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In this work, we consider the nonequilibrium thermodynamics of a reaction-diffusion system at a
given temperature, using the Master equation. The information potential is defined as the logarithm
of the stationary state. We compare the approximations, given by the Fokker—Planck equation and
the Wentzel-Kramers-Brillouin method directly applied to the Master equation, and prove that they
lead to very different results. Finally, we show that the information potential satisfies a Hamilton—
Jacobi equation and deduce general properties of this potential, valid for any reaction-diffusion
system, as well as a unicity result for the regular solution of the Hamilton—Jacobi equation. A
second articléPaper I), in the same series, will develop a path integral approach and an estimation
of the chemical rate constants in this general context.1999 American Institute of Physics.
[S0021-960699)50940-9

I. INTRODUCTION fluctuation—dissipation relations, follow naturally. As usual,
it is necessary to distinguish statistical equilibrium which is
Most macroscopic systems are usually in a nonequilibrealized when the equilibrium distribution is established,
rium state, and even far away from equilibrium. In fact, thisfrom the equilibrium state which is the most probable state
is why they become interesting. How to describe them qualiof the equilibrium distribution, i.e., the state which is ob-
tatively, or even quantitatively, at least in the thermodynamicserved macroscopically at equilibrium. Even if statistical
limit? This question has been asked since the beginning ddquilibrium is established, it is possible to observe nonequi-
thermodynamics(in fact, an engine following its Carnot |ibrium macroscopic states due to fluctuations in the system,
cycle is already far away from equilibriumand many ap-  put these relax rapidly to the equilibrium state. The usual
proaches and answers to this question have been proposgfrmodynamic functions, such as entropy, or free energy
without a general agreement concerning basic questions, likean be defined from the probability distribution, either glo-
the definition of thermodynamic functions, the definition of bally, as is the case on the well-known information entropy,
dissipation, the characterization of the stationary state, thgr |ocally for individual states, as is the case for the Einstein
nature of phase transitions in nonequilibriﬁfﬁ.NeW con- entropy formula. For the most probab{er macroscopic
cepts applicable to chemical systems far from equilibriumequilibrium statg, these local quantities become practically
have been recently develop&t” Recently, we have pro- equal to the corresponding global or average quantities.
posed an approach based on the Master equation and we |n nonequilibrium situations, it is impossible to use the
have been able to define dissipation of information, relativeyartition function, in particular because the probability dis-
entropy, fluctuation—dissipation relations, Onsager reciproCyipution on the state space is already given by the system
ity coefficients currents matrices, and first orderythout being related in any obvious manner to an energy on
transitions:*** the state space. On the other hand, at least formally, every
Equilibrium situations are well understood, both from propapility distribution can be considered as a Boltzmann
the thermodynamical and the statistical mechanical points ofjistripution with an energyH (x) = — kg T log p(X). What is
view. Everything can, in principle at least, be deduced frommportant, is the dynamics which can distinguish between
the partition function associated to the Boltzmann distribu-gqyilibrium and nonequilibrium situatioddNonequilibrium
tion on the state space. Then, the free energy can be deducg@tionary situations are manifested by the existence of non-
as the logarithm of the probability distributidmp to tem- 14 currents, or by net fluxes due to the fact that a nonequi-
peratur¢ and the relaxation towards equilibrium and jipriym dynamics does not satisfy the principle of detailed
balance, though the system is in a stationary state. On the
dElectronic mail: gaveau@ccr.jussieu.fr contrary, for a system at thermal equilibrium there are no net
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fluxes, and the system appears, to a macroscopic observél, MASTER EQUATIONS AND FOKKER—-PLANCK
completely inert* EQUATIONS

Our aim is to develop systematically the Master equations. Master equation
approach as a foundation of nonequilibrium thermodynamics We consider a system formed sfdifferent species la

in the context of reaction diffusion systems. Moreover, Weoled by &i<s and we denote; the number of particles of

shall_alsc_; assume that the voIgrr_1e_ of the s_ystem IS nT"Emrcgpeciesj. The total volume of the system V. The system
scopic, i.e., large but not infinite, as in equilibrium

T > . evolves by various processes and we vgl({n;}) the total
situations® (see Refs. 16 and 17 for difficulties with the probability per unit time of a transition:

infinite volume limiY. For a system in a stationary state, the

main quantity is the logarithm of the stationary probability — {n;}—{n;+r;} (2.1
distributions divided by the volume, namelyp(x)= o . )
—V~tlogp(x), x being a state of the system. For obvious With given |nte.gersi>.0. r denotes the upletr:{ri}_. It is
reasons, we call this quantity the “information potential.” In Cl€ar that \,","‘”Olés (;lfierbent proceslses C‘Zn contrlbuée ht.o a
an equilibrium situation, this would be the free energy, up tod'Ven transition Eq(2.1) but presently we do not need this

S . . . . fact. The state of the system at tirhés characterized by a
multiplication bykgT. This series of articles will be centered Lo . .
. . . . probability distribution functionP({n;},t) whose time evo-
around the information potentid}. In the first part, we shall

3 ) lution is given by a standard Master equation
construct and study various properties®f In the second
part® we shall introduce path integrals and ubes a way PN} t)
to estimate rate constants and first exit time of domains. The — ;= (LP)(inij,0) 2.2
third part of this series will compare free energy and infor-
mation potential. We shall prove that the energy dissipatiorwherelL is the evolution operat6F’
to transfer a system in a nonequilibrium situation is always
larger than the inf(?rmation di.ssipatiop. Finally,.we shall (LP)({xi},t)=Z [W,({n,—r)PUn—r}0)
prove that our version of the information potential can be T
effecuye even for sys.te.ms W'th. several Qegrees of freedom —W,({n )P0, 2.3
where it leads to explicit analytic calculatiofts.

In Sec. Il, we fix the basic notations which will be used To define the large volume limit, we introduce the con-
in this series of articles, concerning Master equations otentration variables
Fokker—Planck equations in the context of reaction diffusion
systems. In Sec. Ill, we consider in detail the large volume _ni dx:l
approximation leading to the definition o and the v T VY
Hamilton—Jacobi equation associated to the Master equation, i ] S _
which was introduced in Refs. 4 and 20 as well as applicafind define the density of the probability distribution function
tions in Refs. 12 and 21. As was discus&&this Hamilton—  P({Xi:t) by
Jacobi equation associated to the Master equation gives more s
sensible and precise results than the one associated to the P({ni},t)zp({xi},t)ﬂ dx; . (2.5
Fokker—Planck equation. This is why, we shall systemati- i=1
cally use the Master equation approach and its Hamilton— _ . .
Jacobi theory, rather than the Fokker—Planck equation ap- Since the chemical reqqtmns are local phenomeqa, the

: . . . corresponding overall transition ratég should be extensive
proach. Still, the Fokker—PIanck equatlo.n and its Ham'lton_quantities, and we redefine them as
Jacobi theory will be useful as technical tools to prove
results concerning the more exact situation of the Hamilton— W, ({ni})=Vw,({x}).

Jacobi equation of the Master equation. This is why we treat
both Hamilton—Jacobi theories together. In Sec. IV, we de- Using these notations, the Master equati&ys. (2.2)
rive a certain number of general results concerning the inforand (2.3)] can be rewritten for the functiop(x,t) as
mation potential which are valid for any reaction diffusion
systems, relating the Hamilton—Jacobi equation to the stan- M—VE Wr( [Xi— %] ) p [Xi_ %] ,t)

. (2.6)

(2.4)

dard variational metho¢minimization of a Lagrangianthe ot r
title of this series of articles is “variational nonequilibrium
thermodynamics.” We prove that the positivity of the La- —w,({x}H)p(xi}.t)
grangian, gives a construction of the information potential,

proves that it is unique up to a constant, and finally shows  Thjs formalism can also describe reaction-diffusion pro-
that its minima are the attracting points of the deterministiccesses: the total volumé is divided intoN cells labeledk
vector field of the macroscopic theory of the diffusion reac-with the various numbers of particles in each cell as “chemi-
tion system and vice versa. Proofs and several results to lsal” species with rate processes of the type Eql) for the
used later are given in the Appendices. exchange of particles by diffusion between adjacent cells.
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B. Approximate Fokker—Planck equation pressing the fact that it is supported Byx(0)]. The Master

equation Eq(2.6) induces on eack[x(0)] a Master equa-

tion for a smaller number of variable&he other variables

being linear functions of these variablebut now, the sta-

I(tlonary distribution is unique. The deterministic evolution
given by Eq.(2.9 stays inE[x(0)] also, because the varia-
tion in dt of dx; is

A standard approximatiGrof the Master equatiofEq.
(2.6)] in the large volume limit is obtained by the Taylor
expansion the second member of Eg.6) up to terms of
order O(1¥). This expansion gives the Fokker—Planc
equation forp

ap(x t) °
== 3, 5 ACop0c) dx=3 rw,(x)dt
r
19 9 D 2 which is of the form of Eq.2.10. The same remarks are
2V., 1 9X; axJ( iP) 27 also valid for the stochastic processes associated to the
Fokker—Planck equation.
where

In Part I, we shall assume that the Master equation is
irreducible, that is, there are no linear conservation laws. We
A(X)=2 TWe(X),  Dij(x)=2 1 ;We(X). (2.8 can always assume that this situation holds, if one considers
' ' the reduced Master equation on a given subsgat®e shall
Itis well known that higher approximatidikeeping terms in  also assume that the zeroes of the vector fléld(x)} are
0(1INM™] can lead to inconsistent resulias negative prob- isolated on each subspaEe
abilities). On the other hand in general the present approxi-
mation does not respect the natural boundary conditions of

the Master equation. . HAMILTON—-JACOBI APPROXIMATION FOR THE
Both Master equations and Fokker—Planck equations arASTER EQUATION AND FOKKER—PLANCK
consistent with the usual deterministic equation EQUATION
dx; We shall recall an approximation, originally introduced

1 -
=A(), =15 2.9 by Kubo et al.?° also Ref. 22 and more recently Ref. 12.

This approximation is better than the usual Fokker—Planck
approximation(see Sec. IV, as well as Ref. 21 in the sense
that it gives more physical results

dt

which holds for the average of x;, if all fluctuations are
neglected’ Here, the average of is the average of; with
respect to the solutiop(x,t) of the Fokker—Planck equa-
tion. A. Hamilton—Jacobi theory for the Master equation

The idea of the approximation is to wrigg(x,t) as a
C. Conservation laws and irreducibility Wentzel-Kramers-BrillouifWKB) type expansion, valid for

The Master equation is associated to a birth and deatl"f‘rgev

process{x;(t)}.* During a time intervalAt the variation 1
Ax;(t) is PO =exd = V(X 1)] Uo(x, 1) + S Uy (x, 1)+
_ (3.2
Axi(t)_Z Fir (210 where®, Ug,, Uq,... areunknown functions. Then, one re-

placesp in Eq. (2.6) by the expansion given in E@.1) and
group together terms by decreasing power¥ of he highest
order term inV, is of order O) and containdJ, in factor.
It is zero if and only if,® satisfies the equation:

S
ad
ex;{ Zl riﬁ—xi> -

This is a Hamilton—Jacobi equation which can be inte-
grated by the method of bicharacteristiéd he next term of
order @1) in V, in Eqg.(2.6) [after one has replacquby the
expansion Eq(3.1)] is a first order linear equation fdJ,,
called the transport equation

exp(ZShaCD)Z

where they, are random variable@ndexed by the corre-
sponding to nonzero transition rates). The stochastic pro-
cess{x;(t)} will then satisfy certain linear conservation laws.
More precisely for each poin(0) in the space of concen-

trations, one defines a linear subspace
=0. (3.2

P
W"'Z Wr(x)
E[X(O)]Z[XE X

x=x(0)+ 2 ri&t, (2.19)

where theé, are real numbers indexed by thmewith w,
#0. In general the various vectofs} are not linearly inde-
pendent, so that a givenis not uniquely represented by the
equations in Eq(2.11). The whole spac& is a union of all
the subspaces[x(0)] and by definition, the birth and death U,
procesgx;(t)} remains inE[x(0)] for all time. As a conse- +Z

J
guence, each subspa€gx(0)] will support a stationary so- Xi

axi

o)
——(riw,Ug)

lution, which is the stationary distribution ¢k;(t)} starting s s 2

: : S 1 °d
from {x;(0)}. This stationary distribution can be denoted by +U02 2 r, x|\ 2 E rirjwrm =0.
p[x|x(0)] and does not depend of the choice xg0) in ' =1 ! ) 0
E[x(0)]. Thus it contains varioug$-functions factors ex- 3.3
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B. Hamilton—Jacobi theory of the Fokker—Planck
equation

For largeV, one can use WKB-type expansion foin
Eq. (2.7), namely

p(x,t)=exp — VPP (x,t))

1
X UE)FP)(x,t)Jrvu(lFP)(x,t)+--- . (3.4)
One obtains equations fd(F, UFP, U™ inserting
the expansion Eq.3.4) in the Fokker—Planck Eq2.7) and
identifying the various powers of

oD FP » gdFP 1 D P o (FP

g T A X +§i,j Tax ax =0 @9
g™ 9 PG

+> L AUFP) 4+ 2 (D.UFP

gt ziﬁxi(A'UO ) .EJ X ax,-(D'JUO )

1 aZCD(FP)

- A FYT(C

+5 .EJ D;; X )uo 0. (3.6

Equation(3.5) is a standard Hamilton—Jacobi equation
(with a standard Hamiltonian, quadratic in the momentum
and Eq.(3.6) is a transport equation. One sees immediately
that the system of Eq$3.5) and(3.6) is obtained from Eqgs.
(3.2 and (3.3) when one assumes that the derivatives

(od/x;) are small, so that one can replace

s
JP
GX% |:E:L ria—xi) -1,

by its Taylor expansion up to second order. Then BmR)
reduces immediately to E¢3.5 with the A; andD;; given

as in Eq.(2.7). This indicates that the Hamilton—Jacobi and
transport equations Eq93.5—(3.6) associated with the
Fokker—Planck equation are less precise than the Hamilton—

Jacobi and transport equatiofsgs.(3.2) and(3.3)] directly

deduced from the Master equation. In fact, their range of
validity is limited to neighborhoods of the stationary points

of the action function®, i.e., points wher&® is zero.

C. Stationary solutions

We shall again write the stationary solution of the Mas-

ter equation or of the Fokker—Planck equation as

p(x)~e” VPX Uo(x)+$U1(x)+... . (3.7

Then ® satisfies the stationary form of the time depen-

dent Hamilton—Jacobi equations E@3.2) or (3.5 and U,
satisfies the stationary form of the transport equat{&ts.

Variational nonequilibrium thermodynamics. | 7739

or

1
Herx,6) =2 A&+ 5 2 Dijhity. (3.10
for the Master equation or the Fokker equation, respectively,
the variables; being the conjugate momentaxfFrom Eq.
(2.8), we deduce for smalf

Hu(x,6)=Hee(x,6) +0(|£%). (3.11

In this work, we shall only use the stationary form of the
equations.

Itis proved in Appendix A that in some neighborhood of
some zero of the vector fielfA;}, it is always possible to
study the stationary solution of the Master equation by using
the Fokker—Planck Hamiltonian.

D. The particular case of one chemical species

We consider the case when only one chemical concen-
tration can vary(so s=1 in the previous sectionand we
assume that the system evolves only by transitinasn
+1. As before we go to the large volume limit, defining

X= 0 P=P(0 s Wa(m)=Var. (),
so that one obtains the exact Master equation and the
Fokker—Planck equation Eq&.6) or (2.7), with
AX) =W, (X) —W_(X),
D(X) =W, (X)+W_(X). .12
The solution of the Master equatiéh??Eq. (3.1), is
p(x)=Ug(x)exd —Vd(x|a)]

_ C x w_(x")
WL ()W (%) & —VL IogW+(X') dx )
(3.13

wherea is an arbitrary value an@ is a normalization con-
stant. Wherw_, andw_ have no common zerg given by
Eq. (3.1) is normalizable with

C:{ [
0 VW, (X)W _(X)

X Wy (X) -t
Xex;{ —VL IogW_EX) dx’)] .

The integral in Eq(3.14) can be estimated by the saddle

(3.19

(3.3) or (3.6)]. In both cases, the stationary Hamilton—Jacobipoint method. The main contribution to the integral is ob-

equation can be written as

H(x,V®)=0, (3.9
whereH(x,§) is of the form
Hin(%, €)= 2 wr(X) eXp< > ria)—ll, (39

tained for a pointxs which is an absolute minimun of
®(x|a). If we assume that there exists only one such point
we have

(x)~Lexr{—VJX lo de’}
P YW (X)W_(X) X Sw, (x7) '
(3.15
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where C, is now J (1/yV)] if the minimum of ® is not V. CONSTRUCTION, UNIQUENESS, AND CRITICAL
degenerate. When there are several attracting pointa of POINTS OF ®

- _ Q) (r) (k)
=W,—W_, X¢’,....Xg’, one chooseg:” such that . . . .
* s s s In this section and the following one, we shall derive

general basic properties of the functidnwhich is a solution

N5y =
C(xxs7)=0 for all 7, of the Hamilton—Jacobi equation E.9

and again, one obtains E3.15. In the same manner, the H(x,V®)=0, 4.1
stationary solution of the Fokker—Planck equation can be ith H given by Egs.(3.9 and (3.10. The traditional

written method” for constructing® does not work, but we shall
G:) vy (FP) show how to construct it and prove the uniqueness of smooth
P(x)~Ug (x)exd —VOT(xa)] solution ®. Finally, we study the critical point ofb. We
x 2A(X ) shall treatH,, andH gp together(in fact, we need the results
= j (3.16 concerningHgp to derive certain results fdd,,)
D(x) D(x’ ) 9rp M)

A. Lagrangians
and is normalizable provideD (x) has no zerdor w, and

w_ have no common zeypwith

D()p(JD()

Again, C can be evaluated by the saddle point method, thavith
main contribution coming from the absolute minimuwof

The Master equation and Fokker—Planck Hamiltonian
are, respectively:

1
} : Hm(X,S)ZZ w,(x)[exp(a)—1], (4.2

®"(a), which is an attracting point of the vector fieddx): = 21 rié&, 4.3
Co xA(X") and
p(x)~\/vT(Xs)exp( ZVJ D(x ) ———dx’ ) (3.17 . )
Her0,8)= 2 ACO&T 5 2 Dijhié (4.4

Whenw, andw_ have a common zerq given above
is not normalizable, indicating that the expression of Eq.  The corresponding velocities are

(3.1) for pis not valid. This is exactly the case of criticality. Py
M

X = e E r,w, (X)exp ) (4.5
E. Comparison of asymptotic results and
The two approximations given by Eg8.15 and(3.16 . oH IHep
are close to each other for small values ad/dx), or when Xi= OE =Ai(X)+ 2 Dij(x)§;, (4.6

A'is small and in this case one has
and the Lagrangians are

log i —~~5 u(xX)= 2 W)L expm) —exp(m) +1], (47)

The approximation of Eq(3.16 given by the Fokker— and
Planck equation is precise near a zeroAdk). But when S g _1,:
there areqseveral zeFr)oes, the approximation fails, because the Lep(x,%)=3(x=A)D 1 (x—A). (4.8
eigenvalues and the mean exit times calculated by Fokker— In this Fokker—Planck casgEq. (4.8)] é=D 1(x—A)
Planck equation differ from the analog quantities given byprovidedD is nondegenerate, which is the case if we assume
the Master equation, by an exponentially large faétor. that there are no conservation laws.

This is also the indication that the limit theorems of the ~ The first result is that, under the hypothesis of no linear
Kurtz?® type are not valid in casé and has several zeros. conservation laws., p andLy, are=0 andLgpor Ly, are 0
These theorems state that the stochastic propeég} as-  if and only if £&=0.
sociated to the Master equation tend to the deterministic tra- In the case oL gp, this is obvious because of E@L.8).
jectory of A(x) (starting from the same pointand that the In the case oLy, using Eqg.(4.7) and the inequalitye™ "
deviation is Gaussian, but these theorems are valid uniformly-1+u=0, for anyu, we see thak, is positive or 0, and is
on finite time intervals. They cannot describe the situatiorD, if and only if, =,=0 for all r such thatwv, #0. When there
for times which are like exfd). In particular, these theo- is no conservation law, the vectors={r;} generate the
rems cannot describe chemical activated events like the paghole spaceX, so that a vectof&;} orthogonal to all these
sage over a potential barrier, and they do not correctly der's is O, but the fact thatr,=0 for all r is exactly equivalent
scribe the rate constants. to the fact tha r;§;=0 for all r, so that&;=0
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We also notice that when there are conservation I&@ws, with the conditions

is necessarily degenerate, becaudg==Xrir;w,(x) and _(0) _ #(0) _ (0) £0)y

there is¢; such that> r;&=0 for all . x(0)=x'", &0)=¢£&", x(t)=x, Hx™Y,¢ )—(213)

The unknowns arg® andt, which will be implicitly fixed

B. Special paths by condition Eq.(4.13. Then the function

(i) Deterministic pathsThe deterministic paths

t S
X, 2= '3, s, .14
at A 49 . . _
£=0 is the solution®(x|x(®) of H(x,V®)=0, where in Eq.
|

(4.14 the integral is taken along the pdtk(s),&(s)] satis-
are obviously solutions of both Hamiltonian equations. Con<ying Egs. (4.12 and (4.13. But the function® (x|x(¥)) is
versely a patf{x;(t),&(t)} which is a solution of the Hamil- not differentiable a(® since V,®=¢—¢&, asx—Xo; but
tonian equations, such thg{(0)=0 for all i is the determin- £, depends on the path fromto x,, so thatV,® is not
istic path, because of the unicity of paths under given initia'defined a]xo, in genera|_ In our situation where
conditions. Moreover, the Lagrangian is zero along a deter-

ministic path and conversely, and as a consequence, the P(X)~Uo(X)exd —V®(x)], (4.19

variation of the actionb along a deterministic path is zero. \ye expect®(x) to be regular everywhere and to be peaked
(ii) Antideterministic paths Let us assume now that gt a pointx, (at leas}, so that one cannot take for odr a
®(x) is a smooth solution of the Hamilton—Jacobi equationfynction @ (x|x(®)) constructed by the traditional method as

and define

1oL
E(x)=——. (4.10
A solution[x(s),&(s)] of the system
dXi . oH
ds a—g[xf(x)]
(4.11

&i(s)=&[x(s)],

is a Hamiltonian path because

déi(s) 9& dx; PPd gH [ b
ds T)(,-E:j axiaxja_gj(x'§>
oH
=—&—Xi[x,§(X)]
becauseH[ x, (d®/dx)]=0 so that
oH H &*D

X ] ﬁfj (?Xi(?Xj
Moreover,® is increasing along such paths because

do dd dx dx

ds 4 ax; ds_Zi 6i(s) gg =L=0,

above.

We shall now describe the correct constructiorbdfy a
limiting process.

Let us consider a point; which is an attracting point of
the vector field{A;(x)}. We take another point® and we
construct the usual actioh(x|x(?)) using Hamiltonian paths
starting fromx(?), with energy 0. Fox(®+ x, this function
is nontrivial and is not differentiable a®). The function
®(x|xs) is now defined as

D(x|xg)= lim ®(x|x¥)=0.

X0 xg

(4.1

The function ®(x|xs) is not simply the function
O (x|x©) for xD=x,. The reason is that if we choose
x©@=xg, & must vanish in order that (x(¥,£©)=0. This
is obvious forHgp and is also valid foH, using the in-
equality e*—1=a, then the trajectory never moves away
from x(® and the traditional action is 0. In generdi(x|xs)
is a nontrivial function, which is differentiable at=x,, has
a strict minimum atg, which is a nondegenerate minimum
if X is a nondegenerate attracting point of the vector field
{A;j}. We prove the existence of the limit in E4.16 in
Appendix B. Moreover, we will consider a given pokand
a trajectory with 0 energy starting fromi®) and arriving aix
in a certain(unknowr) time, t. This trajectory has an initial

so thatd is increasing along the path. The trajectories givenmomentumé which is a function£(x|x(). In the Fokker—

by Eq. (4.1 will be calledantideterministic pathsfor rea-
sons to follow.

C. Construction of &

Until now, we have not said how to construct the action

®. The traditional method to construct a solutidn of
H(x,V®=0 is the following®* One chooses a point® and

consider a pathx(s),£(s)], solution of the Hamiltonian sys-

tem

_dH - oH
_&_fi' &= (4.12

X ST
1

Planck case, we have
Hed x©,€(x|x@)]=0.

Call

x0=xg+ X,
so that

AXD)~A(xg) + A’ (xg) Sx=A'(xs) 8, for dx—0,
then from the definition oHgp, we have

1

5 EDE= A’ (Xg) O.£. (4.17
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Assuming thatA’ (xs) #0 andD is invertible atxg, we  Hy, in general, since we have proved théf, can be ap-
deduce from Eq(4.17) that proximated byHgp in the neighborhood of a zero of the

vector field A.
|€(x|x©)[=0O(8x) (4.18 o o
0 0 F. Critical points of & and zeros of the deterministic
and from Eq.(4.18 ¢(x|x(¥) tends to 0 wherx®—x..  yector field

From Eq.(4.18 and the definition of the velocity _ _
In Appendix C, we prove the following facts:

x=A(x)+D§, (i) a nondegenerate critical point df is a zero of the
deterministic vector fieldA (for bothH,, andHgp. A non-

degenerate minimum ob is a stable attracting point o&.

[X(0)|=0(8x), (4.19 (ii) Conversely foHp, the zeroes of are critical points of
@ and the stable attracting points Afare minima of®. (iii)

Conversely forH,,, the stable attracting points & are
minima of ®.

we see that the initial velocity is

so that the timea needed to joirx(®) to x along the Hamil-
tonian trajectory of energy 0 will tend to infinity whed®
tends tox,. It is precisely because the initial momentum is
tending to zero, that the limiting function lida(x|x(©) will

be differentiable aks, whenx(® tends tox. V. CONCLUSION

In this article, we have studied the stationary state of the
Master equation for a reaction-diffusion system using a

D. Unicity of & Hamiltqn—chobi equation_adapted to the Master equation
] ) ) _ and which gives more precise results than the usual Fokker—
We prove in Appendix C, the following fact: Planck equations. We have proved that, nevertheless, the

~ It @ is a smooth solution of the Hamilton—Jacobi equa-amjjton—Jacobi equation for the Master equation can be
tion (either Hy or Heg) and xo is a minimum of ®, the  555roximated by the Hamilton—Jacobi theory for the associ-
Taylor expansion o> atx=Xx, is uniquely determined up 10 5164 Fokker—Planck equation near a zero of the deterministic
an additive constant. In particular df is an analytic solution yector field. We have constructed rigorously the correspond-
nearxo, it is unique. As a consequence there exists at moshg action, without using the standard Hamilton—Jacobi
one function® which is a global analytic solution of the heqry near a stable zero of the deterministic vector field and
Hamilton—Jacobi equatiofup to an additive constantBe-  \ye have also proved the unicity of a smooth solution. Finally
cause of thIS. latter fact, we can deﬂ_ne the e_mudetermlnlstlgve have proved that the critical points of the action are the
path, by using the unique analytic solutioh of the  ;oroes of the vector field. These results show that the station-

Hamilton—Jacobi equation as in Sec. IV B namely, ary distribution is peaked exactly at the stable zero of the
dx(s) oH - vector field. This Hamiltonian formalism and the related La-
=—[X(s),&(s)], grangian will be used in further works to estimate rate con-
ds ~ gg X(9:E(9)] Il be used in furth k
1

42 stants and exit imé&and to study exactly solvable modEls

~ - b _ (420 for transition to criticality.

&i(s)=¢&ilx(s)]=——[x(s)].
I
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S
_ . APPENDIX A: APPROXIMATE HAMILTONIANS IN A
Ax) ;21 A%, (42D \EIGHBORHOOD OF A ZERO OF THE

o . _ DETERMINISTIC VECTOR FIELD
HereA; are the coefficients oA; as a linear function of

the{x;}. Let[x(s),&(s)] be a trajectory witH =0 such that We shall use, as in Eq4.3), the notation
_ (0 _ N

x(0)=x", x(t)=x, Wr:E ré (A1)
wherex(®) andx are both nonzero. =1

Then if t—oo, this trajectory has the following limit be- and will assume thafw,}=0 if and only if {&}=0 (this
havior: (i) for fixed s, x(s) tends to the deterministic trajec- assumption is discussed in Sec. IV A, and means that there
tory x(s) starting fromx(?; (ii) for fixed s, x(t—s) tends to  are no conservation laws, which we can assume if we restrict
the antideterministic trajectomy(t—s) defined by Eq(4.20  the variableg(see also Sec. 11 G.
ending atx. If {7} belongs to the image of thedimensional space

These facts are proved in Appendix B for a Fokker—of the & by the linear application defined by E@.1), this
Planck Hamiltonian near an attracting point of the determin£Eg. (A1) can be inverted in a unique way and gives a unique
istic vector field. They remain valid for the Hamiltonian solution ¢ such that
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mas{ & <M mavf . (A2)

We now consider a pointx(¢) such that

HM(X'g):Ol
or

> w,(e™—1)=0.

r

Becausee™—1—,=0, we have at that point, using;
:ErriWr
0$_Z Wr’ﬂ'r:_Z Aifi- (AS)

Presently we consider a zexg of the vector field A;} and a
neighborhood ok so that forx in that neighborhood

2«1 |AI(X)| <€,

€ being any positive number so that, by EG&3) and (A2):

0=-2, A§<esugé|<eCmaxm,]|, (A4)
! 1 r
whereC is the norm of the linear application defined by Eq.
(Al).
Let us assume that for all

W, (xg)>0, (A5)
so that forx in a neighborbood okg, we have

w, (X)>w>0, (AB6)
wherew is a positive number.

We then use EqA6), Hy =0, which implies

Osw[expmaxm,|)—1—maxm|]

=2 wiolexplm) ~1=m]= =2 wem,

so by Egs.(A3) and(A4), this is

O=w[expmaxm,|)—1—maxm,|]<eC maxm,|.

A7)

However, the functiong”"— 1—u/u) increases from 0 to
o if u goes from O to infinity, so that EqA7) proves that
=0 for all r, because we can chooséeing as small as
we want, and as a consequenge=0 but this implies, in
view of Eq.(3.11), that near zero of the deterministic vector
field {A;}, Hy can be replaced b p.

APPENDIX B: EXISTENCE OF @ AND LIMITS OF
TRAJECTORIES NEAR AN ATTRACTING POINT OF
THE DETERMINISTIC VECTOR FIELD

1. Trajectories

In this Appendix, we shall study the properties of the

Hamiltonian trajectories and the construction ®ffor the
case of a Fokker—Planck Hamiltoni&trp such thatA(x) is
a linear vector field having a zero a0

Variational nonequilibrium thermodynamics. | 7743
S
Ai(X):El AijX; (BY)
i=

and D is a constant matrix. We assume that=0 is an
attracting point ofA, i.e. (A;;) is a nondegenerate matrix
such that the real parts of its eigenvalues are all negative. We
shall call A the matrix @;;) andD the matrix ©;;). The
Hamiltonian equations associatedHgp are given as in Eq.
(4.2), in matrix notations:

X_ Ax+D
ds "XTPP
(‘A is the transpose of) which have solutions

p(s)=exp(—'As)p(0)

X(5)= e ASIX(0) 2
+ j:exr[A(s—s’)]Dexths’)ds’)p(O).

The conditionx(t) =x (given), implies that

p(0)= fot exp(—As)D exq—tAs)ds) -
X[exp(—At)x—x(0)] (B3)

and then the condition that the energy is equal (atQime 0,
and therefore at any timeletermineg

Hed X(0),p(0)]=0. (B4)

2. Action

The action®[x|x(0)] is the integral along the trajectory
given by Eq.(B2) with t, p(0) given by Eqs(B3) and(B4)

t
cI>[><|><(0)]=fotlo(S)dX(s)-
Presently,
dx=(Ax+Dp)ds
tpdx="'pAx+'pDp=H+ pDp=3pDp
so that using EqsB2) and (B3)

1
P[x|x(0)]= S ['x exp(—"At) ='x(0)]

-1

t
X f exp(—As)D exp(—'As)ds
0

X[exp —At)x—x(0)]. (B5)
We have proved in Sec. IV C that wha@0) tends to O,

t should tend to infinity and it is clear thdt[x|x(0)] has a

limit
®(x)= lim ®[x|x(0)]
x(0)—0
-1
X,

= Etx( fm exp(As)D exp(*As)ds (B6)
0

2
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where the integral is convergent becadshas its eigenval- p(s)=exd 'A(t—s)]C 1(t)[(x—exp(At)x(0)]
ues with negative real parts and is nonzero becdnse . (B13)
nondegenerate. We shall call X(s)=exp(As)x(0) +C(s)ex‘A(t—s)]
. X CTL(t)[x—exp(At)x(0)].
C= Jo exp(As)D exp('As)ds, (B7) Now, whent tends to infinity ands is fixed, then from

_ _ _ Eq. (B13)

C is a symmetric matrix and lim x(s)=expAS)X(0). (B14)
stﬁxogd

= d
ta_ | t -
ACHCA fo ds[exp(As)D expCAs)Jds D (B8 becauseC(s) has the finite limitC andA has its eigenvalues

with negative real parts so that iR x(s) is exactly the
deterministic pathx(s) starting fromx(0), namely,

dx
c DCl=—(C!A+AC™Y). (B9) s~ A%

From this, it is easy to check directly that the function On the other hand, whetrtends to infinity andsis fixed,
®(x) given by Eq.(B6) satisfies the Hamilton—Jacobi equa- gne has from Eq(B13),
tion. We also notice the value of the momentyofs) as

so that the matrixC~* which arises in the definition of Eq.
(B6) for ®(x) satisfies

H — -1
given by Egs(B2) and (B3): im x(t-$)=Cexp’A9C™x. (B15)
s fixed
-1
p(s):exq_tAs)( J't exp(—As')D exp(_tAS,)dS,) From Eq.(B15) we obtain, for fixeds, andt tending to
0 infinity
X[ exp(—At)x—x(0 B10 dlimx(t—s
Lexpt ) (0)] (810 —()=—CtAC’1Iim x(t—s). (B16)
so that at timg— + o, whenx(0)— 0, the final momentum d(t—s)
is On the other hand
t -1 JH
p(t)=exp(—‘At)(J exp(—As')D exp(—‘As’)ds’) %:AXJFDP-
0

= —c-1
X [exp(— At)x—X(0)] Whenp=V®, or p=C~x

9H

and %zAx%— DC x=-C'AC x. (B17)

p(w)= lim p(t) [see Eq(B9)]. Equation(B16) shows that linx(t—s) is the
x(0)—0

antideterministic path. Finally, we can study the behavior of

0 . -1 4 the trajectory when bothands tend to infinity.
= . expAs)D exp('As)ds| x=Cx, We notice that

(B11) ‘Z_fzexqm)o exp('At)

which is exactly the gradient ab.

= —exp(At)(AC+ C'A)exp*At)
3. Limit of trajectories d
_ ) _ =— —[expAt)C exp('At)]
In this section we prove the results of Sec. IV E. We will dt
now consider the trajectory joining(0) at timet=0 to x at so that
time t, but not necessarily at energy 0 so that we have from
Eq. (B3) C(t)=C—expAt)C exp'At)
. 1 =[Cexp(—'At)—exp At) Jexp‘'At). (B18)
p(O):exp(‘At)( fo exp(As)D exp('As)ds From Eq.(B13), we obtain
- _tag)
X[x— expADX(0)]. (B12) X(s)=exp(As)x(0)+[C exp —'As)—exp(As)C]
call X[C exp( —'At) —exp At)C] ™+

X [x—exp(At)x(0)]

t
Ct=fex As)D exp('As)ds, o
® 0 HAS) PCAS) so that whert ands tend to infinity:

so that we can rewrite EqéB2) using Eq.(B12) x(s)=exp(As)x(0)+ C exf'A(t—s)]C~ x.
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Obviously x(s)—0 with the following asymptotic be- Now, we know that® satisfies the Hamilton—Jacobi
havior equationH(x,V®)=0 or Hgp(x,V®)=0. We take the ex-
pansion ofH(x,V®) to first order inx around 0. In both
s<t/2  X(s)~exp(As)x(0) cases, we obtain

s>t/2 x(s)~Cexd'A(t—s)]C x

(s) HA(t=9)] > A(0)e;;=0 for all j,
- At ‘At |
s=t/2 x(s)~ex > x(0)+Cex -5 |C % so thatA;(0)=0 because «;;) is nondegenerate, and 0 is a

zero of A. As a consequence, we can write
In conclusion, we see that the limit behavior of the tra-

jectory joiningx(0) at time O, tox at timet, whent tends to
infinity is the following:

(i) for finite s, x(s) tends to the deterministic trajectory
starting fromx(0); (i) for finite s, x(t—s) tends to the an- Let us now expand the Hamilton—Jacobi equations
tideterministic trajectory ending at (iii) whens is large, H(x,V®)=0 up to second order ir around 0. We obtain
and tends to infinityx(s) tends to 0.

So essentially, for large times, the trajectofs) starts (NN, . o) =
like the deterministic trajectory, goes to a neighborhood of 0 2} Py (p'k(pj/+§i: (Ajei+ Airei) =0, ©3
(the attracting point ofA) where it loses much time, and
finally ends like the antideterministic trajectory. for all (k,”).

Notice that ifC=1d, andA is symmetric, the antideter-
ministic trajectory is exactly the deterministic path, but with

Ai<x>=; Aix;+0(]x[?). (C2)

reverse speed, namely 2. Minima of ® are stable attracting points of A
dx B If Xo=0 is a nondegenerate minimum®f we have Eq.
T —AX. (C3) above. Assume thap;; is diagonal, with diagonal ele-

ments¢;>0. Then for allk,/ we have

In general, the eigenvalues of the velocity matrix
— C'AC™ ! of the antideterministic trajectory are the opposite DI ¢, +Anp+ A pic=0. (C4
of the eigenvalues of the velocity matrix of the deterministic
trajectory, namelyA, but the eigenvectors are rotated Gy
(which is the matrix of®). We shall see, in a future publi-
cation, that in the case of detailed balan€ds the identity
matrix andA="A, so that in the case of detailed balance, the
antideterministic trajectory is the time reversal of the deter- AV=\V AV =\*V*,
ministic trajectory.

In Appendix A, we have seen that whe(0) tends tox,  then
[stable point of the deterministic vector fiell(x)], p(0)

Now, if D is nondegenerateso that it is a positive defi-
nite symmetric matrix Eg. (C4) shows that A ¢,
+A, ¢ is symmetric definite negative. L&t become an
eigenvector ofA ,, (in general complex so that

te_nds_ to zero. IfX is qlose toxs as WeII_, then the whole 0> VE(A @, + A @) Vi,
situation is well described by the linearized Fokker—Planck 7k

Hamiltonian for which we have proved thé@{ x|x(0)] has a

limit.

0><2 @V 2| (NHNF),
/

APPENDIX C: CRITICAL POINTS OF THE ACTION
- . Then Ren<0, so that 0 is attracting point of the vector field.
1. Critical points of @ are zeros of A
Let xq be a critical point of® which is assumed to be
nondegenerate. This means that one can choose coordlnaté‘eﬁzor Hep, zeroes of A are critical points of @
(Xi)i=1,..s aroundxg, so thatx, has coordinate 0 and
In the case oHgp, the Hamilton—Jacobi equation at a

I _ e the
I 2 @i%;+0(|x|?) (1) point X, such thatA(xo) =0, is
|

0=Hed X0, VP(X0)]= E Dij— <x0>

where (p;;) is a nondegenerate symmetric matrix which we T ax;
can assume to be diagonal.
We also write for the deterministic vector field and if D;j(Xo) is nondegenerate ®/dx;)(Xo) =0 for all i.
If Xo attractsA, Xxq is a critical point®, but then the proof of
Ai(x)=A;(0)+0(|x]). (i) proves thaixy is a minimum of®.
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APPENDIX D: UNICITY OF ANALYTIC SOLUTIONS OF
THE HAMILTON-JACOBI EQUATIONS

In this Appendix, we prove the unicity of the Taylor
expansion of® around a minimunx,. We choose coordi-
nates &;), i=1,...s which vanish atx, and write as Eq.
(C1), assumingd(xg)=0:

1
(DZEZJ- @ijxiX;+0(]x[%), (D1)

Axm=§3mmﬁ00ﬂ%. (D2)

We know thate;; satisfies Eq(C3)

Py

~ (0)€Dik¢v+zi (Aiei, A ei)=0 (all k).

(D3)
1. Unicity of the solution of Eq.  (D3)
Let us define the vector field(®) and the diffusion ma-
trix D{Y

AP=2 Ajx;, D{Y=Dj(xo)

as well as
1
q><°)=§i2j @ijXiX; .

Then Eq.(D3) is exactly the Hamilton—Jacobi equation
associated to the Hamiltoniah(®)
HO(x, V&) =0,

where

(D4)

1
H%‘Q(x,p>=2i AVp;+ §i2j piDip; .

Moreover, exp—V®(x)] is, up to a constant prefactor

a Gaussian probability distribution, which is the stationary

solution of the Fokker—Planck equation:

B gy 120

2
15 p0 P _4
T OX 2V 73

ij (?Xi(7Xj B

A”p)+ (D5)
This implies that the solution of EqD4) which is analytic,
and as a consequence the solution of @), is unique and
in fact the matrix ;) is equal toC ™! defined in Eq(C7).

2. Unicity of the Taylor expansion of @& around Xx,

We now consider the full Hamilton—Jacobi equation
H(x,V®)=0 whereH is eitherHgs or Hy, and a smooth
solution® and a minimunx, of ®. We expandb in Taylor
series around, as in Eq.(D1) as well asAi(x), Djj(x),
and w,(x). In Hu(XxV®) we also expand the
exd Zir;(ad/ax)].

When we compute the Taylor expansionstbfx,V®)
aroundx,, we notice, obviously, that only monomials in the
coordinates X;) i=1,...s of degree=2 arise and we must

Gaveau, Moreau, and Toth

equate to zero all the coefficient of these monomials. When
we equate to zero the coefficients of the monomials of degree
2, in H(x,V®), i.e., the monomiak,x,, we recover Eq.
(D3) which has been proven to have a unique solution, just
above. Again, we consider the equatidiix,V®)=0 and a
monomialx} .. .x_* of total degreen=3, in H(x,V®). We
write

— ny n
b= E n, . Xy X

We choose coordinates so thatA;; is diagonal. Then the
equation expressing the fact that the mononst”&a{l..xzS in
H(x,V®) has a zero coefficient, for=n;+...+ng=3, is of
the type:

where the dots in the second member of H6) are poly-
nomials of thea, x Wwherek;+...+ks<n but the real
parts of theA; are all<0, so that none of thE n;A; vanishes
(forn=1). As a consequencay  n_ is uniquely expressed
in terms of the coefficients b of the monomials of degree
<n and by recursion all coefficients are uniquely deter-
mined.

S

> NA;

=1

(D6)

3. The attracting points of A are minima of ®

If Xg is an attracting point ofA, one can construct the
unique® by the limiting process of Sec. V Qp to a con-
stany

D(x[xs)=lim  P[x[x(0)],

X(0)—Xg

but, using the result of Sec. VBp is the action computed
along antideterministic paths

d)(x|xs)=f > j—fdxi:f > pidxi=f L ds.

The Lagrangian being positive, is a minimum.
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