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Variational nonequilibrium thermodynamics of reaction-diffusion systems.
I. The information potential
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In this work, we consider the nonequilibrium thermodynamics of a reaction-diffusion system at a
given temperature, using the Master equation. The information potential is defined as the logarithm
of the stationary state. We compare the approximations, given by the Fokker–Planck equation and
the Wentzel-Kramers-Brillouin method directly applied to the Master equation, and prove that they
lead to very different results. Finally, we show that the information potential satisfies a Hamilton–
Jacobi equation and deduce general properties of this potential, valid for any reaction-diffusion
system, as well as a unicity result for the regular solution of the Hamilton–Jacobi equation. A
second article~Paper II!, in the same series, will develop a path integral approach and an estimation
of the chemical rate constants in this general context. ©1999 American Institute of Physics.
@S0021-9606~99!50940-9#
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I. INTRODUCTION

Most macroscopic systems are usually in a nonequi
rium state, and even far away from equilibrium. In fact, th
is why they become interesting. How to describe them qu
tatively, or even quantitatively, at least in the thermodynam
limit? This question has been asked since the beginnin
thermodynamics~in fact, an engine following its Carno
cycle is already far away from equilibrium! and many ap-
proaches and answers to this question have been prop
without a general agreement concerning basic questions,
the definition of thermodynamic functions, the definition
dissipation, the characterization of the stationary state,
nature of phase transitions in nonequilibrium.1–9 New con-
cepts applicable to chemical systems far from equilibri
have been recently developed.10–12 Recently, we have pro
posed an approach based on the Master equation and
have been able to define dissipation of information, relat
entropy, fluctuation–dissipation relations, Onsager recipr
ity coefficients currents matrices, and first ord
transitions.13,14

Equilibrium situations are well understood, both fro
the thermodynamical and the statistical mechanical point
view. Everything can, in principle at least, be deduced fr
the partition function associated to the Boltzmann distrib
tion on the state space. Then, the free energy can be ded
as the logarithm of the probability distribution~up to tem-
perature! and the relaxation towards equilibrium an

a!Electronic mail: gaveau@ccr.jussieu.fr
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fluctuation–dissipation relations, follow naturally. As usu
it is necessary to distinguish statistical equilibrium which
realized when the equilibrium distribution is establishe
from the equilibrium state which is the most probable st
of the equilibrium distribution, i.e., the state which is o
served macroscopically at equilibrium. Even if statistic
equilibrium is established, it is possible to observe noneq
librium macroscopic states due to fluctuations in the syst
but these relax rapidly to the equilibrium state. The us
thermodynamic functions, such as entropy, or free ene
can be defined from the probability distribution, either gl
bally, as is the case on the well-known information entro
or locally for individual states, as is the case for the Einst
entropy formula. For the most probable~or macroscopic
equilibrium state!, these local quantities become practica
equal to the corresponding global or average quantities.

In nonequilibrium situations, it is impossible to use th
partition function, in particular because the probability d
tribution on the state space is already given by the sys
without being related in any obvious manner to an energy
the state space. On the other hand, at least formally, e
probability distribution can be considered as a Boltzma
distribution with an energyH(x)52kBT log p(x). What is
important, is the dynamics which can distinguish betwe
equilibrium and nonequilibrium situations.14 Nonequilibrium
stationary situations are manifested by the existence of n
zero currents, or by net fluxes due to the fact that a none
librium dynamics does not satisfy the principle of detail
balance, though the system is in a stationary state. On
contrary, for a system at thermal equilibrium there are no
6 © 1999 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



rv

io
ic

we
cr
m
e
he
ity

us
In
t

d
l

Th
or
io
y

al
be
o

d
o

io
m

tio
ca

o
o
at
n
a
n
ve
n
e
de
fo
n

ta

a-
ia
w
ti
c

o

f

o a
is

n-

on

the

ro-

i-

.

7737J. Chem. Phys., Vol. 111, No. 17, 1 November 1999 Variational nonequilibrium thermodynamics. I
fluxes, and the system appears, to a macroscopic obse
completely inert.14

Our aim is to develop systematically the Master equat
approach as a foundation of nonequilibrium thermodynam
in the context of reaction diffusion systems. Moreover,
shall also assume that the volume of the system is ma
scopic, i.e., large but not infinite, as in equilibriu
situations15 ~see Refs. 16 and 17 for difficulties with th
infinite volume limit!. For a system in a stationary state, t
main quantity is the logarithm of the stationary probabil
distributions divided by the volume, namelyF(x)5

2V21 log p(x), x being a state of the system. For obvio
reasons, we call this quantity the ‘‘information potential.’’
an equilibrium situation, this would be the free energy, up
multiplication bykBT. This series of articles will be centere
around the information potentialF. In the first part, we shal
construct and study various properties ofF. In the second
part,18 we shall introduce path integrals and useF as a way
to estimate rate constants and first exit time of domains.
third part of this series will compare free energy and inf
mation potential. We shall prove that the energy dissipat
to transfer a system in a nonequilibrium situation is alwa
larger than the information dissipation. Finally, we sh
prove that our version of the information potential can
effective even for systems with several degrees of freed
where it leads to explicit analytic calculations.19

In Sec. II, we fix the basic notations which will be use
in this series of articles, concerning Master equations
Fokker–Planck equations in the context of reaction diffus
systems. In Sec. III, we consider in detail the large volu
approximation leading to the definition ofF and the
Hamilton–Jacobi equation associated to the Master equa
which was introduced in Refs. 4 and 20 as well as appli
tions in Refs. 12 and 21. As was discussed,21 this Hamilton–
Jacobi equation associated to the Master equation gives m
sensible and precise results than the one associated t
Fokker–Planck equation. This is why, we shall system
cally use the Master equation approach and its Hamilto
Jacobi theory, rather than the Fokker–Planck equation
proach. Still, the Fokker–Planck equation and its Hamilto
Jacobi theory will be useful as technical tools to pro
results concerning the more exact situation of the Hamilto
Jacobi equation of the Master equation. This is why we tr
both Hamilton–Jacobi theories together. In Sec. IV, we
rive a certain number of general results concerning the in
mation potential which are valid for any reaction diffusio
systems, relating the Hamilton–Jacobi equation to the s
dard variational method~minimization of a Lagrangian!; the
title of this series of articles is ‘‘variational nonequilibrium
thermodynamics.’’ We prove that the positivity of the L
grangian, gives a construction of the information potent
proves that it is unique up to a constant, and finally sho
that its minima are the attracting points of the determinis
vector field of the macroscopic theory of the diffusion rea
tion system and vice versa. Proofs and several results t
used later are given in the Appendices.
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II. MASTER EQUATIONS AND FOKKER–PLANCK
EQUATIONS

A. Master equation

We consider a system formed ofs different species la-
beled by 1< i<s and we denoteni the number of particles o
speciesi. The total volume of the system isV. The system
evolves by various processes and we callWr($ni%) the total
probability per unit time of a transition:

$ni%→$ni1r i% ~2.1!

with given integersr i>0. r denotes thes uplet r 5$r i%. It is
clear that various different processes can contribute t
given transition Eq.~2.1! but presently we do not need th
fact. The state of the system at timet is characterized by a
probability distribution functionP($ni%,t) whose time evo-
lution is given by a standard Master equation

]P~$ni%,t !

]t
5~LP!~$ni%,t ! ~2.2!

whereL is the evolution operator2–7

~LP!~$xi%,t !5(
r

@Wr~$ni2r i%!P~$ni2r i%,t !

2Wr~$ni%!P~$ni%,t !#. ~2.3!

To define the large volume limit, we introduce the co
centration variables

xi5
ni

V
, dxi5

1

V
, ~2.4!

and define the density of the probability distribution functi
p($xi%,t) by

P~$ni%,t !5p~$xi%,t !)
i 51

s

dxi . ~2.5!

Since the chemical reactions are local phenomena,
corresponding overall transition ratesWr should be extensive
quantities, and we redefine them as

Wr~$ni%!5Vwr~$xi%!.

Using these notations, the Master equation@Eqs. ~2.2!
and ~2.3!# can be rewritten for the functionp(x,t) as

]p~x,t !

]t
5V(

r
Fwr S H xi2

r i

VJ D pS H xi2
r i

VJ ,t D
2wr~$xi%!p~$xi%,t !G . ~2.6!

This formalism can also describe reaction-diffusion p
cesses: the total volumeV is divided intoN cells labeledk
with the various numbers of particles in each cell as ‘‘chem
cal’’ species with rate processes of the type Eq.~2.1! for the
exchange of particles by diffusion between adjacent cells
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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B. Approximate Fokker–Planck equation

A standard approximation3 of the Master equation@Eq.
~2.6!# in the large volume limit is obtained by the Taylo
expansion the second member of Eq.~2.6! up to terms of
order 0(1/V). This expansion gives the Fokker–Plan
equation forp

]p~x,t !

]t
52(

i 51

s
]

]xi
@Ai~x!p~x,t !#

1
1

2V (
i , j 51

s
]2

]xi]xj
~Di j p! ~2.7!

where

Ai~x!5(
r

r iwr~x!, Di j ~x!5(
r

r i r jwr~x!. ~2.8!

It is well known that higher approximation@keeping terms in
0(1/Vn)# can lead to inconsistent results~as negative prob-
abilities!. On the other hand in general the present appro
mation does not respect the natural boundary condition
the Master equation.

Both Master equations and Fokker–Planck equations
consistent with the usual deterministic equation

dx̄i

dt
5Ai~ x̄!, i 51,...,s, ~2.9!

which holds for the averagex̄i of xi , if all fluctuations are
neglected.4 Here, the average ofx̄i is the average ofxi with
respect to the solutionp(x,t) of the Fokker–Planck equa
tion.

C. Conservation laws and irreducibility

The Master equation is associated to a birth and de
process$xi(t)%.

4 During a time intervalDt the variation
Dxi(t) is

Dxi~ t !5(
r

r ih r , ~2.10!

where theh r are random variables~indexed by ther corre-
sponding to nonzero transition rateswr). The stochastic pro-
cess$xi(t)% will then satisfy certain linear conservation law
More precisely for each pointx(0) in the spaceX of concen-
trations, one defines a linear subspace

E@x~0!#5H xPXUxi5xi~0!1(
r

r ij r J , ~2.11!

where thej r are real numbers indexed by ther with wr

Þ0. In general the various vectors$r i% are not linearly inde-
pendent, so that a givenx is not uniquely represented by th
equations in Eq.~2.11!. The whole spaceX is a union of all
the subspacesE@x(0)# and by definition, the birth and deat
process$xi(t)% remains inE@x(0)# for all time. As a conse-
quence, each subspaceE@x(0)# will support a stationary so
lution, which is the stationary distribution of$xi(t)% starting
from $xi(0)%. This stationary distribution can be denoted
p@xux(0)# and does not depend of the choice ofx(0) in
E@x(0)#. Thus it contains variousd-functions factors ex-
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
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pressing the fact that it is supported byE@x(0)#. The Master
equation Eq.~2.6! induces on eachE@x(0)# a Master equa-
tion for a smaller number of variables,~the other variables
being linear functions of these variables!, but now, the sta-
tionary distribution is unique. The deterministic evolutio
given by Eq.~2.9! stays inE@x(0)# also, because the varia
tion in dt of dx̄i is

dx̄i5(
r

r iwr~ x̄!dt,

which is of the form of Eq.~2.10!. The same remarks ar
also valid for the stochastic processes associated to
Fokker–Planck equation.

In Part I, we shall assume that the Master equation
irreducible, that is, there are no linear conservation laws.
can always assume that this situation holds, if one consid
the reduced Master equation on a given subspaceE. We shall
also assume that the zeroes of the vector field$Ai(x)% are
isolated on each subspaceE.

III. HAMILTON–JACOBI APPROXIMATION FOR THE
MASTER EQUATION AND FOKKER–PLANCK
EQUATION

We shall recall an approximation, originally introduce
by Kubo et al.,20 also Ref. 22 and more recently Ref. 1
This approximation is better than the usual Fokker–Pla
approximation~see Sec. IV, as well as Ref. 21 in the sen
that it gives more physical results!.

A. Hamilton–Jacobi theory for the Master equation

The idea of the approximation is to writep(x,t) as a
Wentzel-Kramers-Brillouin~WKB! type expansion, valid for
largeV

p~x,t !5exp@2VF~x,t !#FU0~x,t !1
1

V
U1~x,t !1¯G

~3.1!
whereF, U0 , U1 ,... areunknown functions. Then, one re
placesp in Eq. ~2.6! by the expansion given in Eq~3.1! and
group together terms by decreasing powers ofV. The highest
order term inV, is of order 0(V) and containsU0 in factor.
It is zero if and only if,F satisfies the equation:

]F

]t
1(

r
wr~x!FexpS (

i 51

s

r i

]F

]xi
D 21G50. ~3.2!

This is a Hamilton–Jacobi equation which can be in
grated by the method of bicharacteristics.23 The next term of
order 0~1! in V, in Eq. ~2.6! @after one has replacedp by the
expansion Eq.~3.1!# is a first order linear equation forU0 ,
called the transport equation

]U0

]t
1(

r
FexpS (

i 51

s

r i

]F

]xi
D (

i 51

s
]

]xi
~r iwrU0!G

1U0(
r

expS (
i 51

s

r i

]F

]xi
D S 1

2 (
i , j

s

r i r jwr

]2F

]xi]xj
D 50.

~3.3!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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B. Hamilton–Jacobi theory of the Fokker–Planck
equation

For largeV, one can use WKB-type expansion forp in
Eq. ~2.7!, namely

p~x,t !5exp~2VF~FP!~x,t !!

3FU0
~FP!~x,t !1

1

V
U1

~FP!~x,t !1¯G . ~3.4!

One obtains equations forF (FP), U0
(FP), U1

(FP), inserting
the expansion Eq.~3.4! in the Fokker–Planck Eq.~2.7! and
identifying the various powers ofV
]F~FP!

]t
1(

i
Ai

]F~FP!

]xi
1

1

2 (
i , j

Di j

]F~FP!

]xi

]F~FP!

]xj
50 ~3.5!

]U0
~FP!

]t
1(

i

]

]xi
~AiU0

~FP!!1(
i , j

]F~FP!

]xi

]

]xj
~Di j U0

~FP!!

1
1

2 S (
i , j

Di j

]2F~FP!

]xi]xj
DU0

~FP!50. ~3.6!

Equation~3.5! is a standard Hamilton–Jacobi equati
~with a standard Hamiltonian, quadratic in the momentu!
and Eq.~3.6! is a transport equation. One sees immediat
that the system of Eqs.~3.5! and~3.6! is obtained from Eqs.
~3.2! and ~3.3! when one assumes that the derivativ
(]F/]xi) are small, so that one can replace

expS (
i 51

s

r i

]F

]xi
D 21,

by its Taylor expansion up to second order. Then Eq.~3.2!
reduces immediately to Eq.~3.5! with the Ai andDi j given
as in Eq.~2.7!. This indicates that the Hamilton–Jacobi a
transport equations Eqs.~3.5!–~3.6! associated with the
Fokker–Planck equation are less precise than the Hamilt
Jacobi and transport equations@Eqs.~3.2! and~3.3!# directly
deduced from the Master equation. In fact, their range
validity is limited to neighborhoods of the stationary poin
of the action functionF, i.e., points where¹F is zero.

C. Stationary solutions

We shall again write the stationary solution of the Ma
ter equation or of the Fokker–Planck equation as

p~x!;e2VF~x!FU0~x!1
1

V
U1~x!1...G . ~3.7!

ThenF satisfies the stationary form of the time depe
dent Hamilton–Jacobi equations Eqs.~3.2! or ~3.5! and U0

satisfies the stationary form of the transport equations@Eqs.
~3.3! or ~3.6!#. In both cases, the stationary Hamilton–Jac
equation can be written as

H~x,¹F!50, ~3.8!

whereH(x,j) is of the form

HM~x,j!5(
r

wr~x!FexpS (
i 51

s2

r ij i D 21G , ~3.9!
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
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HFP~x,j!5(
i

Ai~x!j i1
1

2 (
i , j

Di j j ij j , ~3.10!

for the Master equation or the Fokker equation, respectiv
the variablesj i being the conjugate momenta ofx. From Eq.
~2.8!, we deduce for smallj

HM~x,j!5HFP~x,j!10~ uju3!. ~3.11!

In this work, we shall only use the stationary form of th
equations.

It is proved in Appendix A that in some neighborhood
some zero of the vector field$Ai%, it is always possible to
study the stationary solution of the Master equation by us
the Fokker–Planck Hamiltonian.

D. The particular case of one chemical species

We consider the case when only one chemical conc
tration can vary~so s51 in the previous section! and we
assume that the system evolves only by transitionsn→n
61. As before we go to the large volume limit, defining

x5
n

V
, P~n!5p~x!

1

V
, W6~n!5Vw6~x!,

so that one obtains the exact Master equation and
Fokker–Planck equation Eqs.~2.6! or ~2.7!, with

A~x!5w1~x!2w2~x!,
~3.12!

D~x!5w1~x!1w2~x!.

The solution of the Master equation,21,22 Eq. ~3.1!, is

p~x!5U0~x!exp@2VF~xua!#

5
C

Aw1~x!w2~x!
expS 2VE

a

x

log
w2~x8!

w1~x8!
dx8D ,

~3.13!

wherea is an arbitrary value andC is a normalization con-
stant. Whenw1 andw2 have no common zero,p given by
Eq. ~3.1! is normalizable with

C5F E
0

1 dx

Aw1~x!w2~x!

3expS 2VE
a

x

log
w1~x!

w2~x!
dx8D G21

. ~3.14!

The integral in Eq.~3.14! can be estimated by the sadd
point method. The main contribution to the integral is o
tained for a pointxs which is an absolute minimun o
F(xua). If we assume that there exists only one such po
we have

p~x!;
C0

Aw1~x!w2~x!
expF2VE

xs

x

log
w2~x8!

w1~x8!
dx8G ,

~3.15!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where C0 is now 0@(1/AV)# if the minimum of F is not
degenerate. When there are several attracting points oA
5w12w2 , xs

( l ) , ...,xs
(r ) , one choosesxs

(k) such that

F~xs
~ l !uxs

~k!!>0 for all l ,

and again, one obtains Eq.~3.15!. In the same manner, th
stationary solution of the Fokker–Planck equation can
written

p~x!;U0
~FP!~x!exp@2VF~FP!~xua!#

5
C

D~x!
expS VE

a

x 2A~x8!

D~x8!
dx8D , ~3.16!

and is normalizable providedD(x) has no zero~or w1 and
w2 have no common zero!, with

C5F E
0

1 dx

D~x!
expS 2VE

a

x A~x8!

D~x8!
dx8D G21

.

Again, C can be evaluated by the saddle point method,
main contribution coming from the absolute minimumxs of
FFP(a), which is an attracting point of the vector fieldA(x):

p~x!;
C0

AVD~xs!
expS 2VE

xs

x A~x8!

D~x8!
dx8D . ~3.17!

Whenw1 andw2 have a common zero,p given above
is not normalizable, indicating that the expression of E
~3.1! for p is not valid. This is exactly the case of criticality

E. Comparison of asymptotic results

The two approximations given by Eqs.~3.15! and~3.16!
are close to each other for small values of (dF/dx), or when
A is small and in this case one has

log
w2

w1
;2

2A

D
.

The approximation of Eq.~3.16! given by the Fokker–
Planck equation is precise near a zero ofA(x). But when
there are several zeroes, the approximation fails, becaus
eigenvalues and the mean exit times calculated by Fokk
Planck equation differ from the analog quantities given
the Master equation, by an exponentially large factor.21

This is also the indication that the limit theorems of t
Kurtz23 type are not valid in caseA and has several zeros
These theorems state that the stochastic process$xi(t)% as-
sociated to the Master equation tend to the deterministic
jectory of A(x) ~starting from the same point!, and that the
deviation is Gaussian, but these theorems are valid unifor
on finite time intervals. They cannot describe the situat
for times which are like exp(kV). In particular, these theo
rems cannot describe chemical activated events like the
sage over a potential barrier, and they do not correctly
scribe the rate constants.
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IV. CONSTRUCTION, UNIQUENESS, AND CRITICAL
POINTS OF F

In this section and the following one, we shall deriv
general basic properties of the functionF which is a solution
of the Hamilton–Jacobi equation Eq.~3.8!

H~x,¹F!50, ~4.1!

with H given by Eqs. ~3.9! and ~3.10!. The traditional
method24 for constructingF does not work, but we shal
show how to construct it and prove the uniqueness of smo
solution F. Finally, we study the critical point ofF. We
shall treatHM andHFP together~in fact, we need the result
concerningHFP to derive certain results forHM).

A. Lagrangians

The Master equation and Fokker–Planck Hamilton
are, respectively:

HM~x,j!5(
r

wr~x!@exp~p r !21#, ~4.2!

with

p r5(
i 51

s

r ij i , ~4.3!

and

HFP~x,j!5(
i 51

s

Ai~x!j i1
1

2 (
i , j

Di j j ij j . ~4.4!

The corresponding velocitiesẋi are

ẋi5
]HM

]j i
5(

r
r iwr~x!exp~p r ! ~4.5!

and

ẋi5
]HFP

]j i
5Ai~x!1(

j 51

s

Di j ~x!j j , ~4.6!

and the Lagrangians are

LM~x,ẋ!5(
r

wr~x!@p r exp~p r !2exp~p r !11#, ~4.7!

and

LFP~x,ẋ!5 1
2~ ẋ2A!D21~ ẋ2A!. ~4.8!

In this Fokker–Planck case@Eq. ~4.8!# j5D21( ẋ2A)
providedD is nondegenerate, which is the case if we assu
that there are no conservation laws.

The first result is that, under the hypothesis of no line
conservation laws,LFP andLM are>0 andLFP or LM are 0
if and only if j50.

In the case ofLFP, this is obvious because of Eq.~4.8!.
In the case ofLM , using Eq.~4.7! and the inequalitye2u

211u>0, for anyu, we see thatLM is positive or 0, and is
0, if and only if,p r50 for all r such thatwrÞ0. When there
is no conservation law, the vectorsr 5$r i% generate the
whole spaceX, so that a vector$j i% orthogonal to all these
r’s is 0, but the fact thatp r50 for all r is exactly equivalent
to the fact that( r ij i50 for all r, so thatj i50.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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We also notice that when there are conservation lawsD
is necessarily degenerate, becauseDi j 5( r r i r jwr(x) and
there isj i such that( r ij i50 for all r.

B. Special paths

(i) Deterministic paths: The deterministic paths

Udx̄i

dt
5Ai~ x̄!

j̄ i50
, ~4.9!

are obviously solutions of both Hamiltonian equations. Co
versely a path$xi(t),j i(t)% which is a solution of the Hamil-
tonian equations, such thatj i(0)50 for all i is the determin-
istic path, because of the unicity of paths under given ini
conditions. Moreover, the Lagrangian is zero along a de
ministic path and conversely, and as a consequence,
variation of the actionF along a deterministic path is zero

(ii) Antideterministic paths: Let us assume now tha
F(x) is a smooth solution of the Hamilton–Jacobi equat
and define

j i~x!5
]F

]xi
. ~4.10!

A solution @x(s),j(s)# of the system

dxi

ds
5

]H

]j i
@x,j~x!#

~4.11!
j i~s!5j i@x~s!#,

is a Hamiltonian path because

dj i~s!

ds
5(

]j i

]xj

dxj

ds
5(

j

]2F

]xi]xj

]H

]j j
S x,

]F

]x D
52

]H

]xi
@x,j~x!#

becauseH@x,(]F/]x)#50 so that

]H

]xi
1(

j

]H

]j j

]2F

]xi]xj
50.

Moreover,F is increasing along such paths because

dF

ds
5(

i

]F

]xi

dxi

ds
5(

i
j i~s!

dxi

ds
5L>0,

so thatF is increasing along the path. The trajectories giv
by Eq. ~4.11! will be calledantideterministic paths~for rea-
sons to follow!.

C. Construction of F

Until now, we have not said how to construct the acti
F. The traditional method to construct a solutionF of
H(x,¹F50 is the following.24 One chooses a pointx(0) and
consider a path@x(s),j(s)#, solution of the Hamiltonian sys
tem

ẋi5
]H

]j i
, j̇ i52

]H

]xi
, ~4.12!
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with the conditions

x~0!5x~0!, j~0!5j~0!, x~ t !5x, H~x~0!,j~0!!50.
~4.13!

The unknowns arej (0) and t, which will be implicitly fixed
by condition Eq.~4.13!. Then the function

F~x!5E
0

t

(
i 51

s

j i dxi , ~4.14!

is the solutionF(xux(0)) of H(x,¹F)50, where in Eq.
~4.14! the integral is taken along the path@x(s),j(s)# satis-
fying Eqs. ~4.12! and ~4.13!. But the functionF(xux(0)) is
not differentiable atx(0) since¹xF5j→j0 as x→x0 ; but
j0 depends on the path fromx to x0 , so that¹xF is not
defined atx0 , in general. In our situation where

p~x!;U0~x!exp@2VF~x!#, ~4.15!

we expectF(x) to be regular everywhere and to be peak
at a pointxM ~at least!, so that one cannot take for ourF a
function F(xux(0)) constructed by the traditional method a
above.

We shall now describe the correct construction ofF by a
limiting process.

Let us consider a pointxs which is an attracting point of
the vector field$Ai(x)%. We take another pointx(0) and we
construct the usual actionF(xux(0)) using Hamiltonian paths
starting fromx(0), with energy 0. Forx(0)Þxs , this function
is nontrivial and is not differentiable atx(0). The function
F(xuxs) is now defined as

F~xuxs!5 lim
x~0!→xs

F~xux~0!!50. ~4.16!

The function F(xuxs) is not simply the function
F(xux(0)) for x(0)5xs . The reason is that if we choos
x(0)5xs , j0 must vanish in order thatH(x(0),j (0))50. This
is obvious forHFP and is also valid forHM using the in-
equality ea21>a, then the trajectory never moves awa
from x(0) and the traditional action is 0. In general,F(xuxs)
is a nontrivial function, which is differentiable atx5xs , has
a strict minimum atxs , which is a nondegenerate minimum
if xs is a nondegenerate attracting point of the vector fi
$Ai%. We prove the existence of the limit in Eq.~4.16! in
Appendix B. Moreover, we will consider a given pointx and
a trajectory with 0 energy starting fromx(0) and arriving atx
in a certain~unknown! time, t. This trajectory has an initia
momentumj which is a functionj(xux(0)). In the Fokker–
Planck case, we have

HFP@x~0!,j~xux~0!!#50.

Call

x~0!5xs1dx,

so that

A~x~0!!;A~xs!1A8~xs!dx.A8~xs!dx, for dx→0,

then from the definition ofHFP, we have

1

2
jDj.2A8~xs!dx.j. ~4.17!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Assuming thatA8(xs)Þ0 andD is invertible atxs , we
deduce from Eq.~4.17! that

uj~xux~0!!u5O~dx! ~4.18!

and from Eq.~4.18! j(xux(0)) tends to 0 whenx(0)→xs .
From Eq.~4.18! and the definition of the velocity

ẋ5A~x!1Dj,

we see that the initial velocity is

uẋ~0!u5O~dx!, ~4.19!

so that the timet needed to joinx(0) to x along the Hamil-
tonian trajectory of energy 0 will tend to infinity whenx(0)

tends toxs . It is precisely because the initial momentum
tending to zero, that the limiting function limF(xux(0)) will
be differentiable atxs , whenx(0) tends toxs .

D. Unicity of F

We prove in Appendix C, the following fact:
If F is a smooth solution of the Hamilton–Jacobi equ

tion ~either HM or HFP) and x0 is a minimum ofF, the
Taylor expansion ofF at x5x0 is uniquely determined up to
an additive constant. In particular, ifF is an analytic solution
nearx0 , it is unique. As a consequence there exists at m
one functionF which is a global analytic solution of th
Hamilton–Jacobi equation~up to an additive constant!. Be-
cause of this latter fact, we can define the antidetermini
path, by using the unique analytic solutionF of the
Hamilton–Jacobi equation as in Sec. IV B namely,

dx̃i~s!

ds
5

]H

]j i
@ x̃~s!,j̃~s!#,

~4.20!

j̃ i~s!5j i@ x̃~s!#[
]F

]xi
@ x̃~s!#.

E. Limit of trajectories

In this section, we consider the linear Fokker–Plan
Hamiltonian withD a constant invertible positive matrix an
Ai(x) a linear vector field as in Appendix B:

Ai~x!5(
j 51

s

Ai j xj . ~4.21!

HereAi j are the coefficients ofAi as a linear function of
the$xj%. Let @x(s),j(s)# be a trajectory withH50 such that

x~0!5x~0!, x~ t !5x,

wherex(0) andx are both nonzero.
Then if t→`, this trajectory has the following limit be

havior: ~i! for fixed s, x(s) tends to the deterministic trajec
tory x̄(s) starting fromx(0); ~ii ! for fixed s, x(t2s) tends to
the antideterministic trajectoryx̃(t2s) defined by Eq.~4.20!
ending atx.

These facts are proved in Appendix B for a Fokke
Planck Hamiltonian near an attracting point of the determ
istic vector field. They remain valid for the Hamiltonia
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
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HM , in general, since we have proved thatHM can be ap-
proximated byHFP in the neighborhood of a zero of th
vector field A.

F. Critical points of F and zeros of the deterministic
vector field

In Appendix C, we prove the following facts:
~i! a nondegenerate critical point ofF is a zero of the

deterministic vector fieldA ~for both HM and HFP. A non-
degenerate minimum ofF is a stable attracting point ofA.
~ii ! Conversely forHFP, the zeroes ofA are critical points of
F and the stable attracting points ofA are minima ofF. ~iii !
Conversely forHM , the stable attracting points ofA are
minima of F.

V. CONCLUSION

In this article, we have studied the stationary state of
Master equation for a reaction-diffusion system using
Hamilton–Jacobi equation adapted to the Master equa
and which gives more precise results than the usual Fokk
Planck equations. We have proved that, nevertheless,
Hamilton–Jacobi equation for the Master equation can
approximated by the Hamilton–Jacobi theory for the asso
ated Fokker–Planck equation near a zero of the determin
vector field. We have constructed rigorously the correspo
ing action, without using the standard Hamilton–Jaco
theory, near a stable zero of the deterministic vector field
we have also proved the unicity of a smooth solution. Fina
we have proved that the critical points of the action are
zeroes of the vector field. These results show that the stat
ary distribution is peaked exactly at the stable zero of
vector field. This Hamiltonian formalism and the related L
grangian will be used in further works to estimate rate co
stants and exit times18 and to study exactly solvable models19

for transition to criticality.
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APPENDIX A: APPROXIMATE HAMILTONIANS IN A
NEIGHBORHOOD OF A ZERO OF THE
DETERMINISTIC VECTOR FIELD

We shall use, as in Eq.~4.3!, the notation

p r5(
i 51

s

r ij i , ~A1!

and will assume that$p r%50 if and only if $j i%50 ~this
assumption is discussed in Sec. IV A, and means that th
are no conservation laws, which we can assume if we res
the variables@~see also Sec. II C!#.

If $p r% belongs to the image of thes-dimensional space
of the j i by the linear application defined by Eq.~A.1!, this
Eq. ~A1! can be inverted in a unique way and gives a uniq
solutionj such that
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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max
i

uj i u<M max
r

up r u. ~A2!

We now consider a point (x,j) such that

HM~x,j!50,

or

(
r

wr~epr21!50.

Becauseepr212p r>0, we have at that point, usingAi

5( r r iwr

0<2(
r

wrp r52(
i

Aij i . ~A3!

Presently we consider a zeroxs of the vector field$Ai% and a
neighborhood ofxs so that forx in that neighborhood

(
i 51

s

uAi~x!u,e,

e being any positive number so that, by Eqs.~A3! and~A2!:

0<2(
i

Aij i<esup
1

uj i u<eC max
r

up r u, ~A4!

whereC is the norm of the linear application defined by E
~A1!.

Let us assume that for allr

wr~xs!.0, ~A5!

so that forx in a neighborbood ofxs , we have

wr~x!.w.0, ~A6!

wherew is a positive number.
We then use Eq.~A6!, HM50, which implies

0<w@exp~maxup r u!212maxup r u#

<(
r

wr~x!@exp~p r !212p r #52(
r

wrp r

so by Eqs.~A3! and ~A4!, this is

0<w@exp~maxup r u!212maxup r u#<eC maxup r u.
~A7!

However, the function (eu212u/u) increases from 0 to
` if u goes from 0 to infinity, so that Eq.~A7! proves that
p r50 for all r, because we can choosee being as small as
we want, and as a consequencej i50 but this implies, in
view of Eq. ~3.11!, that near zero of the deterministic vect
field $Ai%, HM can be replaced byHFP.

APPENDIX B: EXISTENCE OF F AND LIMITS OF
TRAJECTORIES NEAR AN ATTRACTING POINT OF
THE DETERMINISTIC VECTOR FIELD

1. Trajectories

In this Appendix, we shall study the properties of t
Hamiltonian trajectories and the construction ofF for the
case of a Fokker–Planck HamiltonianHFP such thatA(x) is
a linear vector field having a zero atx50
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
.

Ai~x!5(
j 51

s

Ai j xj ~B1!

and D is a constant matrix. We assume thatxs50 is an
attracting point ofA, i.e. (Ai j ) is a nondegenerate matri
such that the real parts of its eigenvalues are all negative.
shall call A the matrix (Ai j ) and D the matrix (Di j ). The
Hamiltonian equations associated toHFP are given as in Eq.
~4.2!, in matrix notations:

dx

ds
5Ax1Dp

dp

ds
52 tAp,

~tA is the transpose ofA! which have solutions

p~s!5exp~2 tAs!p~0!

~B2!
x~s!5exp~As!x~0!

1S E
0

s

exp@A~s2s8!#D exp~ tAs8!ds8D p~0!.

The conditionx(t)5x ~given!, implies that

p~0!5S E
0

t

exp~2As!D exp~2 tAs!dsD 21

3@exp~2At!x2x~0!# ~B3!

and then the condition that the energy is equal to 0~at time 0,
and therefore at any time! determinest

HFP@x~0!,p~0!#50. ~B4!

2. Action

The actionF@xux(0)# is the integral along the trajector
given by Eq.~B2! with t, p(0) given by Eqs.~B3! and~B4!

F@xux~0!#5E
0

t
tp~s!dx~s!.

Presently,

dx5~Ax1Dp!ds

tpdx5 tpAx1 tpDp5H1 1
2
tpDp5 1

2
tpDp

so that using Eqs.~B2! and ~B3!

F@xux~0!#5
1

2
@ tx exp~2 tAt!2 tx~0!#

3S E
0

t

exp~2As!D exp~2 tAs!dsD 21

3@exp~2At!x2x~0!#. ~B5!

We have proved in Sec. IV C that whenx(0) tends to 0,
t should tend to infinity and it is clear thatF@xux(0)# has a
limit

F~x![ lim
x~0!→0

F@xux~0!#

5
1

2
txS E

0

`

exp~As!D exp~ tAs!dsD 21

x, ~B6!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



.

n
a-

ill

om

of

7744 J. Chem. Phys., Vol. 111, No. 17, 1 November 1999 Gaveau, Moreau, and Toth
where the integral is convergent becauseA has its eigenval-
ues with negative real parts and is nonzero becauseD is
nondegenerate. We shall call

C5E
0

`

exp~As!D exp~ tAs!ds, ~B7!

C is a symmetric matrix and

AC1CtA5E
0

` d

ds
@exp~As!D exp~ tAs!#ds52D ~B8!

so that the matrixC21 which arises in the definition of Eq
~B6! for F(x) satisfies

C21DC2152~C21A1 tAC21!. ~B9!

From this, it is easy to check directly that the functio
F(x) given by Eq.~B6! satisfies the Hamilton–Jacobi equ
tion. We also notice the value of the momentump(s) as
given by Eqs.~B2! and ~B3!:

p~s!5exp~2 tAs!S E
0

t

exp~2As8!D exp~2 tAs8!ds8D 21

3@exp~2At!x2x~0!# ~B10!

so that at timet→1`, whenx(0)→0, the final momentum
is

p~ t !5exp~2 tAt!S E
0

t

exp~2As8!D exp~2 tAs8!ds8D 21

3@exp~2At!x2x~0!#

and

p~`!5 lim
x~0!→0

p~ t !

5S E
0

`

exp~As!D exp~ tAs!dsD 21

x5C21x,

~B11!

which is exactly the gradient ofF.

3. Limit of trajectories

In this section we prove the results of Sec. IV E. We w
now consider the trajectory joiningx(0) at timet50 to x at
time t, but not necessarily at energy 0 so that we have fr
Eq. ~B3!

p~0!5exp~ tAt!S E
0

t

exp~As!D exp~ tAs!dsD 21

3@x2exp~At!x~0!#. ~B12!

Call,

C~ t !5E
0

t

exp~As!D exp~ tAs!ds,

so that we can rewrite Eqs.~B2! using Eq.~B12!
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
p~s!5exp@ tA~ t2s!#C21~ t !@~x2exp~At!x~0!#

~B13!
x~s!5exp~As!x~0!1C~s!exp@ tA~ t2s!#

3C21~ t !@x2exp~At!x~0!#.

Now, whent tends to infinity ands is fixed, then from
Eq. ~B13!

lim
t→`

s fixed

x~s!5exp~As!x~0!, ~B14!

becauseC(s) has the finite limitC andA has its eigenvalues
with negative real parts so that lims fixed

t→` x(s) is exactly the
deterministic pathx̄(s) starting fromx(0), namely,

dx̄

ds
5Ax̄.

On the other hand, whent tends to infinity ands is fixed,
one has from Eq.~B13!,

lim
t→`

s fixed

x~ t2s!5C exp~ tAs!C21x. ~B15!

From Eq.~B15! we obtain, for fixeds, and t tending to
infinity

d lim x~ t2s!

d~ t2s!
52CtAC21 lim x~ t2s!. ~B16!

On the other hand

]H

]p
5Ax1Dp.

Whenp5¹F, or p5C21x

]H

]p
5Ax1DC21x52CtAC21x. ~B17!

@see Eq.~B9!#. Equation~B16! shows that limx(t2s) is the
antideterministic path. Finally, we can study the behavior
the trajectory when botht ands tend to infinity.

We notice that

dC

dt
5exp~At!D exp~ tAt!

52exp~At!~AC1CtA!exp~ tAt!

52
d

dt
@exp~At!C exp~ tAt!#

so that

C~ t !5C2exp~At!C exp~ tAt!

5@C exp~2 tAt!2exp~At!#exp~ tAt!. ~B18!

From Eq.~B13!, we obtain

x~s!5exp~As!x~0!1@C exp~2 tAs!2exp~As!C#

3@C exp~2 tAt!2exp~At!C#21

3@x2exp~At!x~0!#

so that whent ands tend to infinity:

x~s!5exp~As!x~0!1C exp@ tA~ t2s!#C21x.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Obviously x(s)→0 with the following asymptotic be-
havior

s,t/2 x~s!;exp~As!x~0!

s.t/2 x~s!;C exp@ tA~ t2s!#C21x

s5t/2 x~s!;expS At

2 D x~0!1C expS tAt

2 DC21x.

In conclusion, we see that the limit behavior of the tr
jectory joiningx(0) at time 0, tox at timet, whent tends to
infinity is the following:

~i! for finite s, x(s) tends to the deterministic trajector
starting fromx(0); ~ii ! for finite s, x(t2s) tends to the an-
tideterministic trajectory ending atx; ~iii ! when s is large,
and tends to infinity,x(s) tends to 0.

So essentially, for large times, the trajectoryx(s) starts
like the deterministic trajectory, goes to a neighborhood o
~the attracting point ofA! where it loses much time, an
finally ends like the antideterministic trajectory.

Notice that ifC5Id, andA is symmetric, the antideter
ministic trajectory is exactly the deterministic path, but w
reverse speed, namely

dx̃

dt
52Ax̃.

In general, the eigenvalues of the velocity mat
2CtAC21 of the antideterministic trajectory are the oppos
of the eigenvalues of the velocity matrix of the determinis
trajectory, namelyA, but the eigenvectors are rotated byC
~which is the matrix ofF!. We shall see, in a future publi
cation, that in the case of detailed balance,C is the identity
matrix andA5 tA, so that in the case of detailed balance,
antideterministic trajectory is the time reversal of the det
ministic trajectory.

In Appendix A, we have seen that whenx(0) tends toxs

@stable point of the deterministic vector fieldA(x)#, p(0)
tends to zero. Ifx is close toxs as well, then the whole
situation is well described by the linearized Fokker–Plan
Hamiltonian for which we have proved thatF@xux(0)# has a
limit.

APPENDIX C: CRITICAL POINTS OF THE ACTION

1. Critical points of F are zeros of A

Let x0 be a critical point ofF which is assumed to be
nondegenerate. This means that one can choose coordi
(xi) i 51,...,s aroundx0 , so thatx0 has coordinate 0 and

]F

]xi
5(

j
w i j xj10~ uxu2! ~C1!

where (w j i ) is a nondegenerate symmetric matrix which w
can assume to be diagonal.

We also write for the deterministic vector field

Ai~x!5Ai~0!10~ uxu!.
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Now, we know thatF satisfies the Hamilton–Jacob
equationHm(x,¹F)50 or HFP(x,¹F)50. We take the ex-
pansion ofH(x,¹F) to first order inx around 0. In both
cases, we obtain

(
i

Ai~0!w i j 50 for all j ,

so thatAi(0)50 because (w i j ) is nondegenerate, and 0 is
zero ofA. As a consequence, we can write

Ai~x!5(
j

Ai j xj10~ uxu2!. ~C2!

Let us now expand the Hamilton–Jacobi equatio
H(x,¹F)50 up to second order inx around 0. We obtain

(
i , j

Di j
~0!w ikw j l 1(

i
~Ai j w i l 1Ai l w ik!50, ~C3!

for all (k,l ).

2. Minima of F are stable attracting points of A

If x050 is a nondegenerate minimum ofF, we have Eq.
~C3! above. Assume thatw i j is diagonal, with diagonal ele
mentsw i.0. Then for allk,l we have

Dkl
~0!wkw l 1Al kw l 1Akl wk50. ~C4!

Now, if D is nondegenerate~so that it is a positive defi-
nite symmetric matrix!, Eq. ~C4! shows that Al kw l

1Akl wk is symmetric definite negative. LetV become an
eigenvector ofAl k ~in general complex!, so that

AV5lV AV* 5l* V* ,

then

0.(
l ,k

Vl* ~Al kw l 1Akl wk!Vk ,

or

0.S (
l

w l uVl u2D ~l1l* !,

Then Rel,0, so that 0 is attracting point of the vector fiel

3. For HFP , zeroes of A are critical points of F

In the case ofHFP, the Hamilton–Jacobi equation at
point x0 such thatA(x0)50, is

05HFP@x0 ,¹F~x0!#5
1

2 (
i , j

Di j

]F

]xi
~x0!

]F

]xj
~x0!,

and if Di j (x0) is nondegenerate, (]F/]xi)(x0)50 for all i.
If x0 attractsA, x0 is a critical pointF, but then the proof of
~ii ! proves thatx0 is a minimum ofF.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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APPENDIX D: UNICITY OF ANALYTIC SOLUTIONS OF
THE HAMILTON–JACOBI EQUATIONS

In this Appendix, we prove the unicity of the Taylo
expansion ofF around a minimumx0 . We choose coordi-
nates (xi), i 51,...,s which vanish atx0 and write as Eq.
~C1!, assumingF(x0)50:

F5
1

2 (
i , j

w i j xixj10~ uxu3!, ~D1!

Ai~x!5(
j

Ai j xj10~ uxu2!. ~D2!

We know thatw i j satisfies Eq.~C3!

(
i , j

Di j ~0!w ikw j l 1(
i

~Aikw i l 1Ai l w ik!50 ~all k,l !.

~D3!

1. Unicity of the solution of Eq. „D3…

Let us define the vector fieldAi
(0) and the diffusion ma-

trix Di j
(0)

Ai
~0!5( Ai j xj , Di j

~0!5Di j ~x0!

as well as

F~0!5
1

2 (
i , j

w i j xixj .

Then Eq.~D3! is exactly the Hamilton–Jacobi equatio
associated to the HamiltonianHFP

(0)

HFP
~0!~x,¹F~0!!50, ~D4!

where

HFP
~0!~x,p!5(

i
Ai

~0!pi1
1

2 (
i , j

piDi j
~0!pj .

Moreover, exp@2VF(0)(x)# is, up to a constant prefacto
a Gaussian probability distribution, which is the stationa
solution of the Fokker–Planck equation:

2(
i

]

]xi
~Ai

~0!p!1
1

2V (
i , j

Di j
~0!

]2p

]xi]xj
50. ~D5!

This implies that the solution of Eq.~D4! which is analytic,
and as a consequence the solution of Eq.~D3!, is unique and
in fact the matrix (w i j ) is equal toC21 defined in Eq.~C7!.

2. Unicity of the Taylor expansion of F around x 0

We now consider the full Hamilton–Jacobi equati
H(x,¹F)50 whereH is either HFP or HM and a smooth
solutionF and a minimumx0 of F. We expandF in Taylor
series aroundx0 , as in Eq.~D1! as well asAi(x), Di j (x),
and wr(x). In HM(x,¹F) we also expand the
exp@(iri(]F/]xi)#.

When we compute the Taylor expansions ofH(x,¹F)
aroundx0 , we notice, obviously, that only monomials in th
coordinates (xi) i 51,...,s of degree>2 arise and we mus
Downloaded 22 Jan 2004 to 152.66.105.22. Redistribution subject to A
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equate to zero all the coefficient of these monomials. Wh
we equate to zero the coefficients of the monomials of deg
2, in H(x,¹F), i.e., the monomialxkxl , we recover Eq.
~D3! which has been proven to have a unique solution, j
above. Again, we consider the equationH(x,¹F)50 and a
monomialx1

n ...xs
ns of total degreen>3, in H(x,¹F). We

write

F5( an1 ...ns
x1

n1...xs
ns.

We choose coordinatesxi so thatAi j is diagonal. Then the
equation expressing the fact that the monomialx1

n1...xs
ns in

H(x,¹F) has a zero coefficient, forn5n11...1ns>3, is of
the type:

S (
i 51

s

niAi D an1
...ns5..., ~D6!

where the dots in the second member of Eq.~D6! are poly-
nomials of theak1 ...ks

where k11...1ks,n but the real
parts of theAi are all,0, so that none of the( niAi vanishes
~for n>1). As a consequence,an1 ...ns

is uniquely expressed
in terms of the coefficients ofF of the monomials of degree
,n and by recursion all coefficients are uniquely det
mined.

3. The attracting points of A are minima of F

If xs is an attracting point ofA, one can construct the
uniqueF by the limiting process of Sec. V C~up to a con-
stant!

F~xuxs!5 lim
x~0!→xs

F@xux~0!#,

but, using the result of Sec. V B,F is the action computed
along antideterministic paths

F~xuxs!5E (
]F

]xi
dxi5E ( pi dxi5E L ds.

The Lagrangian being positive,xs is a minimum.
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