisks are meant as more challenging, and by solving them you can earn extra credit.

1. Prove that the set
{(z,y) e R*|2” +¢* > 10}
is closed.

2. Is the set consisting of all point of the form %, n a natural number, open/closed in R?

3. Give examples of infinitely many open sets in R , the intersection of which is (7) open (i)
closed (7i7) neither open nor closed.

4. Show that the closed ball
D(2.6) = {y € R ||z — y] < 0}

is indeed a closed subset of R™.

5. * Prove that
a,(f.g) = /[ 1f gl
a,b

is a metric on Cla, b]. Is this still true if we replace continuous functions by Riemann inte-
grable ones?

6. Show that for every z,y € Q
(1) ord,(zy) = ord,(z) + ord,(y)
(2) ord,(z 4+ y) > min{ord,(z), ord,(y)} with equality if ord,(x) # ord,(y).

7. Compute the p-adic order of 5,100, 24, —ﬁ, —é—g for p=2,3,5.

8. * Prove that (Q,d,) is a metric space, which is in addition non-archimedean, that is, for
every x,y, 2z € Q one has

dp(ZL‘7 y) S maX{dp(‘Ta 2)7 dp<2,'7 y)} .
Conclude that in (Q, d,) every triangle is isosceles.



