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Abstract

The mesoscopic nonequlibrium thermodynamics of a reaction-diffusion sys-
tem is described by the master equation. The information potential is defined as
the logarithm of the stationary distribution. The Fokker—Planck approximation and
the Wentzel-Kramers—Brillouin method give very different results. The informa-
tion potential is shown to obey a Hamilton—Jacobi equation, and from this fact
general properties of this potential are derived. The Hamilton—-Jacobi equation is
shown to have a unique regular solution. Using the path integral formulation of the
Hamilton—Jacobi approximation of the master equation it is possible to calculate
rate constants for the transition from one well to another one of the information po-
tential and give estimates of mean exit times. In progress variables, the Hamilton—
Jacobi equation has always a simple solution which is a state function if and only
if there exists a thermodynamic equilibrium for the system. An inequality between
energy and information dissipation is studied, and the notion of relative entropy is
investigated. A specific two-variable system and systems with a single chemical
species are investigated in detail, where all the defined relevant quantities can be
calculated explicitly.



1 Reaction-diffusion systems

A uniform reactive system can be represented by a system of vdluatéemperature

T containing several reactive variables (or internal specigs)m = 1,2,..., M)
possibly in an inert solvert),. The species can react according to an arbitrary number
of reversible reaction steps, labelledbwhich can be represented in the form:

M M
Yol Xy = > B X, (r=1,2,...,R), (1)
m=1 m=1

where thestoichiometric coefficientsa* and 5 can be nonnegative integers. This
formulation can be extended to a nonhomogeneous system, if one assumes [5, page
169],[1], that the system is divided into cells small enough to be approximately homo-
geneous, exchanging molecules by linear rate. The molecules of a given species receive
different labels in different cells, and diffusion is represented by the pseudo-chemical
reactiont,, <= &,, X, andX, representing the same species in neighboring cells.

(1) however can only occur between molecules within the same cell.

From a stochastic point of view, the system can be described by the probability
P(X1,Xs,...,Xu) = P(X,t) of finding X,,, particles of themth species(m =
1,2,..., M) attimet, whereX,,, denotes the number of molecules of specigs

We assume that the vectlr = (X, X, ..., X)) changes according to a Marko-
vian jump process.

2 Master equation and Fokker—Planck equation

2.1 Master equation

The system described above evolves by various subprocesses, and Wéy¢ll)
the probability per unit time of the transitich — X + ~ with given vectors of
nonnegative integerg. These vectors may be any of thiementary reaction vectors
Br — ary . — B (r = 1,2,..., R). The state of the system at timés described by
the absolute probability distribution functioh( X, t) whose time evolution is given by
themaster equation

OPOED _ (apyx.1) @)
whereA is theevolution operator [26, 27, 29, 39, 40, 41]
(AP)(X, 1) i= Y Wy (X = 4)P(X = ,t) — Wy(X)P(X, 1)] ©)
vy

To calculate the large volume limit we introduce the concentration vectat by
X/V, and define the probability density functiprthrough
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for all the measurable subseBsof the state space. Instead of the overall transition
ratesl¥~ we can introduce the concentration dependent transition ratesyly) :=

W~ (X)/V. Using these notations the master equation can be rewritten for the function
p as

This formalism can also describe reaction-diffusion processes approximately using the
trick mentioned above.

2.2 Approximate Fokker—Planck equation

A standard approximation [41] of the master equation in the large volume limit is ob-
tained by the Taylor expansion of the right hand side of Eq. (5) up to the terms of order
O(1/V). This expansion gives tHeokker—Planck equationfor p:

Z 8 Z 8xm8xq mqp)(x,t), (6)

m=1 m,q=1

where

A Z’ymw»y Z Y YqWAy (X =1,2,....,.M). (7)

The first quantity may obviously be callednditional expected velocity and the sec-

ond oneconditional expected variance velocity{6]. It is well-known that keeping

terms of higher order may lead to inconsistent results. Moreover, the present approxi-
mation does not respect the natural boundary conditions of the master equation. Both
the master equation and the Fokker—Planck equation are approximately consistent in
mean (and they are exactly consistent, if only processes with linear rates are present)
with the usual deterministic equation

dx _
= = AX(1) (®)
for the averag& of x. The exact equation for the moments of the distribution obeying
the master equation can also be derived from the equation for the generating function,
see [5, p. 110] and [46, p. 129-133]. E.g. instead of (8) we have

dx
2 = A0, ©)

2.3 Conservation laws and irreducibility

During a time intervalt, t 4+ h] the change of the concentrations is

x(t+h) —x(t Z Y1y, (10)



where they~ are (integer valued) random variables indexed corresponding to nonzero
transition ratesv~ . The stochastic process— x(t) will then satisfy some conserva-
tion laws. More specifically, for each poist, of the concentration spad®" let us
define thestoichiometric compatibility class[5, 25]

S(xo) i={z € RM;x =x0+ > _yny;1y € R} N (R))Y, (11)
v

where{~ are integers corresponding to nonzero transition ratgesThe whole space

RM is a union of stoichiometric compatibility classes, and the protessx(t) stays

in S(xo) for all time (until the process is defined)x{0) = x,. We also suppose that
each stoichiometric compatibility class contains exactly one stationary solution (which
is not always so even in the deterministic case). Furthermore, we suppose that the
stochastic model has a unique stationary solution for &gchihis stationary distribu-

tion will be denoted by(x|xg), and it does not depend on the choice of the initial state
so far as it remains i§(xo). The master equation (5) induces another master equation
in a smaller number of linearly independent variables on &#gy) (the other vari-

ables are linear functions of these variables), but the stationary distribution is supposed
to be unique. The deterministic motion also evolves$,) what can easily seen by
rewriting Eq. (8) into an integral equation form:

x(t _xo+/ me ds—xo—l-Z'y/ (s))ds.  (12)

Similar remarks are also valid for the stochastic process associated to the Fokker—
Planck equation. From now on it will be assumed that there are no linear conservation
laws, a fact what can also be expressed that the master equation is irreducible. This
assumption does not mean the restriction of generality because otherwise one can con-
sider the master equation restricted to a stoichiometric compatibility class of the state
space. We shall also assume that the zeros of the vector field (of the deterministic
model) are isolated (although sometimes we shall consider the multiple zero case) on
each sefS(xg).

3 Hamilton—-Jacobi theories

Let us recall an approximation originally introduced by Kubo et al. ([28]; see also [34],
and more recently [51, 52, 53]), giving physically more realistic results (see Section 4
and [11, 12]) than the usual Fokker—Planck approximation. Let us also mention that
our basic reference is [36].

3.1 Hamilton—Jacobi theory for the master equation
The idea of the approximation is to wrifgx,t) in the form of Wentzel-Kramers—
Brillouin (WKB) expansion, valid for largé

p(x,t) = exp[-V®(x,1)][Uo(x,t) + %Uﬂx, t+...], (13)



where®, Uy, U; are unknown functions. Then, one uses the first term of this expansion
in Eq. (5) and groups together terms containing decreasing powéfs ©ofie highest
order term inV is of the ordei®(V'), and containg/; as a factor. It is zero if and only

if & satisfies the equation

8(1) Zw»Y exp (VO -v) —1] =0. (14)

This is a Hamilton—Jacobi equation which can be integrated by the method of bichar-
acteristics [2, 32]. The next term of ordéX(1) in V in Eq. (5) when one uses the
expansion (13) gives a first order linear equationffigrwhich is a sort oftransport
equation:

Mo,
exp (VO - v) Z aT(vmw'yUo)

m=1

8U0+Z

0%d
+Up Y exp (VP - ) < Z VYWY g > 0. (15)
v m,q=1

3.2 Hamilton—Jacobi theory for the Fokker—Planck equation

For largeV/, one can use the first term of the WKB-type expansion (here and above we
leave including more terms for future investigations)jfon Eq. (6), i.e. to look fop
in the form

p(x,t) = exp(—VOFP) (x, ) [UT ) (x, 1) + %Uf”’) (x,t)+...].  (16)

Upon inserting the above expansion (16) into Eg. (6) and comparing the various powers

of  one obtains equations f@r*”) andU/{” "

gpFP) M gprP) 1 X 0DFP) 9p(FP)
1 oo - 17
ot +Z::1 Dz +2”§1 i e
ouy? L9 (FP) - (FP)
Am
ot +7§_:18xm( us”) + mE; me 8xq( 05)
M
1 0?9(FP) (FP)
- D, — =0. 1
+2 (mzqzl " 0wy, Yo ! (18)

Eq. (17) is a standard Hamilton—Jacobi equation (with a standard Hamiltonian,
guadratic in the momentum), whereas Eq. (18) is a kind of transport equation. Egs.
(17) and (18) can be seen to be obtained from Eqgs. (14) and (15) if one assumes that the
derivatives)® /0x,,, are small, so that one is entitled to replage (V® - v) — 1 by its
Taylor expansion up to the second order. Then, Eq. (14) reduces immediately to (17)
with A,, and D,,, as given in Eq. (7). This indicates that the Hamilton—Jacobi and



transport equations (17)—(18) are less precise than the Hamilton—Jacobi and transport
equations (14)—(15) directly deduced from the master equation. In fact, their range of
validity is limited to neighborhoods of the stationary points (whee is zero) of the

action function .

3.3 Stationary solutions

The stationary solution of the master equation or that of the Fokker—Planck equation
will also be looked for in the formp(x) ~ exp[—V®(x)][Up(x) + U1 (x) +...].
Then® satisfies the stationary form of the time dependent Hamilton—Jacobi equations
(14) or (17) and/, satisfies the stationary form of the transport equations (Egs. (15)
or (18)). In both cases, the stationary Hamilton—Jacobi equation can be written as

H(x, VO(x)) =0, (29)
whereH is of the form
HM (x,€) = wa [exp(¢ ) — 1] (20)
or )
HY P (x,€) = €7 A(x) + 3¢ D(x)E, (21)

for the master equation and for the Fokker—Planck equation, respectively, the variables
& being the conjugate momentawf,. From Eq. (7) we deduce for smal

HM (x, &) = HTP)(x,€) + O(I€[). (22)

In the present work we shall only use the stationary equations, although there is some
hope to extend these investigations to nonstationary cases. In some neighborhood of
some stationary point of the vector fieklit is always possible to study the stationary
solution of the master equation by using the Hamiltonian originated in the Fokker—
Planck approximationfokker—Planck Hamiltonian, see [14, pp. 7742—7743]).

3.4 The particular case of one chemical species

Let us consider the case of a single chemical species, i.e. Whea 1, and let us
suppose that the system evolves only by transitionrs— n + 1. As before we go to

the large volume limit introducing := 3=, p(z) := VP(X),w(z) == Wi (X),

so that one obtains the exact master equation (5) and the Fokker—Planck equation (6)
respectively, withA(z) = w, (z) — w_(z), D(z) = wy(x) + w_(z). The solution

(13) of the master equation is ([11, 12, 34])

pl) = Uo(a) exp|~VB(zja)] = mexp (—v [ 1o (L)) |



wherea is an arbitrary nonnegative value afids a normalization constant. Whan,
andw_ have no common zerog,as given in (13) can be normalized with
-1
+00 exp( Vf log(w ))
C= o de| . (23)

0 Vwi(z)w_(x)

The integral in (23) can be estimated by #aldle point method The main contribu-
tion to the integral is obtained for a point which is an absolute minimum & (z|a).
If exactly one such point exists, we have

oG (v [ (%))

whereC is now of the orde®©(1/\/V), if the minimum of® is not degenerate. When
there are several attractlng pointsAfsay,zt, #2,... z., ..., one chooses* in such

a way that for all tI>( \x(k)) < 0, and again one obtains (24).
Similarly, the stationary solution of the Fokker—Planck equation can be written as

p(x) ~ USSP () exp[-VOFP) (2]a)] = D?x)exp <2v / ’ g), (25)

and is normalizable, provide® has no zero (ot andw_ have no common zero),

x -1
with C' = [ e de . Again, C' can be evaluated by the saddle point

D(z)
method, the main contribution coming form the absolute minimuynof %) (a),
which is an attracting point of the vector field p(z) ~ \FD(  exp (2Vf )

Whenw, andw_ have a common zerg,given above is not normalizable, indicat-
ing that the expression in (13) feris not valid. This is exactly the case ofiticality
[17].

3.5 Comparison of asymptotic results

The two approximations given by (24) and (25) are close to each other for small values
of d®/dx, or whenA(z) is small. In this case one hing(w ) ~ —24. The approx-
imation (25) coming from the Fokker—Planck equation is exact near a zeto Bit

when there are several zeros, the approximation fails, because the eigenvalues and the
mean exit times calculated from the Fokker—Planck equation differ from the analogous
quantities given by the master equation by an exponentially large factor [11, 12].

This indicates also that the limit theorems by Kurtz [31] are not applicable in the
case whend has several zeros: they have been formulated for the case of detailed
balanced systems which are known to have a single asymptotically stable deterministic
stationary point. These theorems state that the stochastic psoesssciated with the
master equation tend to the deterministic trajectoryi¢f) (starting from the same
initial point), and that the deviation is Gaussian, but these theorems are valid uniformly
on finite time intervals. They cannot describe the situation for timeskikékV). In
particular, these theorems cannot describe chemically activated events like the passage
over a potential barrier, and consider rate constants as given.



4 Construction, uniqueness and critical points ofp

General basic properties of solutidnto the Hamilton—Jacobi equation (19) given by
(20) or (21) will be derived here and in the next section. The traditional method [2, 32]
for constructingd does not work, but we shall still show a construction method and
also prove the unigueness of the smooth soludorrinally, we also study the critical
points of®. We shall treat{*) andH(*?) together.

4.1 Lagrangians

With the Hamiltonian for the master equation and for the Fokker—Planck equation (20)
and (21), respectively, the correspondiig velocities are

IHM (x(t),€)

En(t) = g = D ey (x(1)) exp(€ )
m ,7
. OHEP) (x(1), &) S
Tm (1) = T = Am(x) + Zqu(x(t))fqa
m q:1
and the corresponding Lagrangians are
LM (x,v) wa [(€Ty)exp(€'y) —exp(€') +1],  (26)
LFP)(x,v) = %(v _A(X) D) (v — A(x). 27)

In the Fokker—Planck case (2Z)= D(x) ' (v — A(x)) (with v = x as usual),
providedD(x) is nondegenerate, which is the case if we assume that there are no con-
servation laws. Under the hypothesis of the nonexistence of linear mass conservation
laws £M) and £FP) are both nonnegative and both of them are zero if and only if
& = 0. In the presence of conservation laB$x) is necessarily degenerate.

Actually, (27) is the Gaussian form of the Onsager-Machlup principle in our case
and a special (discrete) version of the Gyarmati principle for nonlinear conduction
equations. See e.g. [4, 22, 23, 47].

4.2 Special paths
4.2.1 Deterministic paths

The deterministic paths 2 = A(%(t)) x(0) = 0 are obviously solutions of both
Hamiltonian equations. Conversely, a path (x(t), &(t)) which is a solution of the
Hamiltonian equations, such thaf0) = 0, is the deterministic path, because of the
unigueness of paths under given initial conditions. Moreover, the Lagrangian is zero
along a deterministic path, and conversely, and as a consequence, the variation of the
action® along a deterministic path is zero.



4.2.2 Antideterministic paths

Let us assume now thdt is a smooth solution of the Hamilton—-Jacobi equation, and
define¢,, (x) := 7. A solutions — (x(s), £(s)) of the system

T T (9 = 6 x(s) (28)

is a Hamiltonian path because

dgm 5 O Ay _ 5 9°  IH(x,VO(x)  IH(x,E(x))
B

dz, ds ;0 &, T
since H(x, V&(x)) = 0, therefore 27t — Zq%aﬁ?xq = 0. Moreover, ® is
increasing along such the paths because

do (9(1) dxm dxm
% Z& >

The trajectories given by (28) will be callethtideterministic paths (for reasons to
follow).

4.3 Construction of ®

The traditional method to construct a soluti®nof (19) (the action) is the following
[2, 32]. One chooses a poirt? and considers a paiix(s), £(s)), a solution of the
Hamiltonian system

. oH OH
Tm = (%7 fm = 6mm (29)
with the conditions
x(0) =x©, £0)=€¢9 x()=x HE,£?)=0. (30)

The unknowns are(o) andt, which will be implicitly fixed by condition (30). Then

the function
t M
[ gndan (31)

m=1

is the solution®(x|x(?)) of (19) where in Eq. (31) the integral is taken along the path
(x(s), &(s)), satisfying Egs. (29)—(30). But the functidr(x|x(?) is not differentiable
atx(®) sinceVo(x|x(©) = ¢ — &, asx — xp; but&, depends on the path from
to xg, so thatV® is, in general, not defined af,. In our situation where (x) ~
Up(x) exp[—V ®(x)], we expectd(x) to be regular everywhere and to be peaked at a
pointx;, (at least), so that one cannot take for dua function®(x|x,) constructed
by the traditional method as above.

We shall now describe the correct constructio®dfy a limiting process.



Let us consider a point, which is an attracting point of the vector field. We
take another point(®) and we construct the usual actidiix|x(®)) using Hamiltonian
paths starting fronx(*), with energy 0. Fox(?) # x, this function is nontrivial and is
not differentiable ak(®). The function®(x|x,) is now defined as

B(x|x) = lim  B(x]x(). (32)

x(0) —x,

The function®d (x|x,) is not simply the functio® (x|x(?)) taken at(?) = x,. The rea-
son is that if we choose(®) = x,, &, should vanish in order thai(x(©), ¢©) = 0.
This is obvious forH(*7), and can be seen to be also valid fgf* using the in-
equalitye® — 1 > a. Therefore the trajectory never moves away fraff), and the
traditional action is 0. In genera®(x|x,) is a nontrivial function, which is differen-
tiable atx(?) = x,, has a strict minimum at,, which is a nondegenerate minimum,
if x; is a nondegenerate attracting point of the vector figldThe existence of the
limit in (32) has been proven in [14, p. 7743-7745]. Moreover, we shall consider a
given pointx and a trajectory with energy 0 starting fraof”) and arriving atx in a
certain (unknown) time. This trajectory has an initial momentugnwhich is a func-
tion £(x|x(?)). In the Fokker—Planck case we hat” ) [x(0) &(x|x(?)] = 0. If
§:=x0 —x, thenA(x(?) ~ A(x,) + A/(x,)d ~ A'(x,)d, if § — 0, then from
the definition of(*7) we have

ST DE~ —Al(x,)5 £ (33)
Assuming thatA’(x,) # 0 andD(x,) is invertible we deduce from (33) that
[€(xx )] = 0(9), (34)

showing thaté(x|x(®) — 0 whenx(® — x,. From Eq. (34) and the definition
of the velocity we getk = A(x) + D(x)&. As we see that for the initial velocity
|%(0)| = O(8) holds, the time needed to joi(®) along the Hamiltonian trajectory
of energy 0 will tend to infinity whex(®) — x,. It is precisely because the initial
momentum is tending to zero that the limiting functid(x|x(*)) will be differentiable
atx,, whenx(®) — x,.

4.4 Uniqueness ofp

If ® is a smooth solution of the Hamilton—Jacobi equation (eifiet!) or H(77)),

andxg is a minimum of®, then the Taylor expansion @fatx is uniquely determined

up to an additive constant [14, p. 7741]. In particula ifs an analytic solution near

Xg, it iS unique. As a consequence, there exists at most one funétihich is a
global analytic solution of the Hamilton—Jacobi equation (up to an additive constant).
Because of this fact we can determine the antideterministic path by using the analytic
solution® of the Hamilton—-Jacobi equation as in Paragraph 4.2.2, namely,

dFn(s) _ OHR(S) 6N 7 (0 o o) =

9P(x(s))
ds 0 '

0%,

(35)

10



4.5 Limiting behavior of trajectories

Consider the linear Fokker—Planck Hamiltonian with a constant positive nlaterd
with a linear vector fieldA (x) := A%x. Let (x(s),&(s)) be a trajectory witlH = 0
such thatx(0) = x(©,  x(t) = x, wherex(®) andx are both nonzero. Then, if
t — +o00, this trajectory has the following limit behavior:

1. for fixeds x(s) tends to the deterministic trajecta®ys) starting fromx(?);
2. for fixed s x(t — s) tends to the antideterministic trajectatyt — s) defined
by Eq. (35) ending at.

4.6 Critical points of ®
and zeros of the deterministic model (vector field)

The following facts are true [14, p. 7745]:

1. A nondegenerate critical point @ is a zero of the deterministic vector field
A (both for HM) and’H(FP)). A nondegenerate minimum df is a stable
attracting pointA.

2. Conversely, for{(*P) the zeroes ofA are critical points ofp, and the stable
attracting points ofA are minima of®.

3. Conversely, fof{(M) the stable attracting points & are minima ofd.

5 Path integrals for the master equation
and Fokker—Planck equation

5.1 The stochastic process of the Fokker—Planck equation

It is well known that there exists a stochastic process> x(t) associated to the
Fokker—Planck equation (6). Theeight of a trajectory is, up to a normalization factor,

exp(—V /0 Cx(s), x(s)]ds), (36)

where, is the associated Lagrangian defined in (27). In a small time intgrval A
the state moves b := x(¢ + h) — x(t) according to the Gaussian law (depending
also on the actual state:

e |-G (5 - A A @)

(32)"
(det(D))1 7

Consider now a dual variabteof A and compute the Laplace transforttx, £, h)
of the Gaussian distribution (37) with respectdo This is obviously a Gaussian inte-

11



gralin A, namely,
L(x,& h) =

/2
(2z) VA ThA
The critical point which maximizes the exponentd¢ + A (x)h, and the critical
value of the exponent becom®&” ) (x, €)h so thati 7 P) (x, €) = L(x,&,h)/h.

5.2 Path integral for the master equation

For the master equation Eq. (2) the stochastic process is a pure jump process (which
sometimes specializes to a birth and death process), for which we cannot apply the
method of Subsection 5.1. Nevertheless, we shall see that this method is valid in the
large volume limit. First, we shall describe the jump process of the master equation.
At time ¢, the stochastic process of the number of speci®é(ig. The time evolution

is described as follows. During the time intenjalt + k] the process stays in the
statelN(t), then a jumpaN (¢) — N(¢) + - takes place with probability proportional

to W~ (N). The & length of the interval is exponentially distributed with parameter
27 W~ (N). Itis proved [15, p. 7753] that

N
£EN. 1) = exp |[VIHOV (. 8)]. (@9)
whereH M) is the Hamiltonian (20) associated to the master equation.
Inverting the Fourier transform of the probabiligyx + A, h|x) of a transition

x — x + A intime h, we have, using (39)

q(x+ A, hlx)

(40)

/ exp(i€.A) exp [VhH(M)(x, —"5)} de

V7’| (2m)s

:(;Y/mwmm+wwkr@%

For largeV, this is again estimated by the saddle point method, so that up to pref-
actors

q(x + A, hlx) ~ exp I:—VE(M)(X, 2)h] , (41)

where LM is the Lagrangian associated #) (and,, = 0H™) /9¢,,.) This

is similar to theFeynman path integral [7]. Equation (41) shows that the transition
probability is in the form of a standard path integral. Namely, the weight of a trajectory
is the exponentiaéxp (—V fot E(x(s),k(s))ds) up to prefactors. We have proved

[15, p. 7753] that Eqg. (41) for the transition probability is consistent with the large
volume asymptotics of the stationary state. In [14] we have seen that the stationary state
is up to prefactorsp(x) ~ exp(—V®(x)), where® is the solution of the Hamilton—
Jacobi equation (19). Then, up to a prefactor onefh@s’, h|x)p(x) ~ p(x’). Notice

that Eq. (41) is also consistent, because we have proved in [14] that the Lagrangian
L£M) is positive.

12



5.3 Interpretation: Typical paths in the large volume limit

Equations (36) and (41) have the same structure. They assert that in the large volume
limit the infinitesimal transition probability of an evert— x’ in a time interval of
lengthhisexp (—V L[x, (x" — x/h)h]) , whereL is the Lagrangian of the correspond-

ing theory. This means that a typical trajectory in the state space of concentrations will
minimize the Lagrangian action and will be the first coordinate of a path), £(s)]
satisfying the Hamiltonian equations of the corresponding Hamiltonian. This also im-
plies that in the large volume limit the stochasticity is confined to the choice of initial
momenta¢,,,, which will be the cause of the evolution of theg,.

6 A single chemical species:
exact and approximate solutions

6.1 The master equation and its adjoint for exit times

Let us again investigate in detail the case when we have a single chemical species. Let
the number of particles b&, andV the volume. Suppose that system evolves only by
transitionsX — X + 1 with probabilitiesiV, (X) per unit time. Let? := [aV, bV]

be an interval of integers, arith,(X) for X € Q the average of the first exit time of

Q, the stochastic process starting frof It is well known [9] thatT, (X) satisfies the
adjoint equation of the master equation with the right hand sitld.e.

Wi (X)[To(X +1) = To(X)] + W_(X)[To(X — 1) = To(X)] = —1
Ta(X) =0for X ¢ Q. (42)

Let us assume that the boundary pait is absorbing and thdf” is reflecting. One
can find an exact formula for the solution of Eq. (42) [9]:

X 24 2%

To(X)= > o)) m with (i) := [ | ) (43)

i=aV =i

Letus callz := 3%, so that forz € [a,b] W4 (X) = Vws (z), and then the contin-

uum limit is:
T(z) = V/x /b wd?z) exp (V /Z 1og(z+)) da’dy. (44)
a Jy W- y -

6.2 Approximate solutions (simple domains)

We assume thaliz, b] contains a single attracting point, of the vector fieldA =
w,y —w_. In EQ. (44) the maximum of the argument in the exponential is obtained for
y = a,z = xs, and up to a prefactor

Ta(z) ~ exp(V®(a|zs)), (45)
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where ®(z|y) = f; log(;=)- We notice immediately thab(alz,) > 0, because
w4 > w_ 0ON[a,z,] (@ndwy < w_ on|zs,b].) Then,To(z) does not depend anin
Eq. (45).
As a comparison, we could use the Fokker—Planck equation associated to the master
equation. In that case we should solve

(A( )T 4 D) ;2) TP @) =1 TP @ =0 LTEP0) =0,

R (46)

whered = wy —w_,D = w, +w_. As T(}-P) =2V [7 Lb wdzdy,
which can be approximated up to a prefactor by

Tf(sz)(z) ~ exp (2V /I g) . (47)

If we compare the asymptotic results given by Egs. (45) and (47), we see that
% ~ exp {V [ [log (}fﬁg) — %} } , which is exponentially large with re-
sSect to the volume.

We can also consider the eigenvalue problems

with the adjoint operatoA* of the master equation, and the adjoint oper@diof the
Fokker—Planck equation. Because these eigenvalu@aare%7 we see that

1
W ~ exp(—VC), (48)
1
where(C' is a certain positive constant.
This means that the Fokker—Planck approximation overestimates the velocity of the

rate process, hence also the rate for crossing a barrier with respect to the more exact
master equation.

6.3 Qualitative discussion of the typical trajectory

The typical trajectory of the stochastic process associated to the master equation or
the Fokker—Planck equation can be described as follows. Essentially, the evolution
t — X(t) of the particle number is submitted to the "force” exerted by the deter-
ministic field A, which is attracting towards,, and by a diffusion force. The main
contribution to the calculation df,(z) comes from trajectories joining point €

to pointa in large times. By the results of Section 5 these trajectories are close to
Hamiltonian trajectories (either fak(*), or for H(*P)). For finite times, and for
detailed balanced systems by Kurtz theorem [31] such a trajectory is, however, close
to the deterministic trajectory, and so goes frorto a small neighborhood af,. At

that point, Kurtz's theorem is no longer applicable, and we must follow the reasoning
outlined up to now. The trajectory finally returns to paintfollowing essentially the
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antideterministic trajectory (here this means the reverse of the deterministic trajectory
from a to x5). We shall see in Section 7 that this gives back Egs. (45) or (48).

For example, ifA(z) = —ax (a > 0), andD is a positive constant, the equation
of motion forH*?) (z) = —azp + L Dp? are:s = —az + Dp p = ap.

The trajectory which starts from(0) > 0 ats = 0, and arrives at at timet, is

sh(as)

z(s) = 2(0)e”* + (x — 2(0)e™*") sh(al)’

Whenz(0)e~* < z, this trajectory starts at(0), goes toward§, reaches a minimum
Tmin ~ 2 :wc(O)e*“t/2 (soz,, tends to0 whent — +oc) and goes towards. In

a sense, wheh — +oo, the trajectory loses more and more time aroOn@ee also
[14, p. 7743] for a complete discussion). In the more complex case Whefda, ]
contains more than one zero of the vector figldagain with absorbing boundary
condition ata and reflecting ab) equations (44) and (46) are still valid and exact.
Depending on the position af with respect to the extrema @f T, (x) has different
expressions which may or may not dependeqfil5, pp. 7755—-7756]).

7 Exit times and rate constants

We shall now extend the previous results about the exit time to the multidimensional
case. Let us consider the situation of Subsection 5.2 in the large volume limit, so that
we define the state space as the space of concentratieasX/V. We shall treat
together the Fokker—Planck dynamics and the master dynamics) beta certain
domain in the space of concentrations and for a stochastic trajectory, starting from
x € Q let tg be the first exit time fronf2. The complementary of the probability
distribution oft, and the average exit time are

ro(x,6) = Plta > tX(0) = (49)
To(x,t) = (taX(0) / am“ (50)

It is well known that [9]

Ota(x,t)
ot

whereA* is the adjoint operator of the Fokker—Planck operator or of the master equa-
tion operatorA.
Let us consider the eigenvalugs of A in Q2 with absorbing conditions ofi(2, or-
dered by decreasing order (they are negative), ang |étesp.?,,) be the correspond-
ing eigenvectors oA (resp.A*): Ap, = A\, A*Y, = A0, The eigenvectors are
normalized so thaf,, ¥, (x)om (x)dx = 0. Then,d(x — xo) = 3, ©n(x) 0, (X0)-
Letpq(t, x|x0) be the probability density of the procesg) without leaving(?, i.e.
le pa(t, x|x¢)dx is the probability of the event that the process is in thésetithout
having left the domain2 in the interval[0, ¢], under the condition that it has started
from xo attime0, i.e. [, po(t, x[xo)dx = P(x(t) € Q1,1 < ta[x(0) = xo), so that

= A'71(x,t) 1a(%,00=1 7o(x,t)=0 x€09Q, (51)
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pa(t.xx0) = 32, <1 €*on(X)Vn(x0), Ta(x0,t) = 32, <1 € Un(x0) [ ¢n, and

finally,
ﬁn(xo)
To(xo) = - 32 20 /Qsan. (52)

7.1 Estimation of relevant parameters for simple domains

Let us assume in the present subsection fhabntains a single attracting poist,
of the deterministic vector field\ and no other zero oA (except possibly on the
boundary ofQ).

It can be proved [15, p. 7754—7755] that for lafige

Ta(x) ~ exp(V min{®(y|x;);y € 9Q}),

(up to a prefactor), an@®(x|x;) is the nonconstant regular solution of the Hamilton—
Jacobi equation vanishing a:

HM (x, VB (x|x,)) =0 ®(x4|xs) = 0. (53)

We have also shown above that the functibiis unique. In particularf,(x) is in-
dependent fronx (up to a prefactor). Clearly, the prefactor is such thafx) should

tend to zero fox approaching the boundary 6f, but we are unable to give the form

of this prefactor. Then, from Eq. (52) we see thatx) ~ K, whereK is an absolute
constant (up to a prefactor). However, because of one of our normalization conditions
Jo ¢191 = 1, we see from Eq. (52) that

—Ap ~ ﬁ(x) ~ exp(—=V min{®(y|x,);y € 6}) (54)
and thatrq (x,t) = exp(A1t).

The estimation of the first eigenvalue in Eq. (54) has been given by several authors
for the Fokker—Planck dynamics [36, 50]. We remark that the proof in [36] is not
logically consistent, although the result is correct (see [15, pp. 7754-7755]). If we
allow the domair to contain several critical points @ beyond a stable equilibrium
pointx, then the mean exit time depends on the starting point. The full discussion of
the mean exit times is given in [15, pp. 7756—7757].

8 Progress variables

8.1 Fundamental processes and progress variables

Now we suppose that we have two kinds of chemical species in the vessel of fixed
volumeV:

1. Internal speciesdenoted by, (m = 1,2,..., M) which are varying freely
according to the chemical reactions in the vessel. The number of particles of
speciesY,, is denoted byX,,, and its concentration is,,, := X,,,/V as above.
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2. External speciesdenoted by4; (n = 1,2,..., N), which are completely under
control of external reservoirs.

The state of the system at timés given by the vectox(t) which specifies the
concentrations of the freely varying species. The concentradignsnay be functions
of the state variables. The simplest situation is the case where the reservoirs maintain
eachq; at a fixed concentration independentioie allow a general dependence in
Sections 8-9, while in [18] the action of reservoirs has been discussed in more detail.
The species are reacting and diffusinghirsubprocesses, of which we shall sepa-
rately count the forward and backward steps from now on.

N M N M
ST A+ alt X, =Y ALY B, (55)
n=1 m=1

m=1 n=1

andr labels the processes, as before. By convention, the forward process is from left
to right, and the backward process is from right to left.

If from now on¢&,.(¢t) denotes the number of forward processes minus the number
of backward processes of typaup to timet, then we have [31]

X(t) = X(0) + Y (1), (56)

wherey" is the difference between the stoichiometric numbefs:= g — o). Let
u,- be the number of processes per unit volume:

_ &

= (57)

Uy

and call these numbepsogress variablesas usual. FinallyJV* denotes the proba-
bility per unit time that a forward or backward process of typeccurs inV. Because
of Eq. (56) in rescaled variables we have

x(t) = x(0) + Tu(t), (58)

andW can be considered as functiomafx(0), anda(t).

8.2 Dynamics of progress variables

The probabilityQ(«, t) that at timef r, processes of type have occurred satisfies the
following master equation

WD S Wiy - en)@y — e t) + Wy (v + €)@ + e5.1)]
B
- (W) + Wi ()Q(,1). (59)

Let us now turn to the rescaled variables defined in (57) to define the rescaled probabil-
+
ity densitiesg(u, ) and ratesv® by g(u,t) := VPQ(v,t) wi(u) := Y= and

[e3
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with these (59) may be rewritten as

1 9q(u,t)
v oot
Z {wg(u —ep)q(u—ep,t) +wy (u+es)g(u+eg, t)}
B
—(w} (0) + wy (u))g(u,t). (60)

For largeV we obtain an approximate Fokker—Planck equation from Eq. (60):

dq(u, A(w () —wj (u))g(u,t) 9% (w (W) 4wj (u))g(u,t)
q(af, ) Zﬁ 8 au[; q + % Zﬁ 3 aug q ' (61)

However, it has been shown that this equation does not give the correct results for
stationary state and large time dynamics of the full master equation (see [12] and above,
or [14]).

8.3 Approximate dynamics for large volumes

For largeV again one may try a formal asymptotic expansiongfor
1
q(u,t) = exp(=V)(Up(u,t) + VUl (u,t) +...). (62)

The variations of the prefactéf, are usually negligible compared to the variations
of the dominant exponentiakp(—V'+.) However, the prefactor becomes preponderant
near criticality, when the argument of the exponential vanishes. On the other hand, the
method of Kubo would make no senselify was singular. For all these reasons, a
further study of the prefactor is necessary for a sound mathematical foundation of the
present formalism.

The expansion (62) is used either in the Fokker—Planck equation (61), or directly
in the master equation (60). In both cases it is easily shown as above that the function
1 satisfies a Hamilton—Jacobi equation in the progress variables:

Hl(ua Vg[}(ll)) =0, (63)

whereH' is either the master Hamiltonigh’M), or the Fokker—Planck Hamiltonian
H,(]:P).

HM (u, ) = Z(wj —w)m, + %(wj + w; w2, (64)
HIP (7)) = [w) (exp(m,) — 1) + w; (exp(—m,) — 1)), (65)

T

where , is the conjugate momentum af.. As above, we havé{ ) (u, ) =
HEP) () + O(|x ).

We notice here that all the results proved previously for the Hamilton—Jacobi equa-
tion associated with the master equation are valid for the Hamilton—Jacobi equation in
the progress variables.
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8.4 Relation with the usual master equation

The usual master equation is an equation for functions of the state vaxiaBle

though the formal derivation of the usual master equation and of its Fokker—Planck
and Hamilton—Jacobi approximations are the same as in Subsection 8.3, their physical
meaning is completely different, becauseare not state variables. They are related to
state variable by Eq. (58). Upon knowimgone can deduce the variatiot(t) — x(0)

of the state variable, but in general conversely rateviously we have introduced the

rate per unit volumev~ (x) of a transitionx — x + ~/V. Itis clear that

wry(x) = Z w(x) + Z w, (x). (66)
T =" T ="
The usual Kramers-Moyal expansion of the master expansion studied above and in

textbooks [24, 26, 27, 39] and papers [12, 17] yields the usual Fokker—Planck equation
in concentration variables,

pbel) _ mz_j o (Anp)(x,8) + mf; o (D50,
where
) = Y my) = o ) = ) )
Drafo) o= 3wy = Lot ()~ ). (69

Finally, Eq. (58) shows that the evolution remains for all time in the subset

E(x0) :={r e RM;x = x¢ + ZTZHUT; ur € R}.

T

Itis clear that this set is the same as the¥ety) introduced in (11), because the set of
2R vectorsy,. (r = 1,2,..., R) is exactly the same as the set of vectefs r) (r =
1,2,...,R), and each subsdi(x,) carries a stationary probability distributioiVe
shall assume henceforth that we reduce the situation to a giveFi(sgt), so that the
dynamics is irreducible and has a unique stationary state in this set.

Notice that ifd is the dimension of2(x,) we can usel variables to parametrize
E(xg). The other variables 11, x4+, . . .,z are still present (so that the chemical
processes are the same) but they are linear functionsg,af, . . ., x4.

If one introducesr :=7-§ x:=x(0)+ 7 - u, then (66) implies that the master
Hamiltonian7{'*) in the variablegu, 7) reduces to the master Hamiltoniat{*?)
in the variablegx, &) : H'™) (u, ) = KM (x, €). In particular, if® is a solution of
the Hamilton—Jacobi equation

HM (x, Vd(x)) =0, (69)
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then the function)(u) := ®(x(0) + 7 - u) induces a solution of the Hamilton—Jacobi
equation in the progress variable form:

H') (u, Vip(u)) = 0, (70)

becausé&/y(u) = VO(x) - 7

But conversely, a solutiog of the Hamilton—Jacobi equation (70) does not nec-
essarily produce a function in the state variabteand a fortiori does not define a
solution of Eq. (69).

8.5 Free energy and rate constants
in the unconstrained system

We consider now the vessel of volurie in which the2R processes take place, but
now we switch off the exchange of external specigswith the reservoirs (still main-
taining the temperatur€ constant), so thahe concentrations,,, anda., vary freely
according to the natural chemical procesges= 1,2, ..., R) in the vessel. The state
then will reach a thermal equilibrium. At thermal equilibrium, the probability distribu-
tion on the state space which consists now of the freely varying concentratjpasd
an is for largeV : pey(x,a) ~ Uy exp(—%) whereF is the free energy (of the
state(x, a)) per unit volumef g is the Boltzmann constari; is temperature, antly
is a prefactor. At equilibrium, all processesire supposed to satisfy detailed balance,
as it is usual when dealing with realistic physical systems, written asymptotically for
largeV’ asw;’ (x, a) exp(— 27 F(x,a)) = w; (x,a) exp(— 1o L F(x+ T a+ b)),
wheret := v — pu. Therefore

oF OF

kBTIOg( T) 8x "‘r% t. (71)

For perfect gases or solutions one usually assumes that the rates areatthaction
form: wi(x) = kfx% w>(x) = k-xP-, wherek* are temperature dependent
rate coefficiens. One can immediately check that the usual partial equilibrium form
[13] of the free energy

a) =Y Ful(zm)+ Y Fulan) (72)

(whereF,, is the free energy of the ideal gas law at temperafuend concentrations
x) does satisfy Eq. (71). In fact, the chemical potentials are

OF dF,,

and Eq. (71) reduces to

kpT log Z T fo(T) + Z t" fo(T (74)
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Here eacly,, is calculated using the partition functions of the internal degrees of free-
dom of the specie&,, and Eg. (74) is the usual expression for the equilibrium constant
K, .4 Of the process in term of the partition function of the internal degrees of free-
dom of the species appearing in the given process.

In many circumstances, like for imperfect gases or solutions, electrolytes, etc. one
needs a more general formulation of the free enéfgyot necessarily of the form (72).
This is why we shall work with the most general form of the free energy.

From Eq. (71) it follows for all-

w;(x,a) exp (ﬁ%ﬁf)) — 1) + w, (x,a) exp (—,@%%ﬁf‘)) — 1) =0, (75)

wherefE =37 OE 7my DE4n so that L F satisfies the Hamilton—Jacobi equa-

m Oxm O,
tion (63): /M) (u, 17 45) = 0 with H'(M) given by (65), where im;* the variables

arex=x(0)+7-u a=a(0)+t u.

9 Dissipation

9.1 Dissipation of information

From now on, we shall assume again that on a giverE'¢et)) the state of the vessel
reaches a stationary stgiéx) ~ Uy exp(—V ®(x)) with the concentrationa being
entirely controlled by the reservoirs and having fixed variatiofis.
The statex(t) macroscopically evolves according to the deterministic equations

dx = A(x) =7 (wh(x(t)) — w(x(t))). The value of the state functioh evolves
as

de . 0P

T = VROO)X() = D7 () (x(1)) — wf (x(6))) 5 (76)

m,r

We know from Subsection (8.5) that’™) (u, V®(u)) = 0. Bute® — 1 > z, s0O
that0 = 3=, [w;t (exp(£2) — 1) + w; (exp(—22) — 1)} >3, (wf —w) 22 As

a consequence, we obtain the inequa%% < 0, where equality is attained if and
only if wo®/0u, = w, 0®/0u, for eachr. In particular, if the deterministic state
reaches a stationary poirt®, for which A (x(?)) = 0, thend®/dt = 0, and either
0P /du, =0, orw,} = w; =0.

The quantityd®/d¢ computed along a deterministic trajectory is always negative.
It can be interpreted as a dissipation of information per unit time.

In fact, V®(x) can be considered as the average information which is obtained
when the system is observed in the statether then being stochastically distributed
with the stationary probability distributiops (x) ~ exp(—V ®(x)), which is the state
of lowest information, when the system is coupled to the various reservoirs of heat and
of chemical speciedl,,. Along a deterministic patld decreases with time while the
statex tends to a deterministic stationary state which is a local minimug. of
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9.2 Dissipation of energy

The variation of free energy along the deterministic trajectory is

dF OF dx; OF day
— = e —. 77
t Zi:axi dt+zi:8aldt’ (77)

or,
dr BF d:z:l da; da; da;
dt & Zﬁaz{ ] ZaazthL dt>7 e

Where[d‘”] is the variation ofz; due to the chemical processes. It turns out [18][p.

684] thatdll —w < 0, wherew := — 3", m; ([42]_ — 4%, andthe quantityd” —w

is the dissipation of energy in the system per unit time.

9.3 Inequality between the dissipation of information
and that of energy

Itis proved in Appendix A of [18] that the dissipation of information and the dissipation
of energy satisfy the fundamental inequaljty (¢ —w) < &% < 0, so that in
absolute value the dissipation of information is always less than the dissipation of

energy. Moreover, there is equality if and only if we have an equilibrium situation.
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